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PREFACE TO THE FIRST EDITION 

The present book, which is intended as a text for use in 
the freshman year of college or technical school, has been pre¬ 
pared with the following considerations particularly in mind. 

(1) In view of the fact that a considerable number of 
pupils enter college today for whom no knowledge of quad¬ 
ratic equations can be assumed, it seems desirable to include 
a complete treatment of this important topic in the present- 
day college text. Two chapters (II and III) are therefore 
devoted to quadratic equations, the first of which, however, 
is altogether elementary and may be omitted at the discretion 
of the teacher. 

(2) In order to meet the needs and customs of different 
institutions, the various chapters have been made quite inde¬ 
pendent of each other, thus permitting a ready adjustment of 
the book to either a long course or a short one, and affording 
the teacher the greatest possible flexibility in the choice of 
topics for any course of given length. In this connection the 
author feels that it should be frankly recognized that today 
college algebra in most institutions is pursued but a few 
weeks. This makes it impossible to cover a wide range of 
topics and forces such a selection as may fit best the needs of 
the particular situation. Much may be gained, however, from 
a brief but intensive study of a few special topics in algebra 
at this period of the pupihs career. 

(3) In view of the importance in elementary physics and 
other applied fields of the subject of variation, this topic has 
been treated somewhat more fully than usual. On the other 
hand, such topics as complex numbers (vector addition, 
multiplication, etc.), partial fractions, limits and infinite series 
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have been omitted in the belief that, even in case there is time 
to include them in the course, they may be taken up to greater 
advantage at a later time when the pupil is face to face with 
their chief applications. 

(4) The ideal problem for a freshman text is a short one 
which illustrates pointedly the mathematical principle at 
issue. Problems long in statement and dealing with the tech¬ 
nique of the arts and sciences should have but little place in 
the freshman year. At this period the essential task of both 
teacher and text should be to train the pupil in accuracy and 
conciseness of thought and expression, the mathematics itself 
forming, for the most part, the medium through which this 
may be accomplished. 

Certain sections of the book have been starred (*) to 
indicate that they are of minor importance. These may be 
omitted without destroying the continuity of the whole. 

The author would here express his thanks to Professor 
E. B. Lytle, of the University of Illinois, who read the manu¬ 
script and offered valuable suggestions, and to Professor 
J. L. Markley and Mr. R. W. Barnard, of the University of 
Michigan, who assisted in reading the proofs. 

Walter Burton Ford. 

University of Michigan. 

PREFACE TO THE REVISED EDITION 

Experience having shown that a treatment of complex 
numbers is desired in certain institutions, a chapter upon this 
subject has been added (Chap. XY); also a collection of 167 
miscellaneous exercises from elementary algebra (pages 245- 
250), these affording abundant material for a review of high 
school algebra at the beginning of the course in college algebra. 

The author would take this opportunity to thank all those 
who have contributed to the large measure of success enjoyed 
by the first edition of the book. W. B. F. 
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COLLEGE ALGEBRA 


C'HAP'I'KR. I 

REVIEW TOPICS 

1. Algebraic Reductions. of rcducmg, or 

Hiniplifying, a. alg(‘hrai{‘. (‘xi)r(‘ssi<>n makes fnapient use 

of tht* following prineipl(‘S from (‘haiaaitary algcibra.f 

PuiNaaeLK 1. *1 parvnthrsis pnrrdnl by a sujn 'may 

in' ninovvd fnan an (Xpn'ssian if (he styns of all the terms 
in the parniUa\sis are clauajnL 

Thm a —(7»''r) a — h\ c. 

lala'wLse a \ d j < ) a \ b --c \ 

A parenthesis pnaaaled by a/;/as sign mayl)e nanoved 
without changes in tin* signs of tin* t(‘rms which it iinduck^s. 

a { {/> r) a f 6- e. 

Likewise a \ ii | {r <1 { r j a j/rj r—//-pe. 


EXERCISES 

Simplify of the following (‘xpressionH by removing all paren- 
thrsrH juui eomhituiig terms wiien‘V(‘r possible. 

1. I ( 1 / 2L 4. in C n - 2a). 

2. / “ ( y . 6. Tifi - 2h — (a -26). A nn, 4a, 

3 . . iaA-b) 42, a-(h-c+a)-ic-h). 

f 11iis eimpfer treats n<>t all topics of (*lementary alg<‘brn Imt only 
II fi’W fopii-H llmt are important for th<‘ work which follows. 
stuilenf shonid hav(’ for reference a t(‘x(book in (‘lementary algel>ra, 
preferably the one h<* used in high sehool. Att<‘ntion is called, how(‘V(*r, 
to the extended list of cxiTeiseH from higii sc^hool algt^bra to be found on 
pftgei 24rr-25C) of the prt*i«mt t-ext. 

I 
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7. 2zy’\-Zy‘^-ix'^--\-xy-y^), 

8. m-f (3m—7i)--(2n—m)-fn. 

9. a2b + f)2c+a2c2 - (2a252 - 3a2c) + (4a26 - 5a2c2 - 6a262). 

10. 

a+&"-(2a+b—c) 

11. (a+?>)2-(a-b)2. 

^2 2ci6 — (<z-{-fe)2 
a;2—(a;—?/)2 

13. o(b—c)-j-b(a—c) — c(a—b). 

Principle 2. Multiplying or dividing both the numerator 
and the denominator of a fraction by the same number does not 
change the value of the fraction. 

Thus 

2 ^ 2 X 2^4 
3 3 X 2 6 

Likewise 

8 ^ 8 -f- 2 _4 
10 10-^2 5* 

Also 

a aXa a2 ^ m2n __ rrfin-^mn __m 

h bXa ah mrr^ nin^-i-mn n 

This principle is frequently used to change, or reduce a 
fraction to a form having a given denominator. 

Thus, suppose it is desired to change the fraction 
a/{a-\-b) 

to a form having a2—b2 as its denominator. To do so, we multiply 
both numerator and denominator by o—b, as follows: 

a ^ a{a~h) _ a^—ah 
a+h (a-hb)(a-b) a2-b2* 

The principle is also used to reduce a fraction to its 
lowest terms. 

Thus, suppose we are to reduce the fraction 

21a2x2y 

30a^xz 

to ite lowest terms. The process consists in dividing both numerator 
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and denominator by all the factors which they have in common; that 
is, in the present case, by 3, by a2, and by x. In practice, the work is 
done by cancellation as shown below: 

7 X 

^ 7xy 
10a2 
10a 


1. Change 

2. Change 

3. Change 

4. Change 
6. Change 

6. Reduce 

7. Reduce 


EXERCISES 

2/3 to a fraction whose denominator is 21. 

4/5 to a fraction whose denominator is 125. 

5a/7 to a fraction whose denominator is 42. 
4a2 

— to a fraction whose denominator is 20yK 
by 

x—Z 

- to a fraction whose denominator is (a; —1)2. 

x — 1 


Z-a 
d — c 
h—a 


to a fraction whose denominator is 9—a2. 


to a fraction whose denominator is a--&. 


Reduce each of the following fractions to its lowest terms. 


8. 

li;j 3a^-f*3a6 

c?xy 

a^b—ab^ 

g_ 0262x2 

1R 3a26-36s 

h^xy^ 

’ 2ah-2h^' 

in IQm^nx'^z^ 

17 a^hc—lPc 

40aw?y^ 

Za^b+Zb^’ 


1 ft a(a+26)4 


6(02 - 462)2' 

19 xm+iy 

19 a:2 — 2x<+x5 


x^—x^ 

13. 

9 n m—nfi—n+mn 

(a+6)2 

m—mn-\-7i^—n 

1^ 02—2a6+62 

91 ah-\-ac — db — dc 

a2-62 

mb-\-mc 
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2. Addition and Subtraction of Fractions. In case two 
fractions have the same denominator, their sum will be equal 
to the sum of their numerators divided by this denominator. 

Thus 2 

3 3 3 3 


Likewise 


g c a-\-c , 

lb" b 


x^y x^y 

In case two fractions do not have the same denominator, 
they may be added by first changing them, as in §1, so that 
they shall come to have equal denominators, and then pro¬ 
ceeding as mentioned above. 

Thus ^ I ^ I ^ 

12'^12 12 12 ^ 


Likewise 


a c od be ad+hc . 
b'^d~Mbd~ bd ' 


m+n^m—n (m-i-n)2 ^ _ 2m^i- 2n'^ 

m-n m^n 7n^-n^ 


In practice, when adding several fractions, it is best to 
determine first the least common multiple (L. C. M.) of the 
several denominators, that is, the expression of lowest degree 
which exactly contains each of them, then change each frac¬ 
tion so that its denominator shall be this L. C. M. and add 
as indicated above. 

Thus, in adding 2/15 and 3/10, the L. C. M. of the denominators 
is 30. The two fractions, when changed so as to have 30 as denomi¬ 
nator, are respectively 4/30 and 9/30. Hence the desired sum is 
(4+9)/30 = 13/30. 

Likewise, in adding a/{mH) and h/{mn^), the L. C. M. of the 
denominators is so that 

ja _ ^ h _ an ^ hm _ an-\-bm 

mn2 mW- 



REVIEW TOPICS 


5 


I, § 2] 


Similar statements apply whenever one fraction is to be 
subtracted from another, or when both addition and sub¬ 
traction are involved any number of times. 

Thus 

Sa h ^ , 1 6a6 , 562 306 , 10 6a6+562-306-hl0 

m ■ 

Likewise 

a — h a+h ^ 6a6 __ (a—6)2 (a+6)2 ^ 6a6 __ 
a+6 CL—h a2—62 a2 —62 a2—62 a2—62 

(ci~6)2 — (cs-}-6)2-|-6ci6 <z2—2ct6-j-62——2(i6—62-1-6(26 2£i6 ^172,5 

a2-62 a2_52 a2-62 


EXERCISES 

Simplify each of the following expressions by performing the indi¬ 
cated additions and subtractions. 


1. §£_lZ£. 

4 "^10 

2. 5a; —1 3a:-~2 , re—5 

* 8 

3. 


ah 

4. 


6c 


-pa. 

a~~x 

Hint. a=g=^r^>. 
1 a—a; 


a2-f62 


6 . ( 2 “{- 6 “|“ 

a—h 

0 6—c a—c 
be ac 

7. ^+5 g-6 

a —6 <2-|-6 

8 . 

x-y 


9. a; a;—2 
a;—2 a;+2 

10. a;+8 


11 . 1 - 


3 8 

ax — hx-\-ah 


12 . 




a:2 

6 


+■ 


10 


a2 —9 a+5 a+3 


m2-i-n2 , 

13. 7?2- \-n- 


14. 


m—n 
a a—2 


+- 


a—2 a-1-2 4—a2 
Hint, 


4^—cfi a2_.4 
16. a4-6 a2-{-52 ^ 5— 
a —6 62 — a 2 a -|-6 
16. (Q^d-6)2 ^ 2a6 

a2-l-62 ~^a2-62’ 


17. 1+1+-?^. 
a; 1 -bx 


- 2 . 
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3. Multiplication and Division of Fractions. 
Pkinciple 1. In onirr in multfjn.i fx-n 
togetherj multiply their nunit niitu's Aw* //% r h> ./, ^ fi, , ^ 


of the produetjand multi ply tluir iltixnnin 
the denominator of the product. 

In performing su(‘h inultipIi<-:ttiMn>. 
cancel like factors from iiurnrrafor and ^ 
ever possible. 


yd 

b i' di'-irahj,. 

I'Sh 'liiinaf. ff u ht*r» 


Thus 

Likewise 

Similarly 


1 2 <) lX2 *ai 2 

2 3 7 2>::jv7 7 

3n/; 2// 3<iA*2y 

j X, , 

4x1/ .ur 4xy «K-r 2//.?: 
2 ri 


tt+A <r • ■■'/;” (U • },' JI ...*1*, f, , /, , ^ ' 

Principle 2. /n order /o dindr ton frtninoi .Ay noidtor 
invert the divisor and pmead us ut multipltviiiinu 
Thus 

1/2 13 a 

2":; 2^'2 r 

Likewise ^ 

fmo?KWV/ ;4e/, ;d/r nr 
0/rr fldx" ah/ lUrtiXi P»/n 
2 2w 

Similarly 

■ fc „ i/. „. f.j' 


exercises 


1. ^x-~^ 

2ac lOjr 


2. 


—-X— 
3x2/ 



2u,r 


I2A./ 


fUUf ' 

' 
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6 a u 


Q 4a—5 2a 
8.-y-y- 

2 a:+ 2 / 4 a^—a 5 4 


6 25-lQa: 

‘ 20-8X 

7. ^ 

a+6 a^ — ah — 


a:^+5a:4-6 rg^+^x + lQ 
rc^+Ox+5 4-7a: +12 


10 . 1 + 


2 \ /7a“H-m-2 


m —l/V 77rH-7a 


Perform each of the following indicated divisions. 
n 12ci^b iax x^—ir , o 


2bac 24c^ 

jl^2 «5a?7 25^“ 

3aV * 15a- 

7x^ ^ 21x^if 
4:i/ ’ 14a 

14. 

(otH-2/)^ ■ 

16. (4a+2)-^?itl. 


16. ‘-iL [x^ —3ic?/ 4-2//). 

a; 4-2// 

a:^4“a:—2 ^ a: —0 

a:‘^—5:r + 4 r/ 4“^ 20 




20. (tt4~c)-r 


14 -u: 1—x“ 


Simplify each of the following expressions. 

23. /i+i+iV('i+ 4 iV 


a: 4 -?/ a: 4 - 1 / 


24. 


26. 


26. 


27. 


X 
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o- 1 TTmiations By a simple equation is meant one 

rrn ~ 

„*£ 24 sSwitions is iltatrated below. 

EXAMPLE. Solve the equation 

x +1 2®-5 ll£+ 5 _^:il 5 . 

-r= 10 3 


s.. T r< M nf the denominators is 30 . Hence, multi- 
SoLtmoN. The L. C. M. fractions, 

lying both sides of the equation by 30 in 

lS(x+l)-6(2x-5)=3(lhr+5)-10(x-13), 

15,+15-12x+30=33x+15-10x+130. 

Transposing and collecting hke terms now gives 

Therefore 

Check. Placing ir = -5 in the original equation gives 
- 5+1 - 10-5 - 55+5 

■"2 5 


10 


or 


-4 15 -50 18 
3’ 


or 

or 


„2-i-3--5+6, 
1 = 1 . 


EXERCISES 

Solve each of the following equations for x, checking your answer 
r each of the first five. 


.. 2x-3 x+l _ Sx+2 

"T” 6 12 


1 3 5 3 19 

3. i_l+2=_- 


„ x -5 2x+3 , 7x+3 

3 6 12 


4.? 


2x X 3x 4x 24 

X 

3 3x-7 3 
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g ex-i-3 3x-l 2x-9 g 23:4-1 8 2x-l 

. ___ ^ 43:2-1 ”2a:4-1 

In each of the following problems, let x represent the unknown quan¬ 
tity, then form an equation and solve it: 

7 . Divide 38 into two parts whose quotient is 7/12. 

8. Divide 96 into two parts such that 3/4 of the greater shall exceed 
3/4 of the smaller by 6. 

9. I have $110 in one bank and $75 in another one. If I have $45 
more to deposit, how shall I divide it between the two banks in order 
that they may have equal amounts? 

10. A motor boat traveling at the rate of 12 miles per hour crossed 
a lake in 10 minutes less time than when traveling at the rate of 10 
miles per hour. What was the width of the lake? 

[Hint. Time = Distance -r- Rate.] 

11. A freight train goes 6 miles an hour less than a passenger train. 
If it goes 80 miles in the same time that a passenger train goes 112 miles, 
find the rate of each. 

12. A tank can be filled by one pipe in 10 hours, or by another pipe in 15 
hours. How long will it take to fill it if both pipes are used at the same time? 

[Hint. Let 3 :=the number of hours. Then l/.r=the part both can 
fill in one hour.] 

13. Two pipes are connected with a tank. The larger one is an 
intake pipe which can fill the tank in 3 hours, while the smaller one is 
an outlet pipe entering at the bottom which can empty the tank in 4 
hours. With both pipes open, how long before the tank will fill? 

14. A can do a piece of work in 16 hours, while B can do it in 20 
hours. If A works 10 hours, how many hours must B work to finish? 

16. An aviator made a trip of 85 miles. After flying 40 miles, he 
increased his speed by 15 miles an hour and made the remaining distance 
in the same time it took him to fly the first 40 miles. What was his rate 
over the first 40 miles? 

16. A 5-gallon mixture of alcohol and water contains 80% alcohol. 
How much water must be added to make it contain only 50 % alcohol? 

17. What weight of water must be added to 65 pounds of a 10% 
salt solution to reduce it to an 8 % solution? 

18. A train 660 feet long, running at 15 miles an hour, will pass 
completely through a certain tunnel in 493^ minutes. How long is 
the tunnel? 



JQ COLLKCK :I,§r. 

6. Elimination. In Iwo .-impic’ (>,•,. ;j.i) 

are given, cacli containing tlic tn-o unkiaoMi N.ihirs ;in.i //, 
these values may usually he ohtaim'.l hs the [iinri-ss uf 
eliinination as is illustniled lielow. 

. Example 1. Solve ilie eiiiiahoas 

( 1 ) 

(2) r,.r-V/ -S. 

Solution. From (I) we liiu'e 

(3) -■ 

Therefore 


(4) 


Substituting this vahu‘ for x in i-s iin<! 



■JS. 


In ( 4 ) wc have an etjunfinii coniainine nnly iliaf i , ' Iki'. In-m 
eliminated Uxnn ( 1 ) and ( 2 ). ('le.nrini' i l i Irarhon njid : un|tijiyiiig^ 
we obtain - 2 %- 4 f). d'hen^orr// - 2 . 

Substituting -2 for y in (1), \m- liiid 

2.r-'() 2, <»r 2/ S, ,»r .r I. 

ITenec the nuiuinul values (»f x and ?/ :u'* x I and v 2. 

Check. Substituling .r 1 aiul y 2 in 1, ut* hau* 

2X4i:S( 2i s ii 2. 

as desired. Lik(nvi.s(‘, with x 4 and y 2, runafinu t2 i". atiMl'n’d, 
since it licconies 

5X4 ~4>:{ --2i. 2ti i s 2s. 


The promli'ug; incdliod nf solution, wherein the valnt' of 
one of the letiors, as ;r, is ohtained I’rtun one of the equations 
and then substiiidod in the other equation, thus luiiuk an 
equation, likt^ (4), eoniaining only nfn leiftT. is eailed 
elimination by substitution, Anothei' eonunon and vtuy 
useful method of (‘limhiation is illustrated helou. 

Example 2. 8oIvc th<‘(‘({uuthnis 

( 1 ) 

(2) 2x-nt/ r>'l 


RKVIKW T<)I»I(‘S 


11 


I, § •")] 


Solution. IMultipIyinii: (I) by 2 ;in<l (2) l»y .*>, fin* two 
bcH'oinc 

(3) tb-lSy/ 21, 

(4) (u'-Io// lb2. 

'I’Ik* cocflicii'iii of .r is now thosimiu in both (.’>) ansi ( { ! so that, upnn 
subtracting (4) from (.*>), W(‘ obtain 
(f)) 22// —IMS. 

2'h(‘r(*fon* // —tb 

Substituting // in (1), w(‘ now have 
lb* ““24 12, or M.r /»(>. 

4'lu‘r(‘for(‘.r - 12. Ibuici* tIi(‘najuired valuo.s of .r aiut//an* .r 12, // tb 


EXERCISES 

Fin<I, by any ni<*(ho(l of elimination, tin* vahu*s of .r anti // in each 
of (ho following pairs of etjuatiims. < ‘heck ytnir an‘a\»'rs m the first five. 

^ j 

2 . 

3. 

4 . 

5. 

e. 

?. 


4//-~;r-M. 

jM.r—4// 2t>, 

1 - 22 . 

y l I 2 kr, 
r).r } 9 M//. 

4// 10—j‘, 
//—j -■ 5. 

1 — X ■-•■■■41//, 
M(l-.r)= 40 -i/. 


j" x+l 


=11, 


,+: 5 ,V== 21 . 
11 -.", 


13 *^7 



(Hint. Solve fi»r l/xiiiid 1;%.| 
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14. 


r 5_3^ 
) X y 

]-+- = 
lx y 


- 2 , 


= 6 . 


In each of the following examples, let x and y represent the desired 
unknown quantities, form two equations and solve. 

15. The sum of two numbers is 75 and their difference is 5. What 
are the numbers? 

16. One-third the sum of two numbers is 10, while one-sixth of their 
difference is 1. Find the numbers. 


17. A father’s age is 1H that of his son. Twenty years ago his age 
was twice his son’s. How old is each? 

18. A part of $2500 is invested at 6% interest and the remainder at 
5%. The yearly income from both is $141. Find the amount of each 
investment. 


19. A and B together can do a piece of work in 12 days. After A 
has worked alone for 5 days, B finishes the work in 26 days. In what 
time could each do the work alone? 

[Hint. If a:=the time in which A can do it alone, and 2/ = the time 
in which B can do it alone, then the part which A can do in one day 
— ijx, etc. See Ex. 12, p. 9 and Ex. 12, p. 11.] 

20. An errand boy went to the bank to deposit 38 bills, some of them 
being $1 bills and the rest $2 bills. If their total value was $50, how 
many of each were there? 


21. A grocer wishes to make 50 pounds of coffee worth 32 cents a 
pound by mixing two other grades, which are worth 26 and 35 cents 
per pound, respectively. How much of each must he use? 

22. One cask contains 18 gallons of vinegar and 12 gallons of water; 
another contains 4 gallons of vinegar and 12 of water. How many 
gallons of each must be taken so that when mixed there may be 21 
gallons containing half vinegar and half water? 

23. Two cities are 140 miles apart. To travel the distance between 
them by automobile takes 3 hours less time than by bicycle, but if the 
bicycle has a start of 42 miles, each takes the same time. What is the 
rate of the automobile, and what the rate of the bicycle? 

24. The perimeter of a certain rectangle is 16 feet. If the length 
be increased by 3 feet and the breadth by 2 feet, the area is increased 
by 25 square feet. What are the original length and breadth? 
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6. Graph of an Equation. In reviewing this topic, it 
is desirable first to recall the following fundamental ideas 
and definitions. 

Let two lines XX' and YY' be drawn on a sheet of squared 
(coordinate) paper, the line XX' being horizontal and YY' 
vertical. Two such lines constitute a pair of coordinate axes, 
XX' is called the x-axis, YY' is called the y-axis. The point 
0 where they intersect is called the origin. 

Having chosen any point, as P, in the plane of the axes, 
draw the perpendiculars PA and PE. Then PA, which is 
parallel to the cc-axis, is called the abscissa of P, while PP, 
which is parallel to the ^/-axis, is 
called the ordinate of P. The ab¬ 
scissa and ordinate taken together 
are called the coordinates of the 
point P. 

Thus, in Fig. 1, the abscissa of P 
is 3 units, while its ordinate is 4 units. 

Note that the x~ and y- unit scales are 
indicated along the x- and 2 /-axes, 
respectively. 

All abscissas measured to the 
right of the ^/-axis are taken as positive^ while all abscissas 
measured to the left of the same axis are taken negative. 

Thus the abscissa of Q in Fig. 1 is —2; that of jR is —3; that of S 
is -f-3. 

Similarly, all ordinates above the x-axis are taken 
positive, while all ordinates below the same axis are taken 
negative. 

Thus the ordinate of Q is +3; that of 72 is —4; that of is —2. 

In reading the coordinates of a point, the abscissa is always 
read first and the ordinate second. 

Thus, in Fig. 1, P is the point (3, 4); Q is (—2, 3); P is (—3, —4); 
S is (3, -2). 
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Let us now consider the following simple equation con¬ 
taining the two unkno\vn numbers, x and y: 

( 1 ) x+y = b. 

Since any pair of values {x, y) whose sum is 5 will satisfy this 
equation, it follows that there are an unlimited number of 
such (re, y) pairs, or solutions. For example, the following 
four pairs are particular solutions: 


( 2 ) (a: = 6 ,i/=-l);(a; = 2,2/ = 3);(a:=|,2/ = |-); (a: = 8 , 2 /=-3). 


If we now regard each of these solutions as the coordinates 
of a point, and locate (plot) the four points thus obtained, it 
will be found that they all lie upon 
one and the same straight line, as 
shown in Fig. 2. This line is called 
the graph of the equation (1). 

Similarly, the graph of any 
simple (first degree) equation con¬ 
taining two letters may be drawn. 

However, it may be observed that 
in order to draw the graph it suf¬ 
fices to plot merely two solutions, 
since two points completely de¬ 
termine a line. Such a line will necessarily pass through, or 
contain, all the other solutions. 

If, instead of one equation being given, there are two of 
them, as for example 
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Fig. 2 


(3) 


/ a:+j/=6, 

\Zx-2y=-2, 


and if we draw the graph of each, as in Fig. 3, then the point 
where the two graphs intersect will have as its coordinates a 
pair of values {x, y) which satisfies both of the equations at 
once; in other words, it will give their common solution. In 
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the present case this is seen to be the point x = 2, y = 4. This 
common solution is the same as would be obtained if one 
followed the method of elimination 
described in § 5. Hence, Fig. 3 may 
be regarded as giving the graphical 
meaning of such a solution. 

Note. In exceptional cases, the 
graphs of two simple equations may 
turn out to be parallel lines so that 
they nowhere intersect. In such a case, 
the two equations have no common 
solution. 



EXERCISES 

1. Plot (on coordinate paper) each of the following points. 

(2, 4); (-2, 3); (-2, -4); (2K, -3); (0, -5); (4, 0); (0, 0). 

2. Describe (a) the location of all points whose abscissa is zero; 
(&) of all points whose ordinate is zero; (c) of all points whose abscissa 
and ordinate are both negative. 

Draw the graph of each of the following simple equations. 

3. X—2 /==5. 6. 2x—Zy — \. 7. x—Zy — Z. 9. 6.'c+7?/ = 2. 

4. 2x+y=Z. 6. 2x-]rZy = 12. 8. 2x — Zy. 10. 5x—8?/== —1. 

Draw the graphs of each of the following pairs of equations and thus 
determine the values of x and y which form their common solution, if 
they have one. Check your results in each by solving by elimination 
(§ 5). 


11 . 

\x-\-2y=^Z, 

\2a;+2/=3. 

14. 

1 1 
to 

II 11 

17. i 

f x+2y=-l, 
['!4x+y = 2. 

12 . 

f a;4-2/==3, 
\Zx-y===l. 

16. 

( 4:X—y=^0y 

\ Zx+y^r. 

18. j 

fSx—3i/= —5, 
[3 x+22/ = 40. 

13. 

ix+2y = 5, 
\x—2y=^5. 

16. 

Uy—2x==5y 
\4a;-t-2y = 5. 

19. ^ 

1 

f8x+42/ = 5, 

t x-y=)4- 
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7. Literal Equations and Formulas. Equations in which 
some, or all, of the known quantities are represented by 
letters are called literal equations. The Imown quantities 
are generally represented by the first letters of the alphabet, 
as a, &, c, etc. Literal equations are solved by the same 
processes as numerical equations. 

Example. Solve the following literal equation for x: 

ax = hx-\-7c. 

Solution. Transposing, we find 

ax — bx—7c. 

Combining like terms, we have 

{a—h)x=7c. 

Dividing by we obtain 

x = Ans, 

a-h 

It is to be noted that a literal equation is said to be solved 
for the unknown number, as x, only when this number has 
been expressed in terms of the other (known) letters, as illus¬ 
trated in the preceding example. 

An important special class of literal equations are the so- 
cdiAed formulas that occur in geometry, physics, engineering, 



etc. For example, if a represents the length of the base of 
any triangle and h represents the altitude, then the area, Aj 
of the triangle is given (determined) by the formula 

(1) A=^ah. 

Here the area is expressed in terms of the base and the 
altitude. 
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Similarly, the circumference, (7, of any circle expressed in 
terms of the radius r is given by the following formula, in 
which TT represents the incommensurable number, 3.1416 
(approximately), 

( 2 ) 0 = 21 ^ 

Again, the area, A, of a circle in terms of the radius r is 
given by the formula 

( 3 ) A=Trr\ ^ - 

As an example of an important formula in / 
physics, it is readily seen that if an object ( ) 

moves during t seconds with the constant V y 

velocity of v feet per second, then the dis- -^ 

tance, s, passed over is given by the formula 

(4) s=vt. 

Again, the following is an important formula in engineering: 
The horse-power, represented by HP, which a steam engine 
is delivering when the area of the L 

piston is A square inches, the pres- 

sure of the steam per square inch ) 

is P pounds, the length of the piston ^ 

stroke is L feet and the number of ^ 

strokes per minute is N, is given by the formula 

(5) 

^ ’ 33,000 

The following important formulas from plane and solid 
geometry are to be especially noted: 

(6) *2 = ^2.^ ^2^ 

which is the theorem of Pythagoras concerning the square 
of the hypotenuse of a right triangle. 

(7) F=|Trr*, 

which gives the volume of a sphere in terms of its radius. 
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( 8 ) A=4:Trr^, 

which gives the area of a sphere in terms of its radius. 

(9) F='irr2A, 

which gives the volume of a right circular cylinder i 

in terms of the radius of the base, r, and the alti¬ 
tude, h. 

(10) A=2Trrh, 

which gives the area of the lateral surface of a right circular 
cylinder in terms of the radius of the base, r, and the 
altitude, h. 

( 11 ) 

which gives the volume of a cone of circul 
base, r, and of altitude, h. 

( 12 ) A—ml, 
which gives the area of the lateral surface of a 
cone of circular base, r, and of slant-height, L 

(13) F=^ [(a^+b^)+|]^ 

which gives the volume of a spherical seg¬ 
ment, or slice of a sphere between two par¬ 
allel cutting planes, in terms of its altitude, h, and the radii, 
a, h, of its bases. 

(14) V^2irrh, 

which gives the area of a zone, or portion of the surface of 
a sphere lying between two parallel planes, in terms of the 
altitude, h, of the zone and the radius, r, of the sphere. 

The following formulas from physics and mensuration 
may also be noted. 

If an elastic ball (like a billiard ball) weighing Wi ounces 
and moving with a velocity of Vi feet per second strikes 
(impinges upon) a second ball of like size but weighing Wz 
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ounces, the latter standing at rest, then, after the irapact, 
the first ball and the second ball will move with velocities Vi 
and V2 which are given respectively by the formulas 

,,,, Wi-W2„ 2Wi .. 

(15) vi= Vi ft. per sec., i; 2 =——Fi ft. per sec. 

TF1+W2 Wl'{-W 2 

It is understood in the experiment just described that the first ball 
moves directly toward the center of the second one before the impact. 
Both continue in this same line after the impact. 


EXERCISES 


Solve each of the following literal equations for a:, checking your 
answer in the first five. 


1. ax — l = h. 

2 . ax-{-hx=c. 


7 . 1 


ah 

X 


7_ 

ah 


3. 3a; 4“6=a;—36. 

8. 

4- 


a 0 

9. 

6.- 


c 

10. 


49 
ahx 
66 


x—a 2x 

■i— =5i— 
a a 


h 

d^^h^ 


a—h 

2ho? 


2hx 

a—6+c 6—a+c 


« x—h,x—c ^ 

6.--==2. 

(r+2 




x—a 


Solve (by the method of elimination) for x and y in each of the 
following pairs of equations. 


11 . 


12 . 


13. 


j3rc+52/=2a, 

\2x—Zy—^h. 

ax—hy=2j 
cx-{-dy=Z. 

jax-\-hy=mj 

\cx-\-dy 


14. 


{ dax+2hy = ah, 
ax—hy==db.. 


'0 


-1, 

X 

y 

h 

a 

- 1 . 

-■ 

— = 

X 

y 



15 . 


[Hint. Solve first for 1/a; and 
l/y. See Ex. 12, page ll] 


16. Divide a into- two parts whose quotient is m. 

17. If A can do a piece of work in a days, and B can do it in 6 days, 
how long will it take them if working together? (See Ex. 19, page 12.) 

18. If the base of a triangle is 3 feet long, what must the altitude be 
in order that the area may be 30 square feet? 

[Hint. Use formula (1).] 
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19. If the area of a circle is 44 square inches, what is the value 
(approximately) of the radius? 

[Hint. Use formula (3), taking 

20. How long will it take a person to walk 1 mile if his rate of walldng 
is 8 feet per second? 

21. An automobile traveled T hours at the rate of v miles per hour. 
By how much would this rate have had to be increased in order that 
the distance be covered in / minutes less time? 

P 

22. The formula for the area A of a trapezoid 
whose bases are B and h and whose altitude is h is 

A=-\h(B+h). 

Using this formula, answer the following 
question: How long should the upper base of a 
trapezoid be in order that, if the lower base is 20 feet long and the 
altitude is 15 feet, the area may be 180 square feet? 

23. The inside diameter of the cylinder of a steam engine is 8 inches, 
while the length of stroke is 1}^ feet. When the steam gauge registers 
a pressure of 60 pounds per square inch, how many strokes per minute 
must the piston make if the engine is to deliver 22 horse-power? Work 
by formula (5). 

24. The velocity, v, of sound, measured in feet per second, is given 
by the formula 

2; = 1090-bl.l4(i-32), 

where t is the temperature of the air in Fahrenheit degrees. 

Find (a) the velocity when the temperature is 75°; (6) the tem¬ 
perature when sound travels 1120 feet per second. 

26. Derive formulas for the following: 

(a) . The number N of turns made by a wagon wheel d feet in diam¬ 
eter in traveling s miles. 

(b) . The number N of dimes in m dollars, n quarters and q cents. 

(c) . The value of a number containing three digits if the digit in 
unit’s place is a, the digit in ten’s place is h and that in hundred’s 
place is c. 



Fig. 10 
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26 . "FIh^ rrntrifuKJii for(‘c b\ iiu‘;isun*{l in pounds, with wliich a l>o<!y 
ir jMunuls ]}ulls outward wlion luoviiiK in a (‘[{‘(‘h* ot radiuB 
'*■ feat witii a vt‘iocity of r lV(‘t piT si'cond is dot crniiuod i>y the iorniiila 


rsi‘ tins formula to answer tlu* folhwvin^ <piestions. A |)ail ot waf<T 
wei^liiiiji; a pouiuls is swun^ round at arm's l<*n| 4 th at a sp<*ed ot It) {(*(d, 
per seeond. If the len^dh of the arm is 2 feet, lind ioi th(* puli at th(^ 
shoulder when tlie pail is at tin* upp<‘rmost point of its eotirse; ifn wlam 
at the lowest ptunt of its eoursta Also lind the least vt‘loeity possilde 
without wat(‘r (Iroppiufi: out at the uppiaaiKhst pt>int (d* the eoursc*. 

27. The weigid U* that can he raised hy 
tlie deviee .shown in !*%• II j.^iven hy tla* 
tormula 

•ir/AT* 

» 

wh<‘re P represents the pressure applied at 
han{ll(‘ ami wlier(‘ /i‘, r, tl ami / hav<‘ the 
ieuf^ths indieate<I in the tij/,tirt\ Sliow, hy Ij 

im‘ans of tliis formula, that if <{ h<‘ halvtal and 

the mimher of teeth «»n tie* wheel he e<u*n‘s})ondiuwly douhhsl to tit the 
new ji;ear, otlier parts reinainiiu^, the sniue, tlam fwie(‘ as mueh wei|.dit 
\V rati he rai.sed as before with a p;iv<*n pre.ssure P on the handle. 

8 . Exponents, llu* laws of expoiuaUs an* hritd!}' ox- 
|)ri‘S.s<‘{I in the folluwioi*; five fonntilas. 


L 

a"'o" 

Qfn } 

Unis 

e-r-- 


IL 

(a'")" 

Qmn^ 

'rium 


:P. 

in. 

(a&)'” 


Thus 

C2.-df. 
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’a\ a"* 


IV. 

Vib/ “ ‘ 


/2\‘^ 

Thus 


V. 




Thus 



[I,§S 


These formul«‘is ii])ply noi only wluni ni aiul // ar(‘ posilivci 
integers^ but in all (^as(‘s. 

Thus 2^ 

^ - Ijii, 


The use of fonnuhis I—V in Ihis univca’sal way iiiiplic's 
(as shown in denuaitary algt'bra) iluit- t,h(‘ (‘xprc'ssion 
must have the suiru^ m(‘aning as (h(‘ qih root of That is, 
we have 


VI. 


Qq \^aP m 


Thus 


5 1 - S/ 5*’ “ 




Similarly, any (pianiity, as a, whcai rais(al io a iiegafive 
exponent, as —n, imist hav(‘ tlu‘ sunn.^ nuaining as tlu^ rrr/p™ 
weal of That is, 



has the value 1 . That is, w^ien a m not 0 


vm. 
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EXERCISES 

Find the results of the indicated operations in each of the following 
cases, using one or more of the formulas I-V. 


1 95.93 

2 . 



4. * x^. 

6 . 

6 . 

7. 8 ^-^ 8 “. 



9. 

10 . q^-^q\ 

11 . 


12 . 

{2^f. 

21 . 

22 . 


13. 


V 

3-2. 

14. 


23. 

2 -^ • 3 - 2 . 

16. 

{aW. 

24. 

40.3-3^ 

16. 


26. 

(-8)-i 

17. 

{n^r?wf. 

26. 

a“2 . a”®. 

18.j 


27. 

28. 

ri.2 • hn~^. 
{cl'^ -}-Z)^)ci' 

19. 

(?)■ 

29. 

30. 

3. 1 . 

x^-i-x 

20 . 


31. 

(-S-)* ■ 


Write each of the following expressions with a radical sign, and 
then simplify as far as possible. 

32. si 

Solution. = (Formula VI) 

= V^64=4. Ans. 

33. 8 ^‘. 36. (- 8 )^-. 37. 81^. 39. 41. 2^. 

34. 9'i 36. 27'^'. 38. 64'^. 40. , 42. 

43. Solve the equation x““^ =27. 

Solution. Raising both members to the power we have 

(x-t)-t = 27-t, 

or (using formula II) 

—27~i 

or (using formula VII) 

1 

X 2 • 

27^ 

This answer for x may be simplified by noticing that we may write 
27 ! = ( 33^1 _ 32 _ Hence the final answer is 
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44.Solvcforxmcachofl.lu-full..«i„,.nu:.t-us 

,N i-9 (,■) X^' -ft- 

(b)xt=27. „ ('V': > . ' 

46. Multiply x+3x^-2x- I'.v ■> 


i* t ! 32 t). 

.f) i.r^ 


Solution. 


:r i 2 /^‘ 

3--2/ '* } 

3/ j 9.r^ ‘ 

y . ’ . t 

• 2.r-‘ ‘M f ‘ 

l Ir’ ’ 12 ^-1' 

3.1* I 3.rM 1^’ 


/ 'i H I -il i, 


Multiply 

46. a-^2ai+3 by 2 ttL| H. 

47. by :ix‘I .'■ 

48 . aSx-t+ 2 +a-Sx^ l.y 2« -‘x' i" '•' ’ * ^ 

Divide' 

49 . 5a;+2a;^'~2a;‘^ + l l»y 1 !• 

50. +*^"*"-*^*^ 11 -^v /' 

61. by vx I 

y vx 

9. Simplification of Radicals. \Vi- know that (h.- .-iiuu 
root of the imKluei of two iiuml.er.'^ ift tl..- ^alllr a^- the j.ro.iii 
of their square roots. For exuiuple. \ t • -A ts th.- ^am.• 
V^X-v^f), because both are equal to 1(1, for the tu ^t i> \ HI 
or 10, and the secon.l is 2XA. or Hi. lu the ,-au.e wa 
■^8X3 = V^bX^:i, 01' simply 2v 3. In faet, we- ha\'e t 
following general formula 

IX. Vab 

Again, \/4/9 is the same as Iwe-HU.-e iMith r 

equal to 2/3. (Explain.) Similarly, v '.,.s may !«• writt 
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wiiich rodiKHss to i\u\ more sim])le form J v 


in general wc have 

X. 



So 


N()t(‘ that formula IX may Ix^ r(‘gar{l(‘(.l as a s])(H‘ia,l eonse- 
qu(‘ne(‘ of formula III, whih^ formula X is a, s]H‘(‘iaI eonsc^- 
<|U(ai(‘(‘ of formula I\'. 

''rh(‘ two pi*(x*(xling formulas (‘aahl(‘ us to simplify many 
radi(*al c'xpn^ssions, as illus(rat(‘d Ix^hyw. 


Mxami‘lk I. Siiai>liry 

Solution. Psinj^!; rormula IX, \v(‘ hav(‘ 


\/oI Vwxi) \/uX \/(> o 
I'lxAMPLK‘J. Simplify v:i2. 

SoiA'TioN. v/a2 v'sx 1 v'sx vd 2 x/d. Any>. 


Examulk a. 


Solution. 


Simplify 

jW \/s v/‘IX v/ii 


3 x/a' 


A a.s‘. 


Examplh 4. Simplify V^2Sa*'h. 

Solution. 2 tAV 7 h . 


A NH. 


lOxAMPLU a. Simplify 


Solution. 




V’S//U<ar^ 


V S//'* '< V ll.r- 2 ir \ I ).r-! 


A fi,s. 


EXERCISES 

Simplify ruch of tho following nuIinilH. 


1. \/l.s. 

2. v''21. 

3. x/72. 

4. \/12;"). 

6. 

6. vdi2. 

7. >^54. 

8. 

9. v'a2. 


11. </-•'. 

\ l.'i.') 

12. v^atk/'V^'j. 

13. \/.S1«;''h7. 

14, \/'1(ri • 6)3, 

15. ^y27.rh/’‘iX 

16. 

17. 

18 ^ /at a f 

V M 

\ m 
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19. Reduce 

Liy- 

to an equivalent fraeliou iiavin?*: iu» radical in ita (i^nnininafnr. 

Solution. Multil)ly minuTalnr anti d.n..iu:nat.tr l.y \ tl, 

thus obtaining 

Vd" v'l^ \ \ 1;., . 

G ’ «■. 

Reduce each of the rollowiiu’' <'\pn- inn f.. f.|!nv:drnf I'racfinns 
having no radi(‘als in their dennininafnr- 

20 . 2 +^ 5 . 21 . 2 ^ 22 . ■■■ ^ ■' 

2\/7 ‘d\ •* \ - 

[Hint TO Kx. 22. iMuIlipIy luuin-rafnr and dnnnnnna!nr ffV 


3-V2.] 



20 

24, ^ ' 

! = d 

2*\/a-~3\/6 

\ 

,1:2 

2 g 2 V 2a — I d - 3 \/ry 

26. ^ 

' \ c- \ /. 

3 V2a-1 "1-2 V^t 


\ If \ ii * h 


10. Imaginary Numbers. Complex NumluTS. An imli- 
cated square root <d’ a iH‘galivr (|uaidify. n fnr n\ain|d(‘ 
or 1/2, is cnlhal .nn imaginari/ nurnf>er, nr a pure 
imaginary number. Su(*h a eomhinafiun a a I \ ' 
wherein a pur(‘ imaginary is ati<itai in an ni(iinai\ (real) 
number, is ealhal a. complex number. Hver> eniitjdnx mun- 
ber can be nalmaal io the typical fnrru <i. ; K uhere 

a and h are propia-Iy <l(*t(‘nnin<al real ipn ifi\n (u- nt-iiative) 
numbers. Tims r)f\/ 1 beennit^s e i 2\ I: like\vi-i‘ 

7~V^-”3beeoii[i(‘s 7 I; etc. In all prnld<i{|> involv¬ 
ing complex nunilxu’s, first ])ut eaeh in it prupnr bu'ia 
a+&1, then proc(‘e(I aet^nnling In the em’1 mnaiy lules 
of algebra, reniembtu’ing in substitute fur iv I 
wherever it occurs, the* vahu* — I. 

In the exercises which follow, tlu* syiubol / is used for 
brevity to stand for V — I. 
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EXERCISES 

Pen-form the irulicattnl open-aiions and simplify where possible. 


1 . (l."H)(2-/). 

S()nuTi<>N. (1 -'l-f) (2 — i) - 2 -1 “i — ^ 2 ■ 1-/ — (— 1} 


-f /. A ns. 


2 . ( 1 +\/- 2 )(-- 

[Hint. First wrilt' a.s {1 F v'^2 i)i2— \/'A i). Now proceed as in 
Ex. 1, obtaining tin.' hiial result. (2'b Vb)d-f (2 \/2“-" \/'A)>] 

3. 4. (I tV-'^r-d-\/--2y-. 


Express each (»f the folluwiaj^ fractions with a, deniominator <Mm- 
tainin^ no raelicals; 

5. ^ . 6. “ .7. ” 

2.- \/ —2 2 1 \/—2 (i — hi 

8. If :r : '‘*^,show that 2.r-d-2.r-b 1 ■ 0. It follows that the 

indicnttHl valut‘ of x is a. roo/ <)f tin* given (njuation. Such roots are 
(‘all(*(l ifnaglndi'ij mats, 

9. Show tliat in (‘ach of the* following tlH‘ valuta giveni for 'X is an 
imaginary root (see* Ivx. S) of the <-orn‘sponding eeiuation. 

“ ' I 1 a „ 

{a) X .> ; .r‘d'.r4' I - 0. 

{h) j- ■* ' Y ' ^ : “J” "' <>■ 

(r) a- - ~ . 4 j 24 .i()j.^ 7 ^(). 

10. la x = n/— 2 a root of ar+2u:4“2»^0? Why? 


For it furtlirr dudy o/ complvx nunihiTH m'c (Implrr XV, 
page 231 , 



CHAPTER II 
QUADRATIC EQUATIONSf 

11. Solution by Inspection. Problem. It is desired to 
cut out a rectangle which shall contain 4 square inches and 
be 3 inches longer than wide. What must be its dimensions 
(length and breadth)? 

Solution. Let x represent the breadth. 

Then x+Z will be the length and, by the 
rule for determining the area of a rectangle, 
we shall have 

(1) a;(:r + 3)=4, 
or 

(2) rr2 + 3a; = 4. 

We here meet with what is known as a quadratic 
equation, that is, one containing the square (but no higher 
power) of the unknown quantity x. Moreover, we see by 
inspection that the value x=^l satisfies this equation, since 
with x^l the left side becomes 1^+3-1, which reduces to 4 
as required. The dimensions sought are, therefore, 1 inch 
and 1 inch + 3 inches, or 4 inches. Ans, 

12. Completing the Square in a Quadratic Equation. 

Suppose now that in the problem of § 11, we require that the 
area shall be 5 square inches instead of 4 square inches, other 
conditions remaining the same. Then the equation which 
we shall have to solve will evidently be [compare (2)] 

( 3 ) x^+Zx = b. 

This equation is not easily solved by inspection, as was done 
with (2), but it can be solved, as we shall now show, by an 
ingenious method known as completing the square. 

fThis chapter may be omitted by those already familiar with the 
elements of quadratic equations. Such students may pass at once to 
Chapter III, which deals with the general properties of such equations. 
" 28 
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Add 9/4 to each member of (3), giving 

Q Q Q 2Q 

(4) = or x^+3x+g=-^- 

Here the left member is the same as > since by 

the familiar formula ^ 

(a+by^a^+2ah+h^ 

we obtain 

(a:+|)'=a:2+3a:+|- 


Thus, (4) may be written 



Equation (3) has now taken a form (5) wherein the left 
member is a perfect square. Consequently we have only to 
extract the square root of each member of (5) in order to 
obtain 

(6) or a;+|=^-v/^- 

from which it follows that 

(7) = or x = ^(\/29-3). 

Substituting for its approximate value 5.385, as given 
in the Tables, we have finally 

a;=|(5.385~3) of 2.385 = 1.192 (approximately). 

Hence the required dimensions of the rectangle are 
(approximately) 1.192 inch and 1.192 inch + 3 inches = 4.192 
inches. Ans, 

These values for the two dimensions are correct to three places of 
decimal^ The exact values, of course, cannot be expressed decimally, 
since V29 cannot be so expressed. 
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13. The Two Solutions of a Quadratic Equation. It is 

important to observe at this point that if we inquire simply 
what values of x satisfy the quadratic equation (3), that is. 
without any reference to the rectangle, we may find two such 
values. In fact, in passing from equation (5) to (6), we should 
remember that the square root of 29/4 is either + or 

- since either of these when squared gives 29/4. If 

we take the value + i\/29 we get (6), which leads to the 
value of X given in (7), but if we take — i’\/29, we get in¬ 
stead of (6) the equation 

(8) a:+|=-|v^, 

from which we obtain 

(9) aj=—i\/29~|==-~^(V^+3)==“~4.192 (approx.). 

In reality, then, there are two values of x which satisfy 
(3), namely ^(\/^ —3) and --•|(\/29+3). These taken 
together are called the roots of the equation. In the rectangle 
problem of § 12 we could not use the second of these roots 
since it is a negative quantity, and there would be no meaning 
to a rectangle having negative dimensions. However, prob¬ 
lems frequently arise in which we can use both roots, as will 
be illustrated presently. 

For convenience, the symbol d=, read plus or minus, is 
frequently used in expressing the two roots of a quadratic 
equation. Thus, the two roots of (1) may now be expressed 
concisely in the form 

or a;=l(-3±v^)- 

14. Application to Any Quadratic Equation. A careful 
examination of the process followed in §§ 12, 13 for arriving 
at the two roots of the special quadratic equation 

x^+Zx=5 

shows that what was added to both sides in order to complete 
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the square on the left was 0/4, whie.h is (3/2)“, or the scjuarc 
of half the coefficic^nt of the first i)()wer of x in the giv(‘n 
equation. More gcaierally, it is now to l)e ol)S(M*vecl that if 
we have any quadratic eciuation of the form 

(10) a.“+m:r = ?/., 

wliere tlie (H)efficienfs ■///. and n- a,r(^ j>;iven numlxn-s, \v(^ may 
likenvise (*,omplete thc^ squa.re and solve l)y adding* to both 
ni(‘mV)ers the sqmu*e of luilf the e.oc^hcicnt of ih(^ first ])ow(‘r 
of x; that is, by adding (////2)“. In fa(‘t, we thus obtain from 
(10) the equation 



aft(n’ which we may evid<‘ntly proc.(‘(‘d in all (^as(\s io solve 
as in st(‘ps (5), ((>), (7) and (8) of §§ 12 and 13. 'Thus wc. 
may state the following rul(\ 

Rule, hi order to solve any qvadraUc equation of the form 
x-+nix~n 

first complete the square of the left inemher by adding the square 
of half the coefficwrit of x to both sides of the equation. Take the 
square root of both members of the resulting ey'iuitio'n, giving the 
sign db to the right member of the 7r,sulL h^olve the two first 
degree equations thus obtained for x. 

It is to be observed that this rule appli(\s only in (;as(^ the 
coefficient of in the given equation is 1. It docs not apply, 
for example, to the equation 

Sx^+5x^l2. 

However, in this case we have only to <Iivide tlie equation 
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through by the coefficient of 7?, namely 3, in order to cause 
the equation to take the form 

5 

and to this the rule may now be applied directly, inasmuch 
as the coefficient of is 1. Similarly, any quadratic equation 
whatever may either be solved directly by the rule or after 
division of both members by the coefficient of in case this 
coefficient is different from 1. Illustrative examples of both 
these species of applications occur below. 


Example 1. Solve the quadratic equation 
—10rc = 5. 

Solution. Here, the coefficient of being 1, we may make direct 
application of the rule. Thus, the coeflScient of x is —10 so that the 
square of half this number, which is (—5)^ or 25, is to be added to both 
members, giving the equation 

a;2-~10a;H-25=30 

which may be written 

(a;-5)2 = 30. 

Hence, extracting the square root of both members, we have 

a;—5 = ±>/30, 

The two desired roots are therefore 

a; = 5=b-\/30* 

Check. Placing the root 5 + v^SO for rr in the left member of the 
given equation, we obtain 

(5 + -10(5 + V^) = 25+10 Vsd+30 - 50 -10V30 

which, upon noting cancellation, reduces to the right member, or 5. 

Similarly, for the other root, 5 — -s/SOj we have 
(5 - -10 (5 - ylO) = 25 -10 V3b+30 - 50+10 == 5. 
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Example 2 . Solve the quadratic equation 
2x^-Zx-9=0. 


Solution. The coefficient of being 2, we first divide through by 
2, transposing also the —9, in order to obtain an equation of the species 
mentioned in the rule. Thus, our equation becomes 


The rule may now be applied directly, the details being as follows: 
Completing the square by adding (“-3/4)^, or 9/16, to both sides, 

, 3 ,9 9 9 _81 

“ 2 ^■'"16 2‘*‘16 16' 


Extracting the square root of each side, 



Hence the roots are 


3,9 

a: = 4±4 


that is rc=3 and a; = — 


3 

2 


Check. 2-32~3-3 = 2-9~9 = 18-9 = 9. 


Again, 2 




-)J+? = 9 

o I 2^2 


ORAL EXERCISES 

In each of the following equations, state vffiat must be added to 
each side of the equation in order to complete the square. 

1 . a?-{-4x = 5. 6 . = 

2. -3. 7. == 10. 

3. x^-7x^l. 8. a;H2(a+6)a; = c. 

4. x^+18x-=li4. 9. (a+6)a; = c. 

6. a;^-l|x = 5. 10. 3?-(m-n)x==v. 


EXERCISES 

Find the two roots of each of the following equations and check 
your answers. Whenever radicals present themselves, evaluate each 
root correct to three decimal places by use of the Tables. 

1. x‘^+2x-=l. 4. 3x^+4a;=7. 7. 2a;+3fa;2 = 4. 

2. a;^+6a: = 16. B. 5x^—6a:=8. 8. a:?+5=-g— 

9. o^-8v-2Q=Q. 6- 3a?+7a;=26. 9. 3a?-5a;=-1. 
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10. 9x2-18a;+4 = 0. 

2 3x ^ 


11. 3x2+-|x = lf. 

3a;-l+2a;-5 


42 — — 1-1— % z —0 

2x — 1 3x—4 ^ 

4x —14 


1-X2 ' 

[Hint. First clear of fractions.] 

16. 2a^+5x=-4. 


3x+5 ^ 2x-5 
x+4~'^ rD-2 

17. 3a;^-7a:=-5. 



18. dx(x-]-l)-ix-2){x+3) =2 + il-xf. 
x^+x+l^x^-x^l 

20. 3(2a:-5)(a;+l)~2(3rc+2)(2a;-3)=a;-9. 

16. Literal Quadratic Equations. Such equations are 
solved by the same methods as employed in solving 
quadratic equations with numerical coefficients. 

Example 1 . Solve the equation 

2ar—aa; = 2(^d~^)* 

Solution. Clearing of fractions 

4:X^ — 2ax—ax-\-d^. 

Hence 

3aa;=a^, 


„ 3a aP 
^—4^ = 4' 

Completing the square, following the rule in § 14, 


Extracting the square root of each side, 


3a , 6a 


Whence the two roots are 


3a , 6a 

^=¥^F 


That is, the two roots are 
3a+5a 


=a and x - 


3a—5a 
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Example 2. Solvci the ecjiiation 

X X 

- i-r y=//L 

X — 1. .r-f 1 

Solution. Clearing of fractions, w(‘ have 

X (x +1) — X (x — 1) - //I (x — I) (x +1), 

'ha:—.r ™ — m. 


•ffix^’—j:x~/n. 


a'*- — X 
ni 


(-oinpleting the H<juar<‘, 


ICxtraeting the siiuan^ root of laich si(h‘, 

1 . 1 


I\“ nr\l 


X- t ; f. 

rn m 


Hence, the two roots are 


t ' ' L 

Since m“-hl is not a perf(*ct mpian*, Hies(‘ roots cannot l>e further 
simplified. 


EXERCISES 

Solve each of the following eipmtions for .r, nslucing your aiiswiT to 
its Bimplest form. 


1. x^-h4ax- = r2a^. 

2. a?+ihx = 2VA 

3. 5ax“-h(><-t^ = dx^. 

4. 21^^-46x=ar. 

6 . 3a?4"4ccix = ir>A/^. 

6. 11?^ * 


7. a*‘' t'2;N.r ;/r. 

8. 'jr"h2mx m. 

9 . a:^~(« f l)a' f a t). 

10. ax^ — (<r--l )x u, 

^ ^ X +1 a • h I 


12. .>+"x 
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13. X ct. 

0^ CL 

14. 4(a^ —l) = 5(4a:—6). 

16. a(2a;-l)+26x-6 = x(2a:-l). 

16 _i_ =1+1+1 

a-Yb-\-x a^h^x 

17. = ^ 

iC^ + 1 <2+6 c 

a; “ c "^a+b* 

2a+a: . a—2x 8 

19. —-=-* 

2a—X a+2a; 3 

a+6 \ ah/ a b 


16. Solution by Factoring. If, after arranging a quadratic 
equation so that its right member is zero, it is found that 
the left member can be readily factored, the roots of the 
equation can be obtained immediately without completing 
the square. The principle employed is the familiar one of 
arithmetic that if any one factor of a product equals zerOj then 
the product itself equals zero. 

Example. Solve the equation 

3?+x = Q. 

Solution. Rewriting so that the right member is zero, 
a;^+a;—6 = 0. 

Factoring, 

(x-2)ix+3)=0. 

This equation will be satisfied, according to the above principle, in 
case either .t— 2 = 0 or rc+3 = 0; that is, in case a; = 2 or a; =—3. The 
roots desired are therefore 2 and —3. 

17. Solving Equations of Higher Degree. Since the prin¬ 
ciple stated in § 16 applies to the product of any number of 
factors, equations of higher degree than the second frequently 
may be solved by this method. 
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Example 1. Solve tiie (‘({uaiion 

.r(.r1)(/ { • (K 

SoLETioN. ilH‘ ri^ht inenih»‘r isO, th<M*{(uation will he satif^fjeil 

ill (‘as(‘ ,r i), or .r 1 0 or .r | 2 <l or s . I (1. Hiaicc tlu‘ roofs are 

0, 1, -2 arui 1. 

Example 2. Solve th(‘ i*(juation .r' I 0. Eaetoriiif!;, we find 
U- I M.r‘ f .r i I) 0. 

l'lu‘ (‘(juafion x — 1 f) .r 1 as on<‘ rt>ol. 

''Flu* {‘({nation .r* j .i’ ! 1 tf is a ({tiadratie (‘({uali<ni whose ro(»th 
art': found (by eoinpletinii; tla* s((nan“i to 1k‘ * ;• { ^ ;i \ 2. 

EIu‘ roots desir<‘d are therefore I and ^ ^i v"' fh 


or 


Example 2. 

We liave 


S(»lv(‘ t he (’((iiation 

r* f r’ UI } .r>. 

. 1 -' I .r' I( 1 ! .:•) 0, 

.r‘(.r { 1) ti.r | h 0. 


EactorinjLL 

(.r f I ) (.r ‘E (I, or t.r } I nx 2 !t.r 1 2 ) 

Ihai<‘(‘the roots arv I, 2 and —2. 


f). 


EXERCISES 

Solv(’ eacli {*f th«7 fellowing { ({nations hy faetiirinjjj. 

1. .r‘* f 5/ } (i (). 2. .r fix 27. 

3. hxE-..X‘' lo 0. 

(Hint. Ihietor into (2x -riH2x } 2» ().| 

4. 4r Fax-ti (h 6. I2x" :,x 2. 

6. 2frx“ I U)nx S. 7. x’ Ui. 

[Hint to Fix. 7. Writt^ first in form tx*’ ^ 1 n.r’ | 1) (k| 

8 . .^*- 27 . 

[Hint. Iteeall flu* formula {x-njcx*‘ } nx I i.| 

9. x'^-ru-d-E'-O. 12. H(? U i.Hix- I) II 

10. (2x-™ IKfKr fix-'21 0. 13. 2.r‘ 1 2x" x I 1. 

11. 3(.fr-l)-'2(xd-l)-dh 14. r -{a \ h).v fn/i-dh 
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18. Equations in Quadratic Form. If an equation may be 
brought into the form of a quadratic by the use of a new 
letter it is said to be an equation in quadratic form. Having 
once brought it into such a form, its solution is readily 
effected by the methods already explained. 

Example 1. Solve the equation 

Solution. Let Substituting y for in the equation, we 

obtain 2 /^—132/-1-36== 0. 

Solving, we find that the roots of this quadratic are 
2 /= 4 and 2 /= 9. 

Hence x^=4 and a? = 9. Therefore x=±2 and x==t:3, and these 
are the desired roots of the original equation. 


Example 2. Solve the equation 

(2x~3)2-6(2x-3)=7. 

Solution, Substituting 2 / for 2x~3, we obtain 


Solving, 

Hence 


2/2-62/ = 7. 


2 / = 7 and y— —1. 


Therefore 


2X-3-7 and 2x-3 = -l. 


x = 5 and x = l. Ans. 


Example 3. Solve the equation x+ '\/x = l2. 

Solution. Substituting y for ^/x, we obtain 
2/^+2/ = 12. 

Whence, solving, 

2 /=—4 and y=Z. 

Therefore 

4 and -s/x-Z. 

Of these two possible values of \/x, we are here obliged to throw 
out the value —4, because the form of our original equation implies 
that, whatever x may be, its positive square root is to be used. Other¬ 
wise, the equation would have read x— Vx = 12. 

From the remaining possibility, namely \/x=3, we obtain upon 
squaring, x=9. 
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Therefore the equation has one root, namely = 

Check. 9+\/li-9+3 - 12. 

Note that if an eciuation conttiins ra(li(‘als, (‘arc must 
b(^ taken, as illustratcal in tiu^ abovc^ solution of lOx. 3, to 
retain only thos(^ roots whit*!! satisfy (he (‘(juation wla/n (‘acli 
of its radicails is takiai with il.s in<ii(‘aU‘(l si”;H. "Fhis will 1 k‘ 
furtiier illustratial in § 19. 

EXERCISES 

Solve, liy (h(‘ inetliod of sul)s(i(u(ion (unployiHl in § IS, eaeli 


the followi!ig i 

:‘quat ions 

and V(‘ri 

fy youi 

• answta* in eaeli ease. 

1. 

.(■•‘-Ar-t 

-■1 ■ 

0. 



.r r \ 1 o 






11. 

o i 

2. 

x’~7.r 1 

+ 2 

0. 



.r- {1 .r 

3. 


“ } t) 

0. 


12. 

2.r.() v+.r I S. 

4. 

27/'-:{ri 

4- 

S 0. 


|Hi.nt. Adding - 1 to Loth niern- 

6. 


-2 hr 


3. 

lua’s, 

\v(‘ obtain 

6. 


j'2(.^ 

‘*■"-2) 

S. 


(2.r.D-C, \/2.r 1 7.] 

7. 

‘,ix- —r>.r' 

^ 2 



13. 

.r 11 ■■ \'.r j 7. 

8. 

x-r,-1-2 

\/x 

. r> ' 

v 

14. 

. ■* 1 

9. 

x-:! -2; 



3.1 { Tu- '» 2. 

[ 

\/x “■ 

3. 





• 1 

2o 


16. 

:!.!■.'■■•7.1'* 1. 

10. 

+• 

■r+l 

1 * 

.r‘ 

12 


16. 

2.+ ' \ V*‘ 2.r 3 hr } 9. 

[Hint. Let 

.r 

r Id 

//•I 


17. 

h 2.r |7 f 2.r 

\7 12.d V 7 2x + -• 


19. Radical Equations. Mtiualions eontainin^ ratlienis 
arc frcHiucuilly (‘alltal mdiail n/ualions, They may oftcui 1 h! 
solved in tlu‘ maniun* illustratcal Inflow. 

Example. Solve the etjuation 

V2j- 1 I -i V''j- -1. 

Sor.UTiON. S(juariUK 

2x+5 -2 Vt 2.r +ru(,r h2i I .r }-2 .r-- L 
Colle<iting tenns and t ran.spo.sing, 

-2 V( 2 x foj(.r 1 - 2 } ^ 
or dividing through l>y —2, 

’\/(2x+5K«r+2; •^^x+4. 
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Squaring again, 

(2a;+5)(a;+2) = (x4-4)2, 
or 

2 ar2+9a;+10 = ^2+16, 
or 

a:^4-rc = 6. 

Solving, 

x=2 and x— —3. 

Of these values of rc, we must retain only those which satisfy the 
given equation when due regard is taken of the signs of its radicals, as 
explained at the close of § 18. Thus, with x=2, the equation becomes 
•\/9—■\/T, or 3—2 = 1. This being a true equation, x = 2 is a 
root. Again, with a; = — 3, the equation becomes-xZ — l — \/~l = -y/—4 , 
or 0= —4, which is false. Hence —3 is not a root. 


EXERCISES 

Solve, by the method shown in § 19, each of the following equa¬ 
tions and verify your answer in each case. 

1. x—l+\/x-j-5~0. 

2. VS+T~2 VS==~3. 

3. VS+I7+ViTl~4 = 0. 

4. ^/2x-i-l =2 VS— 

5. '\/x—a^-h '\/x-i-2a^~ '\/rcH-7a2. 

4a;-l-l 


6 . 2\^dx —' 


\/2x — l 

7. VST3+VlJ+3- VsJ+lH-VJ+5. 

8 . '\/a—x-{- '\/h—x~ •%/ a-\-h—2x. 


APPLIED PROBLEMS 

1. Divide 20 into two parts whose product is 96. 

[Hint. Let x be one part. Then 20— a: will be the other part and 
we shall have a;(20—a;) =96.] 

2. Find two consecutive numbers the sum of whose squares is 61. 
[Hint. Two numbers are called consecutive when the larger is 1 

greater than the smaller.] 

3. A rectangular garden is 12 rods longer than it is wide and it 
contains 1 acre. What are its dimensions? 

4. By increasing each of the edges of a certain cube by 1 inch the 
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volume became increased by 19 cubic inches. What was the original 
length of each edge? 

5. A polygon of n sides has \n{n-‘Z) diagonals. How many sides 
has a polygon with 54 diagonals? 

6. The inner of two concentric circles has a radius of 1 inch. What 
must be the width of the ring between the circles in order that its area 
may equal that of the inner circle? 

[Hint. The area of a circle is (approximately) 22/7 times the square 
of its radius.] 

7. If a train had traveled 6 miles an hour faster it would have 
I'equired 1 hour less to run ISO miles. Plow fast did it travel? 

[Hint. Tiine = Distance 4- Rate\ 

8. A man can row down stream 16 miles and back in 10 hours. If 
the stream runs 3 miles an hour, what is his rate of rowing in still water? 

9. Several persons hired an automobile for $12, but three of them 
failed to pay their share and as a result each of the others had to advance 
20 cents more. How many persons were in the party? 

10. A cistern is filled by two pipes in 18 minutes; by the greater 
pipe alone it can be filled in 15 minutes less than by the smaller. Find 
the time required to fill it by each. 

11. From three equal sticks are cut off lengths of 7, 8 and 15 inches 
respectively; the remaining lengths form a right triangle. How long 
were the sticks? 

[PIiNT. See formula 6, § 7.] 

12. What is the area of a square whose diagonal is 1 foot longer 
than a side? 

13. A rectangle of perimeter 34 inches is inscribed in a circle of 
diameter 13 inches. Find its sides. 

14. In order to get from one corner of a rectangular city park to the 
opposite corner I must go 160 yards round the sides, and of this amount 
I could save 40 yards if I were allowed to cut diagonally across. What 
are the dimensions of the park? 

16. Two airplanes pass over Chicago, one flying east at 40 miles 
an hour, the other south at 30 miles an hour. The faster machine passes 
at noon and the other one-half hour later. When are the machines 136 
miles apart? 

16. The formula 
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gives, approximately, the height of a body at the end of t seconds if it 
is thrown vertically upwards, starting with a velocity of v feet per second, 
from a position a feet high. 

From the above formula, show that 

v± /i) 

32 

Explain the physical meaning of the double sign. 

17. By means of the result in Ex. 16, find how long it will take a 
sky-rocket to reach a height of 796 feet if it starts from a platform 12 
feet high with an initial velocity of 224 feet per second. 

18. When a body is thrown vertically downw'ard from a point a feet 
high and with an initial velocity of v feet per second, its height at the 
end of t seconds is given by the formula h = a—vt — lQf, which, when 
solved for t gives 

t = —. (Compare Ex. 16). 

By use of this result, find to the nearest second the time it will take a 
ball to reach the ground if thrown vertically downward from the top 
of the Eiffel Tower with an initial velocity of 24 feet per second, the 
height of the tower being 984 feet. 

19. A stone is dropped into a well and 4 seconds afterward the 
report of its striking the water is heard. If the velocity of sound is taken 
as 1190 feet per second, what is the depth of the well? 

[Hint. See Ex. 18.] 

20 . When s feet of wire are stretched between two poles L feet 
apart (the two points of suspension being regarded as of the same height) 
the sag d of the wire in feet is given approximately by the formula 

, /3Ls-3l2 

Solve this formula for L and interpret your answer. 

21. The whole surface ^ of a right cylinder of height h and radius r 
is given by the formula S = 2Trr(r-{-h). Solve this for r and interpiret 
your answer in words. 

22. A soap-bubble of radius r is blown out until the area of its outer 
surface becomes double its original value. Show that the radius has 
thereby been increased by the amoxmt r (V2 — 1). 

[Hint. The area of a sphere whose radius is r is iirr^.] 



CHAPTER III 


PROPERTIES OF QUADRATIC EQUATIONS 


20. The Typical Form of Every Quadratic. Wc. may 
evidently regard th(‘. (‘(|uat lon 
( 1 ) 

as the typical form of (‘V(ay cjuadral i(^ (‘({nat ion, h(‘eaus(‘ ovary 
(juadratic, Ixang of tlu‘ s(‘eond d(‘gn‘(*, rm\ brought into 
the form (1) by a, suitabh* r(‘arrang(‘m(‘n{of its t{‘i’ms. It is 
to be her(‘ uiuka'stood that. th(‘ eo(‘trK‘i(‘nts a, /^ and r n^pn*- 
S(ait numh(‘rs wliieh a.r(‘ in no \vis(‘ <h‘|Haid(‘nt upon Iht* 
iniknowui numlxu* r(‘i)r(‘S(‘nt(‘d by th(‘ I(‘tt(‘r and that a is 
not zero, for if it. \V(‘r(‘, (1) would r(‘dac(‘ to />.r laaO and 
h(vu(*e no long(‘r b(‘ an (‘({uatiou of th(‘ s(‘e<Hid d(‘gr(‘(‘. 


EXERCISES 


Arranges (‘jk'Ii of the following ({uadratio (‘({unbon.s in tho typic’al 
form (1) and stat,(* th(‘ vahu'S of h, and r for (‘ac'h. 

1. 2.r+5=.rf.r-*l)-f7. 

Solution. '’bransi»osingalI Unans to < ii(‘ hft, wo have t Ik* ik‘\v ion 
2 .r 4 r)-'-.r' I.r —7 (), or, <*onihining, .r'’f'.r *~*2 t). 

This is in th(! form (I) with a I, /> !, r .2. 


2 . 3x(.r--l)-.r~f2T-l. 

3. 4.T^=d.r-0(.r + l). 


■*. . r-, 

.r .r|I 

6. (.r I )^ { ni f 


SoLimoN OF Ex. 5. Wo havt* ,r 12 or. r j /rr | .r - 2m.r I ar 
or, (T)rnl)ining tornis, 


OflLV. 

-rfOif {). 


2 .ir—-|• 2 //r 0 . 

This is in th(j form (1) with a — 2 , h ■ — ow, r 2nrK 
6. (w+n)x. 8. / { r. 


7 

X’-q 2 


Air /*• Alr-P 
. x{A^-r} 
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21. Solution of the General Quadratic. Since the equation 


( 1 ) 


ax^+bx+c — 0 


is the typical form of every quadratic, it is spoken of as the 
general quadratic equation. We may regard it as a literal 
equation (§7) and solve it by the method of completing the 
square (§ 12) as follows: 

Transposing the term c to the right, then dividing through 
by a and finally adding \b/{2a)Y‘ to both members of (1), it 
becomes 


(2) 


x^+K+ 

a 





The left member is now a perfect square, namely 



2 


while the right member readily reduces to 


¥—4:ac 

4a2 


Thus (2) is the same as 


(3) 



lP‘—4:ac 

4a2 


By extracting the square root of each member of (3) we 
obtain 


(4) 


6 d=\/62—4ac 

-- 


Hence, upon transposing the b/(2a) in (4), it follows that 
the two values of x (which for convenience we will now call 
Xi and 0 : 2 ) which satisfy (1) must be 


•— 4ae — 4tac 

^1 =-" ^2 =- 


(5) 


2a 


2a 
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ThosOj then, are tluM'aliK's of th<» hvo njots, (n* solutions, 
of (1). By nu\‘ins of tlu‘S(‘ fonuulas, \V(‘ may at onet* soha* 
any ^’ivcai (juadratit*, as illustrattal lu4o\v. 

Kxami*lh. Solve the (}ii:i(ira(ie hr { S.r —o 0. 

SoL\!Ti(>N. lU‘n‘ a h /> S, e —o. Suhsiittht‘sv values ha* 
</, b and r in tii(‘ formulas (o i, it a{)pears I hat the t uo roots in t he pi’e-mt 
eas(‘ (wlun writt(‘n to|i,<‘ther in <‘ondens<‘d fornil an* 

— S {• \ s'o -li I H • ■>) 

2-1 

whieli re<lue(‘s to 

.vai!_ - MO 

S S 

IFkinji: th(‘ f sign, this Ifeeomes t K j 12) S, \shi<*h reduees ir» 1 2, 
whil(‘ if W(‘ laki* lh<* sign, it i)ecoin<*s t S- 12< S, whieh redm’es to 
-5/2. 


Tiu* two <Iesired solutions are th(*r(*fore 1.2 and •* o 2. 
(‘hhck. •ItJriSfio 5 Ull FU o 1 I D o il 
Again, 



EXERCISES 

Solve (‘aeh t»f the following quadrati<* e{|tiafions hy me of the for¬ 
mulas (a). 


1. 2.r'‘4 5.r 12 0. 

2. | n.r j i\ 0. 

3. tlr-Tj* \ 2 0. 


10. .r — /N.r ffiii NJ\ 

[Hint. First arrangi* in tin* 
form (I). Se{‘§2{).) 


4. 4.r I.t.r—la 0. 11, ,r } ifi.r inn | a.r. 

6. 10. 12. r-likv 'Jux-Cuth. 


6. 2.r-far -!. 

7. :ir'4-2.r-4 0. 

8. ;i.r'~().r.-2. 


13. .r' f 4m.r I Oit.r — l2/«a. 

14. .r' — 2a.r — a’* 0. 

16. (».r* I 3a.r 2h.r | ah. 


9. r-h/ I 10 0. 16. /* } p.r \if 0. 

17. By .Mulistituting into ecpmtion 111 the vadues of .rj am! .r* given 
in (5), verdy the fac*t that .ri and .e.* .satisfy (1). 
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22. Nature of the Solutions. Discriminant. If the coeffi¬ 
cients a, 6, c in (1), § 21, are real numbers, the form of the 
two solutions (5) there obtained shows that neither solution 
can be imaginary unless the expression h^—Aiac has a negative 
value. In fact, these solutions contain no radicals except 
^/W—A-ac and this is imaginary only when 4ac has a 
negative value (§ 10). If, then, the coefficients a, 6, c of any 
given quadratic (1) are such that 6^—4ac is positive the two 
solutions will be reaZ, while if W—^ao is negative the two solu¬ 
tions will be imaginary. 

Moreover, if 5^—4ac is equal to zero, the two solutions will 
be equal to each other, since then —4ac reduces to zero, 
so that each of the two roots [see (5)] reduces to the simple 
expression —h/{2a). 

Finally, if b'^—4:ac is a perfect square, it is possible to find 
the exact value of '\/b^--4ac and hence, in case a, b, c are 
rational numbers, it then follows from (5) that the two roots 
of the given equation will reduce to rational numbers; while 
if, on the other hand, 6^-‘4ac is not a perfect square, the two 
roots of the given equation will not be so reducible and will 
therefore be irrational, f 

tThe precise meaning of the terms rational number, irrational num¬ 
ber, real number, and imaginary number, is as follows: A real number 
is one whose expression does not require the square root of a negative 
quantity, while an imaginary number is one whose expression does 
require such a square root. It can be shown that all numbers of algebra 
fall into one or the other of these two general classes. Thus 1, 3, —2, 
1/2, —2/3, l + \/3 are all real numbers, while \/ —2, \/~4/2, 

2 4- are all imaginary. Moreover, whenever a real number can be 
expressed in the particular form p/g, where p and q are integers (positive 
or negative, or zero, except that q must not be zero) it is called a 
rational number, while if it cannot be so expressed it is called an 
irrational number. Th us, 1/2 , —2/3, 4/7, 5, 73, —10 are rational, 
while vX VX V2A -^1/2, 1+ V6 , TT are irrational. 

For the definitions of pure imaginary number and complex 
number and a study of their properties, see § 10, page 26. 



Ill, § 22] PROPERTIES OF QUADRATIC EQUATIONS 


47 


In sunainary, then, we may state the followinp^ rub. 

Rule. For amj given quadratic equation a.r-+?;:r+c = 0 
whose coefficients, a, b, c are real numbers, the two roots udll be 

(1) Real and unequal if 6“—*4ac is positive; 

(2) Real and equal if b^^—Aac — Q, each 7'oot then reducing 
to — b/(2a); 

(3) Imaginary if 6“--4ac is negative. 

Moreover, if the coeffiicients a, h, c arc rational mmibers, the 
two roots will be 

(4) Rational if h-—4ac is a perfect square; 

(5) Irrational if b‘'—4ac is not a perfect square. 

Bceause of the manner in wlu(4i the nat.un^ of t-he solutions 
of a quadratic cciuation thus conu‘s to (l(^])(uid upon the 
value of b-—4ac, this (expression is callcal tlue discriminant 
of the quadratic equation. 

Example 1. Dctcermirue (without, solving;) thee naturce of the roots 
of the quadratic equation 

Solution. Here a = l, 6™ —7, c— —S. TIenc(* the (liserirniaant, or 
has the value (-“7/-—4( —S) =4{)*f32 —SI, wlu(4i is ptKsUwa, 
Therefore^, by (1) of the rule, th(^ solutions ar(‘ r(‘al and \in(‘c[ual. 

Moreover, since 81 is a perfect scpiare, naiiuily 9% it follows from (4) 
of the rule that the two solutions ar(‘- rational. 

These results may be checked by actually solving; the equation and 
‘examining the nature of tlie solutions thus ol>t.a,ined. 

Examit.e 2. Determine the nat.urc of th(‘ roots of t.he equation 

Solution. Here a=3, h=2, c = l. Ikmct^ 4ac = 4~12=—8. 

Therefore, by (3) of the rule, the solutions must he imaginary. 

Example 3. Determine the nature of the solut-ions of the equation 

Solution. Here a=4, 6=—4, c==l. Hcnee 4ac = lG — l(> = 0. 

Therefore, by (2) of the rule, the two solutions must l)e real and 
equal. 
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EXERCISES 


Determine (without solving) the nature of the solutions of each of 
the following quadratic equations. 


1. a?+5s+6=0. 

2. or—7rc—30 = 0. 

3. 2a?-Sx+2 = 0, 

4. 4.^+1 =0. 

6. 3a:2-a;-10=0. 

6 . 

7. 3p+x==l. 


8. 

9. 9a;2-6x+l = 0. 

10. 4a;2-f6x-4-0. 

11. 2x‘^-9x+4: = 0. 

12. 7x^+Sx = 0. 

13. 4a:2_j_i6^^7==0. 

14. 9a:2-|-12a;=-4. 


16. For what values of m will the roots of the quadratic equation 
mV+10a;+l = 0 be equal? 

Solution. Here (using the language of §20) 5 = 10, c = l 

and hence h^—4:ac = 100 -4m^. According to § 22, the roots of the given 
equation will therefore be equal if m be so determined that 100— = 0, 
that is, if m^ = 25. Therefore the desired values of m are +5 and -5. 


16. In each of the following quadratic equations, find the value (or 
values) of m which will render the roots equal, and check your result 
by actually using this value and solving the resulting equation. 

(a) o?-\-l2x-{-Sm-0. (c) (2x-\-‘tnf ~Sx. 

(5) (m+l)x^+7?za;+m+l=0. (d) 27nx^-i-x^--0mx—0x-\-0m+l-0. 

17. For what values of k will the roots of the following quadratic 
equation in a; be equal? 

0 ? (:mx -f- k)^+hV = a%^. 


23. The Sum and Product of the Solutions. We have seen 

(§ 21) that the two solutions Xij X 2 of any quadratic equation 

ax^+bx+c=0 

are given by the formulas 

—6+'\/6‘^~4ac —5—-4ac 

=' ^2=-r- 

2a 2a 

It is now to be observed that if we add these two solutions 
together, the radical cancels and we obtain the simple result 


X 1 +X 2 — 


-2b 

2a 


b 

a 
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Again, if w(3 multiply the two solutions together, the result 
reduces to a very simple form. Thus 

( — 5)- —('v/6“ —4ar)- h-—(b-~4ac) 4ac c 

These results for Xi+Xo and Xi • may be summarized in 
the following useful rule: 

Rule. In the general quadratic equation ax“+bx+c = 0y 
the sum of the two solutions is ~b/a, lokile the product of the 
two solutions is c/a. 

Example. State the sum and the product of the solutions of the 
equation — 2x +(> = 0. 

Solution. Here a = 3, ?> = — 2, c = 6. Ilcncc the sum of the solutions 
is — (—2)/3, or 2/3, while their product is 6/3=2. 


EXERCISES 

State (by inspection) tlie sum and the product of the solutions of 
each of the following (Hpiations. Check your answer in Exs. 1, 2, 3, 4 
by actually solvinji; th(‘S(‘ ecpiations and thus obtaining the sum and 
product of th(‘. two solutions. 

1. 3;r+6:r-l=0. 4. 1:r+2-0. 7. 2.r“-f V3 aJ~\/r) =0. 

2. 2;(?-5^k+:}=0. «*'+7-e= 42. g r‘+7w = (?. 

3. a?-2:c+l=0. 6. ar+|»:+i=0. 

9. Show that in the qiaidratie equation 3?4-mx4-n = 0 the sum of 
the solutions is —vi and tlua'r prodiujt is n. 'This general result may be 
stated in the following useful rule: 

Rule. If in a (piadralic equation the cocffiaieMt of is 1, the sum of 
Hie solutious wilt he the coefficient of x with its sign changed^ while the 
product of the solutions will be the remaming {last) term. 

Explain and illustrate this in the case of the cquationa:'^—10a;+12 -0. 

10. Apply the rule stated in Ex. 9 to determine the sum and the 
product of the sohitions of each of the following quadratic equations. 

(а) 4a:4-3=0, (c) \/2 x4r'\/5=0, 

(б) xHa:-l = 0. (f) 2x2-5x+3=0. 

(c) x“—10x"1-13=0. [Hint. First divide through by 2.] 


id) x2-^a;4.1=o. 


(g) 3a:^+-a:—-\/5=0. 

O 
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24. Formation of Quadratic Equations Having Given 
Solutions. We have seen in Chapter II (also in § 21) how to 
solve a given quadratic equation, that is, how to determine 
the two values of the unknown number x which satisfy it. It is 
frequently desirable to reverse this process, that is, to deter¬ 
mine the quadratic equation which has two given numbers 
as its solutions. This can always be done, as is shown below. 

Example. Form the quadratic equation whose solutions are —5 
and 2. 

Solution. If x=^5j then rr-f-5 = 0. Likewise, if x=2, then 
2;_-2=:0. Hence the equation ((c+5)(a;—2) =0, or —10 = 0, will 

be satisfied when either x=—5 or x= 2 . (See § 16.) 

The desired equation, whose solutions are —5 and 2, is therefore 
3^-i-3x-10=0. 

This result can be checked, of course, by solving the equation thus 
found and noting that its solutions turn out to be —5 and 2, as desired. 

Similarly, if the given values are any two numbers a and 6, 
the quadratic equation having these values as its solutions is 
{x—a){x—h)-Q^ or x^—{a+h)x+ah = 0. 

EXERCISES 


Form the quadratic equations whose roots are as follows: 


1. 1, 2. 

6. Vs, - V2. 

11. 2+V2,2-V2. 

2. -1, -2. 

7. i,V5. 

12. 2±Vl. 

3. 3, i 

3 

/L 1 1 

8- IVE, -I- 

13- -|(3±V6). 

2’ 3' 

9. 3m, —2m. 


6. V2, Vs. 

10. (a — 6), (a-|-6). 

14- l(-l±V2). 


16. Show that in case the quadratic equation aa:- + 6a; + c = 0 has 
one solution double the other, then 2¥ = 9ac. 

[Hint. Let r be one solution. Then, from what the problem assumes, 
the other root will be 2r. Now form the quadratic having r and 2r as 
its solutions, and examine the coeflGicients.] 

16. Show that in case the quadratic equation -\-hx c = 0 has 
one solution three times the other, then 16ac = 362. 
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25. Graphical Solution of Quadratics. Consider the quad¬ 
ratic equation 

( 1 ) x^~Zx-4c=0- 

Let us represent the left member by y; that is, let us place 

( 2 ) y=^x- — ^x—4:. 

Now, if we give to x any special value, equation (2) deter¬ 
mines a corresponding value for y. For example, if = 
then 2 / = 02 —3X0—4=—4. Again, if x = lj then 

2/ = P-3X1-4=-6. 

The table below shows a number of ir-values with their 
corresponding ^-values determined in this way. 


When x = 

0 

1 

2 

3 

4 

5 

6 

-1 

-2 

-3 

then y = 

-4 

-6 

-6 

-4 


6 

14 

0 

6 

14 


The graph of the equation (2) is now obtained by drawing 
a pair of coordinate axes, as in § 6, then plotting each of the 
points (x, y) which the table contains, 
and finally drawing the smooth curve 
passing through all such points, as 
in Fig. 13. Observe that this graph 
is not a straight line and hence is 
essentially different in character from 
the graph of a linear equation (see § 6.) 

And it is especially important to note 
that the graph here cuts the a:-axis in 
two points whose a;-values (abscissas) 
are respectively — 1 and 4. These special 
o^-values, determined in this purely 
graphical way, are the two solutions of 
the given equation (1), for they are those 
values of x which make 2 /= 0 , that is, 
that make 3a;—4 = 0. Fig. is 
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The graphical study which we have just made for the 
special equation x^-Zx-^=0 leads at once to the following 
general statements. 

Ev&ry guadvcitic cQuation has u QVdpJi which is obtctincd hy 
first placing y equal to the left member of the equation (it being 
understood that the right member is 0), then letting x take a 
series of values and determining their corresponding y-values, 
plotting the points (x, y) thus obtained, and finally drawing 
the smooth curve through them. 

The x-values of the two points where the graph cuts the 
x-axis will be the solutions of the given quadratic equation. 


EXERCISES 


Draw the graphs of each of the following equations, and note 
where each cuts the a:-axis. In this way determine graphically the 
values of the solutions, and check the correctness of your answers by 
actually solving the equation. 


1. a^-a;~2=0. 

2. 10a;+24=0. 

3. a?-2a;-15 = 0. 

4. Sx=d. 


6. 2a;2+5a;+2 = 0. 

6. .t2-7x+12=0. 

7. a;2+7:c+12 = 0. 

8. 2:x?+3x-=9. 


26. Determining Graphically Whether Solutions Are Real 
or Imaginary. In order to apply the method described in 
§ 25 for determining graphically the solutions of a given 
quadratic it was essential that the graph should cut the 
a;-axis. However, quadratic equations may easily be found 
whose graphs do not cut or touch the x-axis at all. ' For 
example, consider the equation 

(1) x2-6x+15 = 0. 

Proceeding as in § 25 to draw the graph, we place 

(2) 2/=^^“bx+15, 
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and determine various pairs of values (x, y) which satisfy 
this equation, dlie tal)lc Ixdow shows several such (x, y) 
pairs. 


When :r== 

-- 1 

0 

1 

. 

2 

3 

... 

4 

5 

6 

tluai 7/ = 

22 

15 

10 

"T” 

0 

''~Y 

lo" 



Ploti.ing tlu‘ va,rious ])oints (:r, y) thus ol)tained and draw¬ 
ing the (uirv(‘ tlirough th(un, we ol)tain the graph indicated in 
Fig. 14. It is t,o \)v. not.(ul tluit this graph 
lies entir(4y above the .r-axis, tJms not 
cutting (or tou(*hing it) in any inamua*. 

The signiru*an(‘.(^ of such a ix'sult is tluit 
the two roots of (1) luv. waujinary. If 
they were read, tlu^ graph would (nit the 
rr-axis, a,s shown in § 25. In reality, we 
find upon solving (1) tluit its two solu¬ 
tions have tlic following imaginary 
values: 

^ = 3dz a/"” th 

Thus, in general, wo have the follow¬ 
ing result: 

The r^oluli()ns of a (piadratic equation 
are real or vmxujmary accordhuj as its graph 
does or docs 'not cut or touch the x-axis, 

EXERCISES 

Find, by dniwinji; ^niph, whcd,hc*r the soluhons of ciach of the 
following ecguitionH are ival or imaginary. 

1. a;“+2:i;-f3 = 0,. 3. a;^-2x-l-3 = 0. 6. + l =0. 

2. a;^+2a;—3=0. 4. 3ar-{-4a;-i-l = 0. 6. 2.r-3a;-|-4==0. 

27. The Nature of the Solutions Considered Geometri¬ 
cally. We liave seen in §§ 25, 20 tliat wlKUievcu' a quadratic 
has two distinct real solutions its graph will cut the x-axis in 



Fig. 14 
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two points, while if the solutions are itna.uinary the -raph 
fails to cut the a--axis at all. Suppose luos' that \ve have a. 
quadratic equation whose two solutions are real and npaii 

to each other, for example the ('(pintion ^_rryT_ , 

(1) 4a:2-12;r+() = (». " [j i ] • 

Here the discriminant (§ 22) is e(iual to _], j j j _ 

(-12)2-4X4X9=t-M-M!-(), j j | I - 

so that the roots must be (‘(pial by the ruli> j U j | . 

of §22. J , I U _ 

If we now proceed to draw th<‘ icraph —- b j | - 
corresponding to (1) in th(‘ usual maiinei y •/ 

by pUxeing 7/==4:r“--12^+1), it app(‘ars that \ J 

the resulting graph just (ouchrs the .r-axis_^ \/ x 

instead of actually (uitt.ing t hrough it. 'Flus ! ... 

was to be expected, since th(‘ (‘((uality of — 

the roots means Unit tlu‘n» is luit oui‘ root , 

and this, when considenal as in § 2th (‘an 

be possible only whcai the graph nuaH^ly (o\ich(*s (is taugt‘Ut 

to) the rr-axis. 

Thus, in general, W(‘ ha.V(‘ t,h(‘ following result. // ihr iiro 
roots of a quadratic cquaUon arr mil and vqutiL tin qrajih af 
the equation will be ianqcnt to thv aitd conn m h^. 


EXERCISES 


Draw the graph of caoh of the foilowing rqtmtions ami Gxainim* 
whether they do or do not ilhiHtnit(‘ lh(‘ sfatcnn*ti! af tin* rnd nt ^ 27 
If not, what statement is illustrated (sec §§ 27 1 ? 


1 . 

2. a;2-()x + 12-0. 

3. x^+Qx+12^0. 

4. 4ccH4x+1 = 0, 


6. .r 2.r S \l 

6. I Ir 1 I 0. 

7. 2/ I 4,r I 2 t). 

8. 4jx-l2f ! ‘J il 





CHAPTER IV 

SIMULTANEOUS QUADRATIC EQUATIONS 
I. One Equation Linear and the Other Quadratic 

28. Graphical Solution. In § 6 we have seen how to 
determine graphically the solution of two simple (first 
degree) equations each of which contains the two unknown 
numbers x and y. The method consists in drawing the graph 
of each equation, then observing the x and the y of the point 
where the two graphs intersect. The particular pair of 
values (x, y) thus obtained constitutes the solution. 

We often meet with a pair of equations similar to those 
just mentioned except that one (or both) of the equations is 
not of the first degree. For example, consider the pair, or 
system, of equations 

( 1 ) x-y-=^l, 

(2) a;2+2/'=25. 

In order to solve this pair of equations, that is, to find the 
particular pair (or pairs) of values (a:, y) which will satisfy 
them both, we may proceed graphically in a manner precisely 
analogous to that employed in the study of simple equations. 

Thus the graph of (1) is found (as in § 6) to be the straight 
line shown in Fig. 16. In order to draw the graph of (2), we 
first solve this equation for y in terms of x^ thus obtaining 

(3) ^-±V25^. 

By giving various values to x in (3), we obtain the ^/-values 
corresponding to each. The table below shows the ^-values 
thus obtained corresponding to x=0, +1, +2, etc., tox= +5. 


When X — 

0 

+ 1 

+2 

+3 

+4 

+5 

then y — 

± 

±5 

±4.8 

±v^ 

±4.5 

±\/l6 

db4 

± -v/q 
±3 

iO o 
> 

-H 
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Observe that to rc=0 correspond the two values ?/=zb5; 
similarly to x=l correspond the two values y=±4:,S 
(approximately), etc. 

Moreover, if we assign to x the negative value, -1, we 
find in the same way that corresponding to it y has the two 
values, y=±4:.S. Likewise, for 
x=—2 we find ^=±4.5, etc., 
the values of y for any negative 
value of X being the same each 
time as for the corresponding 
positive value of x. 

Plotting all the points (x, y) 
thus found and drawing the 
smooth curve through them, we 
obtain as the graph the curved 
line shown in Fig. 16. This curve 
is a drclej as appears when we 
plot more and more of the points {x, y) pertaining to the 
equation (3). 

Rote. The form of (3) shows that there can be no points in the 
graph having x values greater than 5, for as soon as x exceeds 5 the 
expression 25—becomes negative and hence \/ 25 —becomes imag- 
inary^ and there is no point that we can plot corresponding to such a 
result. Similarly, it appears from (3) that x cannot take values less 
than -5. 

Thus the graph can contain no points lying outside the circle 
already drawn. 

Returning now to the problem of solving (1) and (2), we 
know (§ 6) that wherever the one graph cuts the other we 
shall have a point whose x and y form a solution of (1) and 
(2), that is, we shall have a pair of values (x, y) that will satisfy 
both equations at once. From the figure it appears that there 
are in the present case two such points, namely (x=4:, y = S) 
and (a;= — 3, —4). Equations (1) and (2) therefore have 

the two solutions (a:=4, 2 /=3) and (x = - 3, ?/ = •“ 4). Ans. 



Fig. 1G 


IV, § 2 ,s] ,Sh\Il’LTAXI-:(>fS QI’AIAUATIC lOQUATIONS 


57 


('heck. I'or (h(‘ s<>Iuti<ni (.r~4, ?/“3) we have .r — 7/^4—3 = 1, 
and ,r + /r- Khf'U —’if), as n‘(iiiire(i. 

I'\>r tli<‘ soludoii (.r- —3, //-—4) we haTe —3 —(—4) =* 1, 

and x“"h/r - d h " 'da, as najihrcal. 

Th(‘ following' nre <>tli(‘r (‘xani])l{‘s of the grapliical study 
of non-liiuair siinullaiKajus (‘({nations, 

lOxAMi’i.E i. St)lv(‘tiie system 

(4) 2.r 1)// fll) (), 

(5) 4.r'-{'9/r 100. 

vson'TKJN. The straij»;ht line repn‘s<*iitinji; the fi;ra{)h of (■!] is drawn 
r(‘adily. 'To obtain th(‘ ^ra{)li <»f uoi, Wf* have 


0/r 100 hr. 

II('nee 


iuid Ihcrcffin' 

r ^III 0 



// :)■ 

ii v'Xm- .r. 


C'orresi>nmhn|,'; to (tij, we find the h»nowin^ tahh^: 


When .r 

0 

f 1 

•i-2 

{ 3 

d 4 

d-a 

greater than 

then // 

1 U. ’j,.% 

h:ii 

1 

1 in 

h’rly 1) 

dxii/o 

imaginary 


} 'jfo) 

i V t Hr 

i V4.3.| 

1 rill) 

4 /ha.) 

M) 

im.nginary 


i 3.3 

i 3.2 ! 

13.0 1 

1 2.ft 

f 2 

0 

imaginary 


F<n’ any ne|i:ativt* value of .r, 1h»‘ //-values are th(‘ saiiH* ns for thi^ 
(!(>rr(‘spondin|i: {)ositive vaha* of .r, (S«‘(* tla^ discussion of (2).) 

Tlie ^rapfi thus ohtaine<l for fti), 
f)r {5i, is an ova! shape<l curve. It 
behmi^s to tin* general clas.s of <’urv(*s 
called (HijKsts. 

Th<‘ two graphs aiv seen to inic^r- 
H<‘cl at th(‘ points 

(a*-4, //. -2) and (.r-^ —5, //=^()), 

41a*refore the d(‘sired solutions of 
(4) and (5) arts uaa (x^-5, y-O), Ajm. 



Fio. 17 
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Example 2. Solve the system 

(7) 2x-y=^-2, 

(8) xy=4:. 

Solution. The graph of (7) is the straight line shown in Fig. 18. 
To obtain the graph of (8), we have 

(9) 

from which we obtain the following table: 


When X — 

8 

7 

6 

5 

4 

3 

2 

1 


1 

3 

1 

A' 

1 

5 

then 2 / = 

i 

4 

1 

4 

'5 

1 

1 

2 

4 

8 

12 

16 

20 


This table concerns only positive values of x, but it appears from 

(9) that for any negative value of x the appropriate ^/-value is the 
negative of that for the corresponding 
positive value of x. 

The graph thus obtained for (9), or 
(8), consists of two open curves, each 
indefinitely long, situated as in Fig. 

18. These taken together (that is, re¬ 
garded as one curve) form what is 
known as a hyperbola (pronounced hy- 
per'-bo-la). The part (branch) of the 
curve lying to the right of the ^/-axis 
corresponds to the table above, while 
the other branch corresponds to the 
negative a:-values. 

The two graphs are seen to intersect 
in the points (a; = l, 2 / = 4) and (a:= — 2, 

2 /=~ 2 ). 

Therefore the desired solutions of (7) and (8) are (rr = l, ?/ = 4) and 
(x= —2, y= —2). Ans. 

Note. Ellipses and hyperbolas are extensively considered in the 
branch of mathematics called analytic geometry. Both of these curves 
are of wide application in physics, astronomy, and engineering, as 
illustrated in the fact that the orbit of each of the planets in the 
solar system is an ellipse. Both curves belong to a wider class of 
curves known as the conic sections. 
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lOxAMi’LK ( \)iisi(I('r ^raphi(*:illy < h(‘sysU'in 

(10) .r { // 10, 

(11) .r-{/r liA 

SoLi’TioN. 'rh(‘ graph of (10) is loiitid in IIk' usual manner, and 
is n‘pn'S{‘nl(*(} by tin* s(raighl liin* in 10. 'I’hr graph of (111 has 
nin'ady Ihhsi worki'd out fsoo discussion of (2)), b(‘ing a circle* of radius 



Fiu. It) 


f) >vith c(‘nt(*r at the origin, 'hhe pcceiUurity (<» lu* <‘HiH‘(*iully obs<TV<Hl 
h<.‘n‘ is tliat th(‘sc two gniphs tin mil inhr.'urt. 'I'his means (as it naturally 
must J that tlicrc an* no mil solutions to tin* syst<*ni (10) and (Hi; in 
oils*!* words, the only possible solution.s an* iiiKitjiKari/. 

Lik(‘\vise, \vh(‘uever (inij two graphs fail to intersect, we may bes 
assured at once that the only s(»hiti»>ns their eejuations can Iuiv<* an* 
imaginary, I’he .syst<*iu (Hb and (11) aiul other siu’h systems will bn 
eonsidenai further in the next artich*. 


EXERCISES 

Drjiw the* grajihs fi>r the following .systems and use* your n'sult tc> 
dc*teruunt‘ tin* .solution.s whem’ver they are n‘uh 


1 f -’.V, 

■ 'l.r I ;/■• 'iO. , 

2 f J' I !l 

hr -i:!. 

3 ( -r .'Av .I, 


4, 

f.r 1 // 


i .ry 

10. 

6. 

//*’ 



i2.r 1 !/ 

7. 

y 6. 

f.r { // 

1 

o 

3, 


7 fl!/!'/ 1, 

■ !;/ -1.4-1 2r M 

f.r ) ./■// I'i, 1 


g f.r li 
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29. Solution by Elimination. Let us consider again the 
system (1) and (2) of § 28. 

( 1 ) 

(2) rc2_|_^2^25. 

Instead of solving this system graphically, we may solve 
it by elimination; that is, by the process employed with two 
linear equations in § 28. 

Thus we have from (1) 

( 3 ) y=-x-l. 

Substituting this value of y in (2), thus eliminating y from 
(2), we obtain 

x2+(x-l)2 = 25, or a;2+x2-2a;+l = 25, 
or 2x^—2n;—24 = 0, 

or, dividing through by 2, 

(4) x^—x—12 = 0. 

Solving (4) by formula (§ 56), gives as the two roots 
-(-!)+V(-1)^-4(1)(-12) _ 1+V1+48 __ 1 + 7 _ 

and 

-(-i)-V(-i)2-4(i)(-i^ ^ i-VTq::48 ^i-7_ _ 

2 2 2 '^' 
When X has the first of these values, namely 4, we see 
from (3) that y must have the value ?/ = 4“-1, or 3. 

Similarly, when x takes on its other value, namely —3, 
we see that y has the value y=- —3 — 1, or —4. 

The solutions of the system (1) and (2) are, therefore, 
(a;=:4, 2 / = 3) and {x= -3, y= —4). Ans, 

Observe that these results agree with those obtained 
graphically for (1) and (2) in § 28. 

Further applications of this method are made in the 
examples that follow. 
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Example 1. Solve the system 

(5) 2a:+2/ = 4, 

(6) 

Solution. From (5), 

(7) 2/= 4—2a;. 

Substituting this expression for y in (6), we find 

a;H (16 - 16a;+4a;2) = 12, 
or 

(8) 5a;2-~16a;+4 = 0. 

The two roots of (8), as determined by formula (§ 21), are 
-(-16)db\/(-16)2~4(5)(4) 16dzV256^^ 16±VI^ 

2(5) "" 10 ■" 10 

16±4\/ri 8 =b 2 '\/ll 

10 "" 5 

The first of these values, namely x = (8+2 \/TT)/5, when substi¬ 
tuted in (7), gives as its corresponding value of y, 

^ 16+4\/n 4~4\/U 
5 “ 5 ' 

The second value, namely a: = (8—2'\/Tr)/5, when substituted in 
(7), gives as its corresponding value of y, 

^ 16-4Vn 4+4vn 

y =4--- 

5 5 

Kence the desired solutions are 

( 8+2vn 

h— 

l 4-4\/ll 

r~ 5 

To obtam the approximate values of the numbers thus obtained, 
we have v/ll =3.31662 (tables), and hence the above solutions reduce 
to the forms 

a; = 2.9266, , fa; = 0.2734, 

2 /=-1.8533, \y = 3A533, 

These are the solutions of the system (5), (6), correct to four 'places 
of decimals, which is sufficient for ordinary work. 



8-2VTI 


and 


4+4V'll 
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Exa^iple 2. Solve the system 

(9) a;+^ = 10, 

(10) a;2-l-2/^=25. 

Solution. From (9), y=^10-x. Substituting this expression in (10), 
a:^+(100— 20x-\~3^) =25, 


or 

(XI) 20x+75 = 0. 

Solving (11) by formula, we find its solutions to be, after reduction, 
10+5v^ , 10-5 

- QXid x = -T- 


Since these :r-values contain the square root of the negative number 
—2, they are imaginary. The ^/-values are also imaginary, as appears 
by substituting the .r-values just found into (9), which gives the results 

10- 5V^ , 10+5 \/^ 

y = -^ 2 /--^- 


The desired solutions of the systems (9), (10) are therefore 


f U 

) ^ and \ 

) 10-5V^ 1 

r— r 


10-5V'-2 


10+5'v/-2 


This result should now be contrasted with what we saw in Example 
3 of § 28 regarding this same system (9) and (10). There we found 
graphically that the solutions must be imaginary because the graphs 
failed to intersect, but we could not find the actual imaginary numbers 
which form the solutions. 


EXERCISES 


Solve each of the following systems by the method of elimination, 
and, in case surds are present, find each solution correct to two places 
of decimals by use of the tables. 


/rr 2 + 2 / 2 ^ 53 ^ /x2_2^=8, 

\ n;-2/=5. x-2y^Z. 

\ldx-\-y^Zxy, /a:^+3a:2/-2/^ = 43, 

‘ \ y—x-2. \ x-\-2y = 10-^ 

/rc^+a;^ = 12,H:«>" ]o?-\-Zxy = y'^^-2Z, 

\ x-y^2. ’ \ a;+3y = 9. 

I x-2y=2, i3a^-xy-5y^ = 5, 

\a^+4^^=25. ’ \ 3x—5y = l. 


V 9. 


4x^2y_34 
^ 3y 5x 15 
2x^5y— —4. 


x—y 


10 . i 


x-{-y 


a;+y^5 
x—y 6 


[2a;+52/= 5. 
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II. NeITHKU lOciXTAl’ION Linkak 

30. Two Quadratic Equations. In (‘ach of ihv systcans 
considcnal in §§ 28, 29 onc' of lli(‘ (wo (‘((ualions was 

linoai‘. Howi'vor, (lu‘ sain(‘ !ni‘(ho(ls of solving* may oflxai 
be employed in <‘as(‘ tK'itJirr (apiat ion is liiuair. In sueli eas(‘s 
four solutions may b(‘ pr(‘S(ml. instc^ad of two. 

Example 1. Solve (h(‘syslcm 

(1) 9.r-[ H>/r IC>(), 

(2) ur-//- 15. 

SoLOTioN. H<'r(‘ only .r nn<l /r npp(‘ar and \v(‘ l»(‘pn hy llndinji; 
their valu(‘s. Thus, luultiplyin^ (2) through l>y I() and athliup; lh(* 
result. It) (1), we eliminate //*■ and tind that. 25.r.100, or 

(3) .rT. 10. 

Sul)stitutinfi: (his value of .r in (2), we hu<l 

(4) /r I. 

Erom (3) and (4) we tmw obtain 

(5) .r \ 1 and // t I. 

Eorinin^i: all tin* pairs of valiK's hr,//) (hat <‘an eoin(‘ from (5), wc" 
olitain ns our d(‘sin‘d solutions 

(j--4, y-1); (.r^ --4, y 1); (.r 4,// ^-1); 

and (.r - — 4, ^ - 1). .4 ns, 

CuEC’K. Eacdi of th(‘S(‘ pairs of 
valu(‘s of X and // is imm(‘diat<4y 
seen to satisfy both (1) ami (2). L<‘t 
the student thus (^heek (*aeh pair. 

When consi<l(‘r(‘d graphically, 
o.quation (1) gives rise, to an i41ips<‘ 

(compare § 2S, Ex. 1), whih^ (2) 
gives a hypcTboIa situated ns 
show'n in Fig. 20. Th(W(* tvvo 
curvc^H intt^rsect in four points 
which <H>rn‘H|)(md to the four solu¬ 
tions just obtained. 



Exu. 20 
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Example 2. Solve the system 

(7) 

(8) x//=-12. 

Solution. Here we cannot, pmceetl as in Exainiile 1 Ixaviuse we 
cannot find readily the values of a" and //-. But if we multiply ts) by 
2 and add the result to (7), wc obtain 

(9) .T-+2.t7/+/r 0. 

Taking the square root of both members of (9) gives 

(10) .T-|-;/= bl. 

Similarly, multiplying (8) by 2 and siihlmcliiiy the result from (7), 

a.--2x//+.ir ■ 'I'), 

and hence 

( 11 ) X-!/- . 17 . 

Taking account of the two choircss of sign in (10) and (ID, vv<‘ 
that they give rise to the four siinph^ (linear) systems: 

(а) aj+?y = l, rc-7y=7; 

(б) rc+?y= -1, x-y-7; 

(c) x+y^l, x—y^-7; 

{d) x+y=-l,x-y==-7. 

Thus we have replaced the 
original system (7) and (H) by 
the four simple systems (a), (h), 

(c), and id), each of whi(^h may 
be immediately solved by elimi¬ 
nation, as in § 28. Biru^ci tht^ 
solutions of (a), (6), (c), (d) an^ 
respectively (a; == 4, ?y = 8), 

(a;=3, 2/=-4), ?y-4), 

and (x- —4:, y = S), we conclude 
that these are the desired solu¬ 
tions of (7) and (8). Ans. 

The graphical significance of 
these solutions is shown in Fig. 21, wher(‘ tlie (‘indci is cut 

by the hyperbola xy= —12 in four points t hat correspond to tiui four 
solutions just found. 

Check. That these four solutions each satisfy (7) and (8) ap|)cars at 
once by trial. 



Fiu. 21 
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While no general rule can be stated for solving two equa¬ 
tions neither of which is linear, the following observation 
may be made. Unless the equations can be solved readily 
for and (as in Example 1), the system should first be 
examined with a view to making such combinations as will 
yield one or more new systems each of which can be solved 
(as in Example 2) by methods already familiar. All solutions 
obtained in this way should be checked in order to avoid false 
combinations of the x- and ^/-values thus obtained. 


EXERCISES 


Solve each of the following systems, and draw a diagram for each 
of the first three to show the geometric meaning of your solutions. 


o' . 
1-1 00 

II II 

+ ! 

/a:^+2/^ = 34, 

\ xy = l5. 

4x2+9?/=73, 

2j?-y^=Zl. 

. ia?+xy=~Q, 
W+2/^ = 15. 


[Hint to Ex. 4. First add, then subtract the two equations, thus 
showing that the given system is equivalent to two others each of 
which may be solved as in § 29. Compare Ex. 2, § 30.] 


Jrc2+a:y+?/ = 151, 

/rc2+x2/+2/^ = 79, * 
a;y4'2/^ = 37. 

frc2/-6=0, 

\a;2+2/^=:a;2/+7. 


\xy-y^^Vl. 

fs2-^2=15, 

1 5=4^2^ 

r3x?/4-2a;+?/ = 25, 

10 . I 

[ y X 


*31. Systems Having Special Forms. The systems of equations 
considered in §§ 29, 30 illustrate the usual and more simple types such 
as one commonly meets in practice. It is possible, however, to solve 
more complicated systems provided they are of certain prescribed forms. 
We shall here consider only two such type forms. 

I. When one {or both) of the given equations is of the form 
a3?+hxy-}-ci/^ = 0, 

where the coefficients a, h, c are such that the expression g 7 ?’Y‘hxy-^cy^ 
can he factored into two rational linear factors. 
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Example. Soh^’c the syst,om 

(1) ^^r+2.r-y-7, 

(2) X//—2/r-^-(). 

Solution. Here we see thn.t (2) is of ihv form montioiiod al}ov(\ 
since c(?—xy—2if can 1)0 factonnl info 2//,)(.r-{ ij). {2> may thus 

be written in the form 

(3) Cr-2//)(.r-[-//) (). 

It follows that either 

a;—2//- (), or ,r j // (). 


Hence the system (1), (2) may be n'plnced by tlu' i wo followiiiji; systems: 

p+2*-;y = 7, 7, 

1 x - 2 yM \ \ xli , I). 

Each of these two systems may now b<‘ soleed as in § :i0, and \v(> 
thus find that the solution.s of th(‘ first, systian an^ 


(a; = 2, ?/“T) and (.r —7. 

while the solutions of the scic.ond system are 


■;.b 


and 


.l(—;j b \/d7j, 
;/==.\(2- \/;i7), 


The desired solutions of (1) and (2) consisl, Ihcrcrun-, of thoso four 
solutions just olitaincd. A /i.s. 


II. When hath the givm ('(juaHnrin mr of the form 
ojrA'hxn +r//“ - d, 

where a, c and d have any given values (0 inrludi d). 
Example. kSoIvc tlie sysf-cuu 

(4) xf—xy -b/r 3, 

(5) :r“-|»2.r// : 5. 


Solution. Let v stand for the ratio x/y; that is, let us s(*t 

X •" vy. 

Substituting in (4) and (5), w(‘ find, 


(7) vV— vt/^ "f //^ - 3. 

( 8 ) = 
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Solving (7) and (8) for 2/^ 


(9) 

, 3 

(10) 

S.- 5 

^ v^+2v 


Equating the values of given by (9) and (10), 

5 3 

'iP'-\-2v 

Clearing of fractions, 

(11) 2'i;2~lly4“5=0. 

Solving (11) by formula (§21), 

llrb\/l21-40 llih V8T _ 11±9 
4 *“ 4 4 ‘ 

Therefore v = 5, or 2; =-I-. Substituting 5 for v in (9), or (10), 

Hence 

Substituting for v in (9) or (10), 2/^=4. Hence y==-{-2 or —2. 

The only values that y can have are, therefore, I/a/T? "”1/'v/ 7> 
2, and —2. 

Since x=vy (see (6) ), the value of x to go with y — lly/7 is 
X = 5(1/ a/?) = 5/ V?. Similarly, when y=--\/ V^T we have 
a; = 5(-l/V7) = ~5/V7. 

Likewise, when y = 2 (in which case v=\, as shown above, then 
by (6) we have x= 2 = 1. 

Again, when 2/= —2, then a;=-|-(—2) = — 1. 

Therefore the only solutions which the system (4), (5) can have are 
ix=5/\/7, y = l/V7); (x=-5lV7, y=-l/-\/7); {x = l, y=2)', 
{x= —1, y = —2); and it is easily seen by checking that each of these 
is a solution. Ans. 

32. Conclusion. Every system of equations considered in 
this chapter has been such that we could solve it by finally 
solving one or more simple quadratic equations. We have 
examined only special types, however, and the student should 
not conclude that all pairs of simultaneous quadratics can be 
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solved so simply. In fact, the solution of simultaneous quad¬ 
ratics in general involves a study of equations of higher degree 
than the second such as considered in Chapter XL 


MISCELLANEOUS EXERCISES 

Solve the following simultaneous quadratics. The star (*) indicates 
that the exercise depends upon § 31. 


1 . 


2 . 


3. 


*10. 


/a?+2/2=25, 

\ rc+?/=7. 

fa:2+2/^=50, 

\ xy^7. 

jxy{x-2y)=10, 

[ xy = 10. 

jQ?+xy-\-2y^ = ll, 
\ 20^+52/2=22. 


4. 


6 . 


6. 


Ixy+2x = 5j 
\2xy-y==^. 

jxy^‘+xy^24:, 
\ x‘!^-\rX=5Q, 
/aj2-a:2/=6, 


7. 


8. 


* 9 . 


ix^-y^ = m, 

2/2 = 9. 

f x^+2/^ = 100, 

\{x+yf = m. 

fx^—7xy+\2y^ = 0, 

\ xy-\-2>y—2x=^2l. 


*13. 


fa;2/+22/2 = 8, 

\7?-\-2xy — 12. 


* 11 . 

* 12 . 


/2a^+0^2/-2/^ = 0, 

1 2^^-y^l. 

{ 2ar-32/-2/^ = 8, 

\6a:2-5^2/—62/2=0. 


*14. 


x^—xy—if-20j 
.+- 30 : 2 /+ 22/2 = 8 . 


/ x-2y==2{a+h), 
\xy+2y^^2b(b-a). 


APPLIED PROBLEMS 

In working the following problems, let x and y represent the two 
unknown quantities, then form two equations and solve them. If 
radicals occur, find their approximate values by use of the tables. 

1. The sum of two numbers is 12, and their product is 32. What 
afe the numbers? 

2. The sum of two numbers is 82, and the sum of their square roots 
is 10. What are the numbers? 

y 3. A piece of wire 48 inches long is bent into the form of a right 
triangle whose hypotenuse is 20 inches long. What are the lengths 
of the sides? 

4. If it takes 52 rods of fence to inclose a rectangular garden con¬ 
taining 1 acre, what are the length and breadth 
of the garden? 

5. If, in the adjoining figure, the combined 
area of the two circles is 15-f square feet and 
the distance CC' between centers is 3 feet, what 

/ 22 \ 

are the lengths of the two radii? ^Take tt =-y •j F 22 
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6. Work Ex. 5 in case the circles are situated as in Fig. 23, taking 
the shaded area to be 110 square feet and CC' to 
be 5 feet. 

7 . The area of a triangle is 160 square feet, and 
its altitude is twice as long as its base. Find, cor¬ 
rect to three decimal places (using tables), the base 
and altitude. 

8. The area of a rectangular lot is 2400 square 
feet, and the diagonal across it measures 100 feet. 

Find, correct to three decimal places, the length and breadth. 

9. The dimensions of a rectangle are 5 feet by 2 feet. Find the 
amounts (correct to two decimal places) by which each dimension must 
be changed, and how, in order that both the area and the perimeter 
shall become doubled. 

10. Two men working together can complete a piece of work in 6 days. 
If it would take one man 5 days longer than the other to do the work 
alone, in how many days can each do it alone? (Compare Ex. 19, p. 12.) 

11 . The fore wheel of a carriage makes 28 revolutions more than the 
rear wheel in going 560 yards, but if the circumference of each wheel 
be increased by 2 feet, the difference would be only 20 revolutions. 
Find the circumference of each wheel. 

12. A sum of money on interest for one year at a certain rate 
brought $7.50 interest. If the rate had been 1% less and the principal 
$25 more, the interest would have remained the same. Find the prin¬ 
cipal and the rate. 

13 . A man traveled 30 miles. If his rate had been 5 miles more per 
hour, he could have made the journey in 1 hour less time. Find his 
time and rate. (See.Ex. 10, p. 9.) 

14 . Show that the formulas for the length Z and the width w of the 
rectangle whose perimeter is a and whose area is h are 

Z = ^(a“l-'\/a2 —166), w=j^{a—-\/a^ — lQb). 

16 . If the difference of the areas of two circles be d and the sum of 
their circumferences be s, show that their radii ri and r 2 , must have 
the following values: 

4'rrd-\-s^ S^—4:7rd 

47rs ’ 47r$ 









CHAPTER V 

THE PROGRESSIONS 


I. Arithmetic Progression 

33. Definitions. An arithmetic progression is a sequence 
of numbers, called terms, each of which is derived from the 
preceding by adding to it a fixed amount, called the common 
difference. An arithmetic progression is commonly denoted 
by the abbreviation A. P. 

Thus 1, 3, 5, 7, ••• is an A. P., since each term is derived from the 
preceding by adding 2 to it. Hence 2 is the common difference. The 
dots following the 7 indicate that the series may be extended as far as 
one pleases. Thus the first term after 7 would be 7+2, or 9; the next 
would be 9+2, or 11; etc. 

Again, 5, 1, —3, —7, —11, is an A. P. Here the common differ¬ 
ence is —4. 


EXERCISES 


Determine which of the following progressions are arithmetic pro¬ 
gressions, and for such as are, determine the common difference. 

1. 3, 6, 9, 12, 6. 0, 2a, 4a, 6a, •••. 

2 . 3, 5, 6, 8, —. A 7 . a, a+4, a+8, a+12, 

3 . 6, 3, 0, —3, 8. a, a+d, a+2d, a+3d,***. 

4. 30, 25, 20, 15, •••. 9. x—Ay, x—2y, x—y, •••. 

6. “1, 2, 5, 8, 10 . Zx-]rSy, 6a;+2?/, 9x-{-y, •••. 


11. Write the first five terms of the A. P. in which 

(а) The first term is 4 and the common difference is 2. 

(б) The first term is 3a and the common difference is —6. 


34. The Formula for the nth Term. From the definition 
(§ 33) it follows that every arithmetic progression is of the 
typical form 

n, n-f-d, (i+2d, cj+3d, .... 

Here the first term is a and the common difference is d. 
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Observe that the rrK^flieit'iit of d in any ^tven t(‘rin is 1 less 
than tire luiniber of thar tcaan. Thus, in thc^ third t('nu i\m 
eoefheient of d is 3 — 1, Oi 2; like\vis(‘ in tlu^((a*in the 
eoefheic'iii. of d is 4 — 1, or 3. Thus, in j»;(‘neral, th(‘ (H)eHi(a(ait 
of d in the //th t('rin is (/^ —1). Hence, if we let I stand for 
the entire ;dh haan, we luive the forroula 
Z = a+(7i—l)cf, 

biXAMi'i.c. load <h(‘ llth ienu of the A. P. 1, 3, 5, 7, *•*. 

SoLr'rioN. }I(‘r(‘ a ~ I, </~2, //-HI, II(‘nc(‘, suhstit iiting in 

i,h<‘ tonaula, \V(‘ iiad / // | (//”-■ 1.)//™ I *{*10X2 I *h-0- 21. .t//.s-, 

This n‘sult nmy lx* cla'cked hy a<*lually writiaji; out. the* s<'ri(*s so as 
t(» in<*Iud(‘ th(‘ llth h‘ria. 


35. The Formula for the Sum of the First n Terms. Let 
(I r(‘])r(‘S(‘nt t he first, t.(‘rni of an A. Ih, d t h(‘ (*oinmon dinVr(‘ne(^ 
and / tiuwdh ttaan, as in §3d. dduai tlu* sum of tiu^ first n 
1(‘rms, which W(‘ will d<‘not(‘ by A', is 

(1) /Sb= adHu+d) + (a+2d) + (a+3d)+ • • • +(l-rd) + l 

This valu(^ for S may b(^ nundi sim|)lifi(‘d, how(‘V(‘r, ns we 
shall now show. 


\Vriit‘ th(‘ A. ih (1) in its reveu’se ord(n\ tlms obbiinin.^ 
(2) aS^ = /+(Z —+ —^W)+ ***+(a+d)+n. 

Now add (1) and (2), noting th(‘ ea.ne.(dlation of d with ~ I, 
of 2d with —2d, (de. 'Th<‘ r(‘sult. is 

2/S — (a + /) “h (a T-/) + (o T*/) + • • - T (u -bO “b (o+/), 
or 

2/S “ 

Tluanfom 

S = |(a+/)- 

If \V(‘ r(‘plac(‘ I by itn vulue «+(«-!)'/ (§34), this fomuiL 
tuk('s the form 




S=-”-|2a+(7i-l)<i). 
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Example. Find the sum of the first 12 terms of the A. P. 2, 6, 

L4, .... 

Solution. Here a —2, d = 4, n~12, s — ? 

Substituting in the second of the formulas just obtained, we find 
S=^|44-11 x4|=6|4+44| =6 X48 =288. Ans. 

6. Arithmetic Means. The terms of an arithmetic pro- 
3sion that lie between any two given terms are called the 
hmetic means between those terms. 

Phus the three arithmetic means between 1 and 9 are 3, 5, 7, since 
, 5, 7, 9 form an A. P. 

Whenever a single term is thus inserted between two 
abers, it is briefly called the arithmetic mean of those 
»numbers. 

Phus the arithmetic mean of 2 and 10 is 6 because 2, 6, 10 form 
L P. 

A formula for the arithmetic mean between any two num- 
3 a and h is easily obtained. Thus, if x is the desired mean, 
a a, X, 5 must form an A. P. Hence, if d be the common 
erence, we must have x — a^d and b—x = d. It follows 
t we must have x--a = h — x. This equation, when solved 
Xj gives as the desired formula 



Thus, it follows that the arithmetic mean of two numbers is 
al to half their sum. 

NfOTE. The arithmetic mean of two numbers is also called their 
age. 

Example. Insert five arithmetic means between 3 and 33. 
Solution. We are to have an A. P. of 7 terms in which a = 3, Z = 33, 
n = 7. We begin by finding d. Thus 
l==a4-fn — l)d (§ 34) so that 33 = 3+6d. Solving, d = 5. 

Phe progression is therefore 3, 8, 13, 18, 23, 28, 33, and hence the 
red means are 8, 13, 18. 23, 28. Ans. 
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EXERCISES 

Find, by the formulas of §§ 34, 35, the numbers called for in Exer¬ 
cises 1-6 below. 

1 . The 12th term of 3, 6, 9, 12, *•*. 

2 . The 21st term of 4, 2, 0, —2, —4, 

3. The 11th term of x—y, 2x—2y, Zx—Zy, 

4 . The sum of the first ten terms of 3, 6, 9, 12, •••. 

6. The sum of the first thirteen terms of 1, 31, 6, 

6. The sum of the A. P. of eleven terms, the first of which is —5 
and the last of which is 20. 

7. When a small heavy body (as a bullet) drops vertically downward 
it passes over 16.1 feet during the first second, three times as far during 
the second second, five times as far during the third second, etc. 
Hence answer the following questions. 

(a) How far does it go during the 12th second? 

(5) How far does it go during the first twelve seconds? 

8. If you save 5 cents during the first week in January, 10 cents the 
second week, 15 cents the third week and so on, how much will you 
save during the last week of the year. Also, what will be the total of 
the yearns savings? 

9. Find the sum of all odd integers less than 100. 

10 . The first term of an A. P. is ^ and the 12th term is ll-g-. What is 
the sum of the 12 terms? 

11 . In Fig. 24 the sixteen dotted lines are 

equally spaced, and hence their lengths form an 
arithmetic progression. If the highest one is 6 
inches long and the lowest one is 3 feet long, 
what is the sum of all their lengths? Fig. 24 

12 . The rungs of a ladder diminish uniformly from 2 feet 4 inches 
in length at the base to 1 foot, 3 inches at the top. If there are 24 
rungs altogether, what is the total length of wood 
they contain? 

13 . A piece of rope, when coiled in the usual 
manner shown in Fig. 25, is found to have 12 com¬ 
plete turns, or layers. If the innermost turn is 4 
inches long and the outermost is 37 inches long, es¬ 
timate the total length of the rope. 



Fig. 25 
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14. Fifty-five lo^'s ;ire to he piled so th.-if flu* lt)|) layer shall eoiifain 
1 log, the next layer 2 logs, ,lh(‘ n(‘xt layer *'>us, eh-. How luaiiy 
will lie on the bottom layer? 

16. A row of iiumh(‘rs in arilhmelie piognesiou W. uiAfen down 
and aftcnvartls all erascal (‘xe(‘p( (la* 7th an<l tin* 12th, uhieh an‘ found 
to be —10 and 15 respc'ctivtdy. What was the 20th mnnlxa'? 

16. A small rope is wonml tightly round a cone, as 
shown in Fig. 20, ila' mimlxa* of eoinplete turns being 
24. lI})on unwinding from th(‘ top, the first and seromt 
turns are found to nuxa.sun' nsspectiveiy 2.1 inehes and 
2>] in(ih(\s. .]0stim;it(‘ the length of tin* rope. 

17. 1 h*ove tJnit (‘(jual multiples of tlie terms of an 
arithmetic, progression form another arithmetir progre 
vsion. 

18. Prove that t.h(‘ sum of // conseeutive odd inte¬ 
gers, b(tgilining with 1, is rr\ 

19. Show thtit th(‘ first formula lor A obt.ained in § 2.5 
may bo transliihxl into words as follows: “'i'he Mim of n terms of an 
arithmetic progn'ssion is e{ju;d to n multiplied by the arithim-lie mean 
of the first and tb(^ hist. Utrms.” 

20. In the figure helow is shown (he Trust tun of .a e<me with it-: “mid- 

section,” or section miilway fxMweeu tin* ba.se.s. Similarly, the frustum 
of a pynimid tind its “mid¬ 
section” are shown. It. i.s 
proved in solid gt'ometry 
that in all such (ms(*s the 
perimeter of tin; mid-sitct ion 
is the arithmetit^ nu'au of 
the perimeter of tht^ t.wo Ido. 27 

bases. lienee, answea* th(‘ following quf'stiims: 

(a) If the periim^ters of th<‘ bas(‘s aiv :U) inehe-; and 10 im-fieM 
respectively, what will be the perimeter of tin* mid-eel ion? 

(/;) If the radius of th<‘ upper base is 2 inches and that t»f tfa* lower 
base 8 inches, wliat will be the perimeter of the nud-H-efiim? 

21. It d = 2, /i=:21 and S ■ M7, find <t ami /. 

22 . Show that if any fhr<‘(‘ of tin* {(uantith’s u, d. /, a, A are given, 
it is always pos.sil)Ie to find tin* othm* two. In particular, prove that 
the value of a in terms of d, I and A is given by tlie formula 

a = Id ± ^/(^^ jiJ - 2dS. 
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11. i\ I0< )M lO'I'IiK ' Puon UKSSI (>N 

37. Definitions. A geometric progression is a s(HjU(‘nrf‘ 
of iiunilK^rs, (*all(Mi terms, (‘ach of which is <l(a*iv(Ml from ihc 

by multiplying it. by a. fixed amount, call(‘d th(^ 
common ratio. A ^(‘om(‘t ric. ])ro»T(‘ssi(>n is commonly (haiobal 
by t h(' abbr(‘viat ion G. P. 

'I'hus li, 4, S, HI, S'J, ••• is n. (I. I\, sirjr<‘ cnrh t(‘rm is Horivcd t'roie 
tlu‘ pr(‘C(‘tling ly multipl\’iii^ it by 2, which is Ihcn'lon* Ihc <*()iriin(>ii 
ratio. 

Lik(‘wis(‘, 10, ”™r>, 5/2, —5 4, ••• is a (5, H. whos(‘ coimnoii ratio is 
— 1/2. 44ic iH'xt two terms would be 5 S, —5/Hi. 

EXERCISES 

])(‘t(‘rmiiu‘ which oi (hi* following!: an* ji(‘om(‘lri<‘ jprogressions, and 
for such us an*, dc(t*riu[n * the (*oiumou ratio. 

1. a, 0, 12, 24, IS, 

9 . 1 . 1 I . 1 , ... 

*2' -r H’ i re •••• 

3. -1, 2, -4, S, -Hh .... 

4. a, a", fd, (i\ .... 

6. (ad/>), \ (ti \ O/'l hA, .... 

vr ui^ 

6. ’ ; » . » 
a* a' a'* //' 

7. \Vrit(‘ tin* first five t(‘rm.s of th(* (J. W in whi(4j 

(d) 'rh<‘ first, tt*rm is 4 and tla* <’ominon ratio 4. 

{(}) 4'h<* first. tt*rm is .2 and the common ratio —2. 

(r) d'lu* first, f(‘rm is <i and lh(* common ratio r. 

38. The Formula for the nth Term, h'rom f h(‘ defmition 
in §37 it. follows that (y'(*ry gtainudrict pro|i:r(‘ssion is of th(j 
ty])e form 

( 1 , (ir, (if", af\ , 

wluu't^ a is tin* first imn and r is th(^ common ratio. 

()bs(‘rv(‘ that th(‘ (‘xpoiuait of r in any on(‘ itain is 1 1 (‘hs 
than th{‘ numb(»r of that Utiu. Thus 2 is tlu‘ exiHanmt of r 
in the third term; 3 is tlie exponent of r in ih(‘ fourth term, etc. 
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Therefore the exponent of r in the nth. term must be (n-1), 
so that if we let I stand for the nth term we have the formula 


Exaiiple, Find the 7th term of the G. P. 6, 4, -.j-, •••. 
SoLTJTiON. We have a = 6, r = , ra = 7, Z = f 

© <> 2^ 2*^ 
=2X3X^ = ^ = 


128 

243* 


Ans. 


39. The Formula for the Sum of the First n Terms. Let 

a be the first term of a geometric progression, r the common 
ratio and I the nth term. Then the snm of the first n terms, 
which we will call S, is 

(1) £;=a+ar+ar2+hr^+ • • ■ +ar““^+ar’‘“h 

This value for S may, however, be written in a very much 
more condensed form, as we shall now show. Multiply both 
members of (1) by r, thus obtaining 

(2) rS=ar+ar-+ar=+ar'+.. .ar^~'^+ar'\ 

Now subtract equation (2) from equation (1), noting the 
cancellation of terms. This gives S—rS = a—ar'\ Solving 
this equation for S, we find 


This is the condensed form for S mentioned above. 

It is to be observed also that since l=ar"-~'^ (§ 38), we may 
write rl=ar'^. Placing this value of ar” into the formula just 
found for S, we obtain as a second expression for S 


Example. Find the sum of the first six terms of the G. P. 3, 6, 
12, 24, 

Solution. <z = 3, r = 2, n = 6, zS = ? 




a-ar^ _ 3-3»2^ 3-3«64 3-192 
1—r 


-189 


- = 189. Ans. 


1-2 


-1 


-1 


-1 
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40. Geometric Means. The terms of a geometric pro¬ 
gression that lie between any two given terms are called the 
geometric means between those two terms. 

Thus, if we wish to insert three geometric meuns between 2 and 32, 
they would be 4, 8, 16, since 2, 4, 8, 16, 32 forms a G. P. 

Whenever a dngle term is inserted in this way between 
two numbers, it is briefly called the geometric mean of 
those two numbers. 

Thus the geometric mean of 2 and 32 is 8, since 2, 8,32 forms a G. P. 

A formula for the geometric mean of any two numbers, 
as a and h, is easily o])taiiied. Thus, if x denote the mean, 
then a, x, h forms a G. P. so that x/a = h/xj each of these 
fractions being eqiuil to the common ratio of tlie G. P. 
Clearing this equation of fractions, a,nd solving for x we find 

X = ’\/^ab. 

Thus it follows that the geoinetric mean of two numbers is 
equal to the square root of their prockicL 

Example. Insert four geometric means ])(d.we<ui 3 and 96. 

SoIjUtion. We are to have a G. P. in which a~3, i = 96 and ?i = 6. 
We begin l)y finding ?*. aiuis 

I = (§ 38), so that 96 = 3 • or = 32. llcincc r = 2. 

The progression is therefore 3, 6, 12, 24, 48, 96, and hence the 
four desired means are 6^ 12, 24, 48. 

Historical Hote. It is related that when Hessa, the inventor of 
chess, presented his game to Scheran, an Indian prince, the latter 
asked him to name his reward. Sessa begged that the primic would 
give him 1 grain of wheat for the first square of tlie c.hess board, 2 for 
the second, 4 for the third, 8 for the fourth, and so on to the sixty- 
fourth. The number of grains of wheat thus called for was (see (3), § >39) 

1 >_ 1 . 2^ 2^ ■— 1 

—.. = — = 2*^ -1 = 18,446,744,073,709,551,615. 

X m!i X 

This amount is greater than the world’s annual supply at present. 
History does not relate how the claim was settled. (From Godfrey and 
Siddons^ Elenmilary Algebra^ Vol. 11, pp. 336, 337.) 
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EXERCISES 

Find, by the formulas of §§ 38, 39, the following numbers. 

1. The ninth term of 2, 4, 8, 16, 

2. The eighth term of 1, 

3. The tenth term of 4, 2, 1, 

4. The eleventh term of ax, aV, ah^, aV, •••. 

6. The tenth term of 2, V2, 1, 

6. The sum of eight terms of 2, 4, 8, —. 

7. The sum of six terms of 1, 5, 25, 

8. The sum of ten terms of —p —-g? *•*. 

9. The sum of ten terms of 1, a\ a^, •••. 

10. WT.at is the sum of the series 3, 6, 12, •••, 384? 

11. What is the sum of the series 8, 4, 2, ••*, 

12. Find the sum of the first ten powers of 2. 

13. Find the sum of the first seven powers of 3. 

14. For every person there have lived two parents, four grandparents, 
eight great grandparents, etc. How many ancestors does a person have 
belonging to the 7th generation before himself (assuming no dupli¬ 
cation)? Answer also for the 10th generation. 

15. From a grain of corn there grew a stalk which produced an ear 
of 100 grains. These grains were planted and each produced an ear of 
100 grains. This was repeated until there were 5 harvests. If 75 ears 
make a bushel, how many bushels were there the fifth year? 

16. A series of five squares is drawn such that a side of the second 
is twice as long as a side of the first, a side of the third twice as long as 
a side of the second, etc. If a side of the first is 2 inches long, find 
(by § 39) the sum of the areas of all the squares. 

17. Half the air in a certain sealed receptacle is removed by each 
stroke of an air pump. What fraction of the original amount of air 
has been removed by the end of the 7th stroke? 

18. A wheel is making 32 revolutions per second when the steam 
is turned off and the wheel begins to slow down, making half as many 
revolutions each second as it did during the preceding second. How 
long before it will be making only 2 revolutions per second? 

19. It is found that the number of bacteria in milk doubles every 
3 hours. By how much will it be multiplied by the end of one day? 
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20. Show that if a principal of Sp be invested at r% compound 
interest, the sums of money accumulating at the ends of successive 
years will form a geometric progression, but if the investment be made 
at simple interest, the sums similarly accumulating will form an arith¬ 
metic progression. 

21. From a cask of vinegar the contents is drawn off and the cask 
then filled by pouring in water. Show that if this is done 6 times, the 
cask will then contain more than 90% water. 

[Hint. Call the original amount of vinegar 1, then express (as a 
proper fraction) the amount of water in the cask after the first refilling, 
second refilling, etc.] 

22. In Fig. 28 a series of ordinates equally 
spaced from each other has been drawn, the 
first one being laid off 1 unit long, the second 
one being laid off equal to the first one increased 
by its length, etc. Show that these ordinates 
represent the successive terms of the G. P. 
whose first term is 1 and whose common ratio is 
1^. In this sense, the figure may be called the 
diagram corresponding to the G. P. in which a = l, r = l\. 

23. Draw the diagram for the G. P. in which 

(a) a = l, r = lj-, (6) a=2,r=li, (c) a=4, r= |-. 

24. Prove that the reciprocals of the terms of a geometric progression 
form another such progression. 

26. If a series of numbers are in geometric progression, are theii* 
squares likewise in geometric progression? Answer the same question 
for the cubes of the given numbers; also for their square roots and 
their cube roots. 

Answer the same questions for an arithmetic progression. 

[Hint. See that your reasoning is general; that is, do not base it 
merely upon the examination of special cases.] 

26. Find, correct to four decimal places, the 
geometric mean of 6 and 27. (Use the tables.) 

27. In Fig. 29 a square is placed (in any 
manner) within another square whose side is twice 
as long. Show that the area between the squares 
is equal to three halves of the geometric mean of 
the areas of the two square^, 
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41. Infinite Geometric Progression. Consider the geo¬ 
metric progression 

(1) i. h h - • 

Here 0=1, r=-|> and hence, by § 39, the sum of n terms is 


S= 


a-ar’^ 1-1 • (i)” 1-®" 


1 - 


1-i 


Now, if the value selected for n is very large, the expres¬ 
sion (1/2)’“ which here appears is very small, being the frac¬ 
tion I multiplied into itself n times. In fact, as n is selected 
larger and larger, this expression (1/2)'“ comes to be as small 
as we please, so that the value for S, as given above, comes as 
near as we please to 

1-0 


which is the same as 2. So we say that 2 is the sum to in¬ 
finity of the geometric progression above, meaning thereby 
simply that as we sum up the terms, taking more and more 
of them, we come and remain as near as we please to 2. 

The meaning of this result is illustrated in Fig. 30. 




T 


-Ht 




Fig. 30 


Here, beginning at the point marked 0, we first measure 
off 1 unit of length, then, continuing to the right, we measure 
off i unit, then J unit, then | unit, etc., each time going to 
the right just one-half the amount we went the time before. 
As this is kept up indefinitely, we evidently come as near as 
we please to the point marked 2, which is 2 units from 0. 
This corresponds exactly to what we are doing when we add 
more and more of the terms of the given progression 


1 

16 ' 


A progression like the one just considered, in which the 
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value of n is not stated but may be taken as large as one 
pleases, is called an infinite geometric progression. 

Having thus considered the sum to infinity of the special 
infinite geometric progression (1), let us now suppose that we 
have any infinite geometric progression, as 

a, ar, ar-, ar^, •••, 

and (as before) that r has some value numerically less than 
1. Then the sum of the first n terms is, by § 39 


and, as n is taken larger and larger, the expression which 
appears here becomes as small as we please, since we have 
supposed r to be less than 1. Hence, as n increases indefi¬ 
nitely, the value of S comes as near as we please to 

a—a • 0 


We have therefore the following theorem: l^'he sum to 
infinity of any geometric 'progression whose common ratio r 
is numerically less than 1 is given by the formula 


Example. Find the sum to infinity of the progression 


Solution, a = 3, r = 
by the formula of § 41, 


3, 1, -J, 

. Since r is numerically less than 1, we have 
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EXERCISES 


Find the sum to infinity of each of the following progressions, and 
state in each case what your answer means, drawing a diagram similar 
to Fig. 30 to illustrate. 

1- 1) ••• • i’ h h ••• • 


3. 1, — • 

[Hint. r = J and hence is numerically less than 1. The formula 
of § 41 therefore applies.] 


4. 4, .4, .04, .004, g 2 2V2 4 

6. . ‘3 3V^’9'"‘ 

6 . 1 —0 ;+^—**• when a; = |-. 


7 . V3,1, 


1 1 

Vs’ 3 ’ 


4 2 

5’ 5 Vs’ 15’ ’' 


10. A pendulum starts at A and swings to B, 
then it swings back as far as C, then forward as 
far as D, etc. If the first swing (that is, the cir¬ 
cular arc from A to B) is 6 inches long and each 
succeeding swing is five-sixths as long as the one 
just preceding it, how far will the pendulum hop 
travel before coming to rest? 

11. At what time after 3 o^clock do the hands 
of a watch pass each other? 

[Hint. We may look at this as follows: The 
large (minute) hand first moves down to where 



Fig. 31 


the small (hour) hand is at the beginning, that is, through 15 of the 
minute spaces along the dial. Meanwhile the small hand advances 
as far, or -yI- of a minute space. This brings the small hand to the 
position indicated by the dotted line in the figure. 

The large hand next passes over this of a 
minute space. Meanwhile the small hand again 
advances tS" far, which is of a minute 
space. The large hand next covers this - 5 ^^ of a 
minute space, but the small hand meanwhile ad¬ 
vances far, or of a minute space, etc. 

Thus, the successive moves of the large hand, Fig. 32 • 

counting from the first one, form the G. P. 15, .] 






V, § 42. 


ruv ] ]»ii()(;hkssi<)ns 


8 .^ 


42. Variable. Limit. W(‘ hn.vo s(‘(‘n (§ 11) iii ecmiu'ction 
wiili the ])r<)^‘n‘ssi()ii 1, that. Ili(‘ sum of 

its first n. t(*rms is a ({uantity which, as n incr{‘as(‘s in(i(‘(init(‘ly, 
coiru^s aiul naiiains as iK'ar as ])it‘as{' to t}u‘ (‘xa(*t valu(‘ 2. 
Tile iisiuil way of statinj;* this is to say tliat a.s n incrcdsvs, 
the .sa////. of lJi(’ first n tciins <i]>pr(){iclirs 2 as a limit. sum 

of tli(‘ first N ti^rms is h(‘r(‘ calhal a, variable siii(‘(‘ it vari(‘s^ or 
<*haii^’(‘S, in th(‘ disiaission. A similar laanark a])|)li(‘s to all 
lh(‘ infmiti' j>:(‘om(‘iric pro^'n'ssions which w(‘ hav(‘ coiisid- 
(‘red. In ovvvy cas(‘ th<‘ sum to infmity is tlu‘ limit which 
ili(^ sum of th(‘ first, n tiaans, <*onsid(‘r(al as a variahh' (|uantit.y, 
is approaching. 

Note. It may lx* asked wladlua- th<‘ sum of tla* tirsi /t terms of the 
(t P. 1, 1, ,i, i, ••• could t‘V(‘r actually rc'aeh its limit 2. d'lu* ausuaa* is 
tiiat. it may or it may not, (h^pendiu^ upon eireumstanees. d’hus, if 
\v(^ linnk of th(‘ terms, h(‘ji:innini 2 : with th(‘ second, as heiuii; a<ld(Ml ou 
ut. tlu^ rate of om* a minute w(‘ could mwer rea<‘li thi‘ (aid of thi‘ adding 
])r()e(‘ss, sinc(* tla* numlx*!' of the t(*rms is iia'Khaustiljle and henci* thti 
minutes n'liuired would havi* no (‘iid. In ot)a‘r words, tla* sum of the: 
(irst. n t(‘rms (*ould never n‘acli its limit on this plan. Put supposi* that 
inst<*ad of this w<‘ w<a’(‘ to add on tla* t(*rms with iner(‘asing spe(*d as 
■wa* W(*nt. forward, tor exampk*, suppo.si* \v(* added on tla* .J, in a 
miuut<‘, th(*u the | in \ of a miuut(*, th(*n tla* i in i of a minut<*, (‘tc. 
On this plan wv would actually reach tin* limit 2 in 2 minut(‘s of tina^ 
II{*n* th(^ constantly in(*n‘asing sp(*ed of tla* adding proc(*ss (*xactly 
<*,ouutcrl)alanct*s tla* fact, that wa* have* an ind(‘{init(‘ly large numher of 
t(‘rms to add, with tla* result that wa* reach tla* (‘nd of tla* proc(‘ss in 
the d(‘rmit(‘ tina* of 2 minut(*s. ’This id(‘a, is practically illustrati’d in 
Kx. 11, p. S2, when* tla* hands of tla* watch would n(*V(*r pass (*ach 
other at all (*xcept for tla* fact th;d. tla* su(a*(*ssiv(‘ inovi'S of tla* largC3 
hand, whicfi <*onstitute tla* t(‘rms of tla* progr<*ssion 15, {‘P th'V t l 
are add(*d on in l<*ss atal I(*.ss tina* as tlu^ proc(‘s.s go(*s on, t‘ach lu’ing 
addc'd on in ik;> tla* tina* occupi(*d by tla* oia^ just h(*for{‘ it. 

Tla* (iuestion of wla*tla‘r a variahlt* can n*ach its limit, is intimat(*ly 
eonn(*(*ted witli tla^ famous prol>l{‘m consid(*r(‘d liy tla* Schoolmen of 
anti<}uity and kiawvn as tla* prol)I<‘m of Achill{*s aial tla* lortoist*. In 
this prohl<‘m, ;\chillt*s, wiai is a. c(*lehrat(*d runn(*r and athh*t<*, starts 
out from smia* point , as d, to ovt*rtak(‘ a tortoise* whit'li is at. sona* point, 
as tlie tortois(^ being famous for the slow rate at which it (*rawl3 
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along. Both start at the same instant and go in the same direction, 
as indicated in the figure. Achilles'soon arrives at the point T, from 
which the tortoise started, but in the meantime the tortoise has gone 

--t-lM- 

A T 

Fig. 33 

some distance ahead. Achilles now covers this last distance, but this 
leaves the tortoise still ahead, having again gained some additional 
distance. This continues indefinitely. How, therejore, can Achilles 
ever overtake the tortoise? The Schoolmen never quite answered this 
question satisfactorily to themselves. The secret of the difficulty lies 
in the fact that, as in the other problems mentioned above, the successive 
moves which Achilles makes are done in shorter and shorter intervals 
of timej with the result that, although the number of moves necessary 
is indefinitely great, they can all be accomplished in a definite time. 

43. Repeating Decimals. If we express the fraction 
decimally by dividing 12 by 33 in the usual way, we find that 
the quotient is .363636 , the dots indicating that the divi¬ 

sion process never stops (or is never exact) but leads to a 
never-ending decimal. However, the digits appearing in 
this decimal are seen to repeat themselves in a regular order, 
since they are made up of 36 repeated again and again. 
Such a decimal is called a repeating decimal. More generally, 
a repeating decimal is one in which the figures repeat them¬ 
selves after a certain point. Thus, 

.12343434 • - and 1.653653653 • • •, 
are repeating decimals. 

Let us now turn the question around. Thus, suppose 
that a certain repeating decimal is given, as for example 
.272727 • • •, and let us ask what fraction when divided out 
gives this decimal. This kind of question is usually too 
difficult to answer in arithmetic, but it can be easily answered 
as follows by use of the formula in § 41. 

Thus the decimal .272727 • • • may be written in the form 


iVir + xAVir + I'cT^FTT'o'd-• 



THK PI{(k;IU<XSIONS 


85 


This is an infinih^ ri(* pro^rn^ssion in which a==-^Q\, 

r= , I,. Thi^ sum of t his proo-i^ssion to infinity must be'the 
value of th(‘ ^-iviai (Ic‘cimal. Ihaici^, the desired value is 

™ ‘ V ^ ^ ^ ^ 

1-r I , .U 1)9 

lliis answea- may Ix' cheeloMl by dividing 3 by 11, the 
n'sult- b(‘ing .272727 • • *, which is ilu^ given decimal. 

Note. It is shown in hi^hrr inMihotmU if-.s that every rational frac¬ 
tion in its low(‘sl t<‘rnis (that is, ov<‘ry nuiiiher of the form a/h, where 
(I and h an* int(*j^('rs priino t() e.*i<’h otlnn*) ^ives rise when divided out 
to a, n(‘V(*r-(‘ndin}4 rr/utiliut/ doriinal {including; the cases in which all 
th(* <lifiits after a certain point an* zero?, whik^ every irrational number 
(such as v'2) ?i;ives rise when e\pres.s<*(i <l(‘(‘iuiiilly to a never-ending 
notMrpmlintj (beiinal. 


EXERCISES 


Kind the values of the foilowing n‘p(*ating decimals and check your 
answ(T for each of the first six. 

1. O.lohloh 2. 0.125125 3. 0.543543543 ••*. 

4. 0.2411 Ml •**. 


Som^TioN. 0.2414141 


6 . 0.17272 

6 . 1.212121 •••. 

7. 2.2151515 —, 


-.V .2 I .041 ti n ••• 


:^.2 1 

,',,(.111111 --) 



-t h \ 

= .2 j 

i()(i 

1 (> 0 \ 

- 


1 

41 TOO 

.... 


- X ™ 

"" 10 

10 

100 99 

2 

41 

22S 169 



-- rx:-- 

lo' 

inio 

990 495 


8. 5.022032032 ••*. 

9. O.OOS008008 —. 

10. 34.57G7676 



CHAPTER VI 

VARIATION 

44. Direct Variation. One quantity is said to vary 
directly as another when the two are so related that, though 
the quantities themselves may change, their ratio never 
changes. 

Thus the amount of work a man does varies directly as the number 
of hours he works. For example, if it takes him 4 hours to draw 10 
loads of sand, we can say it will take him S hours to draw 20 loads. 
Here the first ratio is and the second is and the two are equal, 
though the numbers in the second have been changed from what they 
were in the first. In general, if the man works twice as long, he will 
draw twice as much; if he works three times as long, he will draw three 
times as much, etc.; all of which implies that the ratio of the time he 
works to the amount he draws in that time never changes. 

EXERCISES 

Determine which of the following statements are true and which 
are false, giving your reason in each instance. 

1. The amount of electricity used in lighting a room varies directly 
as the number of lights turned on. 

2. The amount of water in a cylindrical pail varies directly as the 
height to which the water stands in the pail. 

3. The amount of gasoline used by an automobile in any given time 
(one week, say) varies directly as the amount of driving done. 

4. The time it takes to walk from one place to another at any given 
rate (3 miles an hour, say) varies directly as the distance between the 
two places. 

6 . The time it takes to walk any given distance (5 miles, say) varies 
directly as the rate of walking. 

6 . The perimeter of a square varies directly as the length of one side. 

7. The circumference of a circle varies directly as the length of the 
radius. 

8 . The area of a square varies directly as the length of one side. 

9. X varies directly as 10 a;. 

10 . X varies directly as lOr^. 
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45. Inverse Variation. One quantity, or number, is said 
to vary inversely as another when the two are so related 
that, though the quantities themselves may change, their 
product never changes. 

Thus the time occupied in doing any given piece of work varies 
inversely as the number of men employed to do it. For example, if it 
takes 2 men 6 days, it will take 4 men only 3 days. The point to be 
observed here is that the first product, 2X6, equals the second product, 
4X3. In general, if twice as many men are employed it will take half 
as long; if three times as many men are employed, it will take oneAhird 
as long, etc. In all these cases, the number of men employed multiplied 
by the corresponding time required to do the work remains the same. 

Note. The term varies inversely as is due to the fact that in case xy 
never changes (as required by the above definition), it follows that 
x-^{l/y) never changes, since xy—x-^{l/y). That is, x varies directly 
as the reciprocal, or inverse^ of y (§ 44). 

EXERCISES 

Determine which of the following statements are true and which 
are false, giving your reason in each instance. 

1. The time it takes water to drain off a roof yaries inversely 
as the number of (equal sized) conductor pipes. I 

2. The time it takes to walk any given distance (5 miles, say) varies 
inversely as the rate of walking. 

3. The weight of a pail of water varies inversely as the amount of 
water that has been poured out of it. 

4. X varies inversely as 10 / x . 

6. X varies inversely as 10 / x ^, 

46. Joint Variation. One quantity, or number, is said to 
vary jointly as two others when it varies directly as their 
product. 

Thus the area of a triangle varies jointly as its base and altitude, 
for if A be the area of any triangle and 6 its base and h its altitude, we 
have A —\hh, which may be written A/hh=\. Hence A varies directly 
as the product hh (§ 44); that is, the ratio of A to hh is always the same, 
namely in this instance. 
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EXERCISES 

Determine whether the following statements are true, giving youi’ 
reason in each instance. 

1. The area of a rectangle varies jointly as its two dimensions; that 
is, as its length and breadth. 

2. The pay received by a workman varies jointly as his daily wage 
and the number of days he works. 

3 . The amount of reading matter in a book varies jointly as the 
thickness of the book and the distance between the lines of print on 
the page. 

4. The interest received in one year from an investment varies 
jointly as the principal and rate. 

6. The volume of a rectangular parallelopiped (such as an ordinary 
rectangular shaped box) varies jointly as its length, breadth, and height. 

[Hint. Here we have one quantity varying jointly as three others. 
First make a definition of what such variation means.] 

47. Variables and Constants. When we say that the 
amount of work a man does varies directly as the number of 
hours he works, we are dealing with two quantities, namely 
the amount of work done and the time used in doing it. But 
it is to be observed that these are not being regarded as 
fixed quantities, but rather as changeable ones, the only 
essential idea being that their ratio never changes. In gen¬ 
eral, quantities which are thus changeable throughout any 
discussion or problem are called variables, while quantities 
which do not change are called constants. (Compare § 42.) 

48. The Dif erent Types of Variation Stated as Equa¬ 
tions. We may now state very briefly and concisely what is 
meant by the different types of variation described in 
§§ 44-46 and certain other important types also. To do 
this, let us think of x, y, and z as being certain variables 
and k as being some constant. Then we may state the fol¬ 
lowing facts: 
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(1) To say that x varies directly as y means (§ 44) that 
~==kj or x = ky, where k is a constant. 


(2) To say that x varies inversely as y means (§ 45) that 
xy = k, or x = ~, where k is a constant. 


(3) To say that x varies jointly as y and z means (§ 46) that 

— = 7c, or X — kyz, where k is a constant. 

Two other important types of variation are described 
below: 


(4) To say that x varies directly as the square of y means that 


£. 

y' 


kj or x = ky^, where k is a constant. 


(5) To say that x varies inversely as the square of y means that 


xy^ — k, or x 


-ij where k is a constant, 
1 / 


In all these types of variation it is important to observe 
that the value which must be given to the constant k depends 
upon the particular statement or problem in hand. For 
example, consider the statement that ^^The area of a rec¬ 
tangle varies jointly as its two dimensions.” This means 
(see [3]) that if we let A be the variable area and a and h 
the variable dimensions, then A = kdb. But in this case we 
know by arithmetic that A — ah, so the value of k here must 
be 1. 

On the other hand, consider the statement that ^“The 
area of a triangle varies jointly as its base and altitude.” 
Letting A be the variable area and b and h the variable base 
and altitude, respectively, this means that A=^khh, But 
here, as we know from geometry, k^^. 
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EXERCISES 

Convert each of the following statements into equations, 
for each the proper value for the constant k mentioned in § 48- 

1. The circumference of a circle varies directly as the radius. 

[Hint. Let C stand for circumference and r for radius.] 

2. The circumference of a circle varies directly as the diain**^ 

3. The area of a circle varies directly as the square of the 

4. The area of a circle varies directly as the square of the din * * ^ 

6. The area of a sphere varies directly as the square of the i'* ^ 

6. The volume of a rectangular parallelepiped varies jointly 
length, breadth, and height. 

7. Interest varies jointly as the principal, rate, and time. 

8. The volume of a sphere varies directly as the cube of the *• 

[Hint. First supply for yourself the definition of what this I I 

variation means.] 

9. The volume of a circular cone varies jointly as the altitiui<* 
the square of the radius of the base. (See formula (11), § 7). 

10. The distance, measured in feet, through which a body 
dropped vertically downward from a position of rest (as from a \v i i - 
ledge) varies directly as the square of the number of seconds i t 
been falling. 

[Hint. It is found by experiments in physics that the value < > i 
constant k is in this case 16 (approximately).] 

11. The following, like Ex. 10, are statements of well-known |» 
ical laws. Convert each into an equation without, however, atten 1 1: 
to supply the proper value of k, since to do so requires a study of p! 
and experiments in laboratories. 



(a) When an elastic string is stretched out, as represented in Fifjc 
the tension (force tending to pull it apart at any point) varies dir< * 
as the amount of the extension beyond the natural length of the st. r 
(Hookers Law) 
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(b) If iDody is tied to a string and swung round and round in a 
:;le (as in swinging a pail of water at arm's length from the shoulder), 

• h)rce, with which it pulls outward from the center (called cen- 
■iigal force') varies directly as the square of the velocity of the motion. 

(c) 'The intensity of the illumination due to any small source of 

[it (siKih as a candle) varies inversely as the square of the distance of 
' illuminated from the source of light. 

{(1) 1. he pressure per square inch which a given amount of gas (such 
air, or hydrogen, or oxygen, or illuminating gas) exerts upon the 
of the containing receptacle (such as a bag) varies inversely as 
volume of the receptacle {Boyle^s Law). 

lor example, whenever air is confined in a rubber balloon, as in 
e first drawing in Fig. 35, it exerts a certain pressure upon each square 



Fig. 35 


ch of the interior ^rface. If the balloon be squeezed, as in the second 
’awing (no air being allowed to escape), until its volume is half of 
hai- it W£is before, this pressure will be exactly doubled. 

(c) ''f'lie cube of the mean distance of any planet in the solar sys- 
(in from the sun varies directly as the square of the time it takes the 
iaiict i.o make one complete revolution around the sun (Kepler's third 
w of pUirielary motion). 

In the case of the earth, its mean distance from the sun is about 
],0()(),()(K) miles and its time of complete revolution is 1 year, or 
•inj days. 

49. I^roblems in Variation. The problems naturally 
rising in the study of variation fall into two general classes 
s follows: 

(1) Those in which the value of the constant k mentioned 
a § 48 can be determined from the statement of the problem 
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and forms an essoiiiial ])ari in tlu' solution. 11us kind of 
problem is illusira.ind by iOxs. I lO below, d'lu* solution 
given for Ex. 1 should lu' W(‘ll uinErsiood lu^on^ t}u‘ studtad 
undertakes Exs. 2-10, 

(2) Those in which i(. is naf necessary to know tlH‘ valu(‘ of 
k. Such probl(‘ms ar(‘ilhislral(‘(l in lOxs. II 2t) luLuv. 

The pupil is a-dvisc^l io work s(‘V(‘ral probkans from (‘ach 
group rather than to con{in(‘ Ids atbmtion to idthta*. 

EXERCISES 

1. iLl.nS'rUATloNS oc (’\ri: li) 

1. In a fleet of ships all made from lh(‘ sanu* iitixlrl ohaf is, of (lu* 
same shape', hut, of difh'nait. si/.<‘s) Iho area of th«‘ dock varies direetlv 
as the scpiani of (h(‘ h'o^lh of the ship. If (he ;>.hip \vho>e leaj^th is 
200 feet has flOOO S(iuar(‘. f(‘et of deek, how iiiauN’ sipiare f<*et in (in* di*ek 
of the ship which is .'iOO f(‘(*l. loii^? 

Solution. L(‘t A r<‘prc.s(‘nl lh(* are.a of deck on the ship whos(* 
length is L Then tlui givmi law of varialion, e\pre>v(*d as an «‘(jUalion 
(§ 48), is 

(1) A Li'\ {/.' some con.vfant) 

Since the ship wliicli is 200 fe(‘( long has .aOOO stpiare feet of deck, 
it follows from (1) tliat W(‘ must h.MV(‘ 

5000 /.-(aooib 

This equation tells us that the vahu* of I: in I lie present proOhau 
must be 

^ _ 5000 5000 I 

""”(200)“ 200X200 s’ 

Placing this value of k in (Ij, gives us an c<|ualion which deOa- 
mines complcLcly the relation lu'twiam A and I in th(‘ present problem; 
that is, 

( 2 ) A^IP. 

Now the problem asks how many .s<juare had of (l(‘ck tlu're are in 
the ship whose length is 300 ha't, d’his can he found b^’ simply placing 
Z = 300 in (2) and solving for A. 'rims 

^ = IX (300)-=^—• = 11,250 s(|uar(i feet. Am^ 




VI, § 49] 


VARIATION 


93 


]>TOTE. Observe that the first step in the above solution is to express 
as an equation the law of variation belonging to the problem. Next, 
the constant k is determined. After this, the first equation is rewritten 
in its more exact form obtained by assigning to k its value. The answer 
is then readily obtained. 

These steps should be followed in worldng each of the Exs. 2~10 
which follow. 

2. In a fleet of ships all of the same model, the ship whose length 
is 200 feet contains 6000 square feet in its deck. How long must a 
similar ship be made if its deck is to contain 13,500 square feet? 

3. To make a suit of clothes for a man who is 5 feet 8 inches high 
requires 6 square yards of cloth. How much cloth will be required to 
make a suit for a man of similar build, whose height is 6 feet 2 inches? 

[Hint. The areas of any two similar figures vary directly as the 
squares of their heights.] 

4- If 10 men can do a piece of work in 20 days, how long will it take 
25 men to do it? 

[Hint. The time required varies inversely as the number of men 
employed.] 

6. The horse-power required to propel a ship varies directly as the 
cube of the speed. If the horse-power is 2000 at a speed of 10 knots, 
what will it be at a speed of 15 knots? 

6. A silver loving-cup (such as is sometimes given as a prize in 
athletic contests) is to be made, and a model is first prepared out of 
wood. The model is 8 inches high and weighs 12 ounces. What will 
the loving-cup cost if made 10 inches high, it being given that silver 
is 17 times as heavy as wood and costs $2.20 an ounce? 

[Hint. The volumes and hence the weights of any two similar 
figures of like material vary directly as the cubes of their heights.] 

7. When electricity flows through a wire, the wire offers a certain 
resistance to its passage. The unit of tnis resistance is called the ohm, 
and for a given length of wire the resistance varies inversely as the 
square of the diameter. If a certain length of wire whose diameter is 
\ inch offers a resistance of 3 ohms, what will be the resistance of a 
similar wire (same length and material) ^ of an inch in diameter? 

8. Three spheres of lead whose radii are 6 inches, 8 inches, and 10 
inches respectively are melted and made into one. What is the radius 
of the resulting sphere? 
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9. On board a ship at sea the distance of the horizon varies directly 
as the square root of one's height above the water. If, at a height of 
20 feet, the horizon is 5.5 miles distant, what is its distance as seen 
from a lighthouse 80 feet above sea-ievel? 

10. The horse-power that a shaft can safely transmit varies jointly 
as its speed in revolutions per minute and the cube ol its diameter. A 
3-inch steel shaft maldng 100 revolutions per minute can transmit 85 
horse-power. How many horse-power can a 4-inch shalt transmit at a 
speed of 150 revolutions per minute? 


II. Illustrations of Case (2) 


11. Knowing that the force of gravitation due to the earth varies 
inversely as the square of the distance from the earth’s (tenter {Newton’s 
Law of Gravitation) ^ find how far above the earth’s surface a body 
must be taken in order to lose half its weight. 


Solution. Letting W represent the weight of a given body at the 
distance d from the earth’s center, the law statcul ii}>ove, wlaui expressed 
as an equation, becomes 


( 1 ) 


TF = ~7>* (/c=somc constant) 

a“ 


Now let Wi represent the weight of the ])ody wlien on the surface. 
Remembering that the earth’s radius is 4000 miies (approximately), 
equation (1) gives 


( 2 ) 




h 

4000^ 


Next, let X represent the desired distance, namely the distance 
above the surface at which the same body loses half its weight. At 
this distance its weight will consequently bo while its distance 
from the earth’s center is now 4000 4-a;. So (1) gives 


( 3 ) 


h 

2 “(4000-ha;)^’ 


Dividing equation (3) by equation (2), noting the cancelation of 
Wi on the left and of the (unknown) k on the right, we obtain 


1_ 4000^ 
2“"(40004-x)2’ 


It remains only to solve this equation for x. 

Clearing of fractions, (4000-f-a;)^ = 2 • 4000^=4000^ • 2. 

Extracting the square root of both members, 4000-l-a;=4000 V2, 
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SolviiiR, a' = 40()0\/L'—1(100 )()()()( \/2 — l) milos. A /is. 

To find the np])roxiniat(‘ valiu'of this nnsw(‘r, we iKive (st'C fahles) 

v'2 

so that x-400()(l. n i21 - I) lOOOX. U 121 ir,5C>.SI inih's. 

12. Show Uial^ th(‘ (‘arlh’s altrai’fion at a ixiini on flie .surface is 
over 5000 tinu‘.s as strorifi; a,s af. tfi(‘ distaniM* of tfi(‘ inotm ; lhaf. is, a.{ th(‘ 
(ai)proxiinate) <lis(ane{‘ of 2S{),()()() iiiih's. 

[Hint, (all Hh <he weigh! of a giviai body on lh(* surface, :md let 

rcpr(‘S(‘nt tin* weiglif of the s;um‘ body at the disfanci^ of th(' moon 
from tii(' (‘artli’.s (‘eiitta', 'Then u.s(‘ the law expressed in (!) of th<‘ 
solution of Hx. 11 .| 

13. A })ook is b(*ing lield at a distance of 2 f(*et from an incandescent 
lamj). How much nearer must it Im* brouglit in order that di(‘ illumi¬ 
nation on th(^ page shall be doubled? (See Hx. 11 (r), p. IH.) 

14. If two like coins (such as <piar(<‘r <{olI:irs> w<Te melted ami made 
into a sing!(' (‘oin of tin* same thickness as the original, show that its 
dianud(‘r would be \/2 times as great. 

[Hint, (tall I) the diameter (»f th(‘ giv <•11 <’oins ami ,t th<‘ an*a of 
each. Note that the an‘a of th<‘ m‘w coin will then Ik* 2.1. Tst* tin* 
result stat<‘d in Hint to K\. d, p. bd.| 

16. Idnd the result in Kx. M when four e(iual-si/.<‘d coins an* us<*<i. 

16. Show that a falling body will pass ov<‘r lh<‘ .second 2 bad of if.H 
descent in about .1 of the time it tak<‘.s it to pass over the fir.st 2 bad. 
(See Kx. 10, p. 90.) 

17. Th<‘ time re(|uired fora pemhdnm to make a compI(‘te oseillation 
(.swing fonvard ami l>nek) van(*.s <lir<*ctly as the .s<iuar<* mot of its lengtli. 
By how nuK'ii must a 2-bK»t pendulum b<* shortemal in order tlmt it.s 
time of (‘ompl(d<‘ oseillation may be ludved? 

18. If the diam(‘l(*r of a spluTt^ l»e inerea.sed by 10^,^ by what p«*r 
cent will the* volume be in<’n*ase<l? 

19. Show that if a city is r<*ceiving it.s water supply by means of 
a main from a re.servoir, the supply ean be inereaseil 25', by imweasing 
the diarmder of the main by about 

20. It is {h‘Hired to Iniihl a ship similar in shape to one alrea<Iy in 
use but having a dO',;. greater eargo spae<‘ (or hold). By what |mt cent 
must the bi^am (width of the* ship) be inereased? 

[Hint. See the Hint to Kx. U, p. 93.J 



96 


COLLEGE ALGEBRA 


[VI, §50 


50. Variation Geometrically Considered. If a variable 
y varies directly as another variable x, we know (§ 48) that 
this is equivalent to having the equation y = kXj where k is 
some constant. If the value oik ^ 
is 1, this equation takes the defi¬ 
nite form y — x, and we may now 
draw its graph, the result being ^ 
a certain straight line. If, on the 
other hand, & = 2, we have y=2x, 
and this again is an equation ^ 
whose graph may be drawn, lead¬ 
ing to a straight line, but a differ¬ 
ent one. In general, whatever ^ 
the value of kj the corresponding 
equation has a straight-hne 
graph. The fact that in all cases the graph is a straight 
line characterizes this type of variation; that is, characterizes 
the type in which one variable varies directly as another. 
Figure 36 shows the lines corresponding to several different 
values of k, Y 

In case a variable y varies in¬ 
versely as another variable x, we 
know (§ 48) that there exists an 2 
equation of the form y — kjx^ 
where k is some constant. If we 
let fc = l, this becomes y—ljx. ^ 

By letting x take a series of 
values and determining the cor¬ 
responding values of y from this ^ 
equation (thus forming a table 
as in § 25) we obtain the graph. 

Similarly, corresponding to the value k = 2 we have y = 2fxj 
and this equation has a definite graph which is different from 
the one just mentioned. In general, whatever the value of k^ 
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corresponding equation has a graph, but it is now to be 
dL that these graphs are not straight lines; they are 
'^T'bolas. (See Ex. 2, § 28.) Figure 37 shows the curves 
csponding to several different values of k. 

OTE. Though these curves differ in form, they have the following 
re in common: Through the origin draw any two straight lines 
'Od in figure). Then the intercepted arcs AB, CD, EF, GH, etc., 
^rnilar; that is, the smallest arc when simply magnified by the proper 
int produces one of the others. 

EXERCISES 

>raw diagrams to represent the geometric meaning of each of the 
TV'ing statements. 

. y varies directly as the square of x, 

. y varies inversely as the square of x, 

. y varies as the cube of x. 

. y varies directly as x, and 2/= 6 when a: = 2. 

Hint. The diagram here consists of a single line.] 

. y varies inversely as x, and y — % when x — 2. 

. The cost of n pounds of butter at 40c per pound is (7 = 40n. 

- The amount of the extension, e, of a stretched string is propor- 
bl to the tension, t, and e = 2 in, when t = 10 lb. (See Ex. 11 (c), 
•.) 

. The pressure, p, of a gas on the walls of a retaining vessel varies 
rsely as the volume, v; and p = 40 lb. per square foot when i^ = 10 

t. 

. The length, L, of any object in centimeters is proportional to 
iiagth, Z, expressed in inches; and Z/=2.54 cm. when Z==l in. 












CHAPTER VII 
LOGARITHMS 

I. GeNERA-L CONSIDERATIONSf 

51. Definition of Logarithms. If we ask what power of 
10 must be used to give a result of 100, the answer is 2 
because 10^ = 100. Another common way of stating this is 
to say that ^^the logarithm of 100 is 2.” In the same way, 
the power of 10 needed to give 1000 is 3 because 10^ = 1000, 
and this is briefly stated by saying that ^The logarithm of 
1000 is 3.^' Similarly, the power of 10 that gives .1 is —1 
because 10“^=-1 by (R), § 8, and this is equivalent to 
saying that ^^the logarithm of .1 is—l.” Likewise, the loga¬ 
rithm of .01 is —2. 

From these illustrations we readily see what is meant by 
the logarithm of a number. It may be defined as follows: 

The logarithm of a number is the power of 10 required to 
give that number, 

Hote. a more general definition will be given in § 67, but this is 
the one commonly used in practice. 

We write log 100 = 2 to indicate that the logarithm of 100 
is 2. Similarly, log 1000 = 3, log .1=—1, log .01 =—2, etc. 

EXERCISES 

1. What is the meaning of log 10000? What is its valued 

2. What is the value of log .001? Why? 

3 . What is the value of log .00001 ? Why? 

4. What is the value of log 10? 

6. What is the value of log 1? (See VIII, § 8.) 

6. As a number increases from 100 to 1000, how does its logarithm 
change? 

tParts I and II give definitions and essential theorems which should 
be well understood before Part III, which describes the important 
applications, is taken up. 
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7. As :i iniiiil)(‘r cl(‘cr(‘:ist‘s from .1 to .01 how does its logarithm 
chaiiga? Answt'r the same as the numher goes from .01 to .001; from 
1 to 10; from 1 to 1000. 

8. lOxplain why tht* following aro tni(‘ .stat(*meuts: 

(a) log iOOOOO o. {h) log .0001 ^™~4. 

(r) log \/10 1. 

1 , 

[Hint. Hememher \ 10 

(d) log v ' lO ^ 

(e) log V 10(1 ;i. 

[Hint. Ucmomhor v 100 V lO'- Uj'h (§ 

(/) log \/.l l>‘ 

62. Logarithm of Any Number. So|)]H)st‘ wv ask what 
tlK‘ valu(‘ is of log 2d0. What w<‘ ar(‘ asking for (st'O {iofinh 
tiou in §ol) is that value* which, wlum useal as an <*x|)on(*nt 
to 10, will give* 2hH; that is, we* wish the* value* of x whi(*h will 
satisfy the* e‘eiuatie)n 10'^ 2M0. Olhs e{ue‘stie)n r<*s{*Tnl)I(‘S 

t.hose* in § ol, hut is elifiVreait lK‘e‘aus<‘ we* e*anned inun(‘eii;it(‘Iy 
arrive* at- the* eie*sire‘el value* of x Inj ///r/v* Oas'/a-cZ/V;//. All we* 
can say he*n‘ at- the* lH‘ginning is that x must lie* .seu/ec/rZ/rTC 
be*twe‘(m 2 anel 2, lu'e-ause* It)’* 100 anel HP 1000, anel 220 

li(*s l)e*t we‘e'n tlie‘se* twei numl»e*rs. In orele*!* tei One! to a tine*!' 
(i(‘gn*e* of ae*e*uracy, it is imw natural to try fen* it sue*h value‘S 
as 2,1, 2.2, 2.2, 2.1, 2.5, 2.0, 2.7, 2.S, anel 2.9, all of whie‘h lie* 
be*tvve*e‘n 2 anel 2. O'he* n*sult (whie*h for bre*vity we* shall 
h(*r(* state* without preieif) is tlial whe‘n —2.2 tlie* value* e>f lO*** 
is slightly less than our give*n numb(*r, 220, while* if we* take* 
a^ = 2.4 the* value* of H)'^ is slightly (jmiirr than 220. 'Thus x 
li<*s soni(*wh(‘r(* be‘twe*e*n 2.2 anel 2.4. In e)the*r weirels, the* 
value* of log 220 cnrrvvt in thr jlr^l dvcitmil place is 2.2. 

It is now natural, if we* wish ie) e)btain :r to still gr(*ate*r 
a(*curae‘y, to try for it sue‘h value‘s as 2.21, 2.22, 2.22, 2.24, 
2.25, 2.20, 2,27, 2.2S, anel 2,29, all of whi(*h lie* be*twe‘(*n 2.2 
and 2.4 ''Fhe* rvsuli (whie*h again is he*re‘ stat.(*d wit hout ])roe)f) 
is that when x = 2.27 thei value of 10'^ is slightly Zm* tluin our 
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number 236, wliile if we take a; = 2.38 the value of 10^ is 
slightly greater than 236. This means that the second 
figure of the decimal is 7, after which we may say that the 
value of log 236 correct to two places of decimals is 2.37 

Proceeding further in the same manner, it can be shown 
thatwhena: = 2.372 the value of 10® is slightly less than 236, 
while for x = 2.373 the value of 10® is slightly greater than 236. 
Thus the value of log 236 correct to three places of decimals is 
2.372 Similarly, it can be shown that the number in the 
fourth decimal place is 9, and this is as far as it is necessary 
to carry out the process, since the result is then suflaciently 
accurate for all ordinary purposes. Hence log 236 = 2.3729, 
correct to four places of decimals. 

Note. It thus appears that logarithms do not in general come out 
exacts though they do so for such exceptional numbers as 100, 1000, 
10,000, .1, .01, etc. They can be expressed only approximately, yet 
as accurately as one pleases by carrying out the decimal far enough. 
In this respect they resemble such numbers as -s/S; V^2, -^3, etc. 

Other examples of logarithms are given below. Note 
especially the decimal part of each, which is correct to four 
places. 

log 283 = 2.4518 log 196 = 2.2923 log 17 = 1.2304 

log 6 = 0.7782 log 3.410 = 0.5328 log 5.75 = 0.7597 

53. Characteristic. Mantissa. We have seen that the 
logarithm of a number consists (in general) of an integral 
part and a decimal part. These two parts of every logarithm 
are given special names as follows: 

The integral part of a logarithm is called the characteristic 
of the logarithm. 

The decimal part of a logarithm is called the mantissa of 
the logarithm. 

Thus, since log 236=2.3729, the characteristic of log 236 is 2, while 
its mantissa is .3729 

Similarly, the characteristic of log 6 is 0, while its mantissa is .7782 
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EXERCISES 

1. What is the characteristic of log 100? What the mantissa? 
Answer the same questions for log 1000, log 10, and log 1. 

2. What is the characteristic of log 185? 

[Hint. Note that 185 lies between 10‘^ and 10'^] 

3. What is the characteristic of log 310? of log 1287? of log 85? 
of log 21? of log 4? of log 12? of log 13987? 

4. For what kind of number can one tell hy inspection both the 
characteristic and the mantissa of its logarithm? (See § 51.) 

54. Further Study of Characteristic and Mantissa. We 

have seen (§ 53) that log 236 = 2.3729, which is the same as 
saying that 

(1) 102-3729 = 236. 

Let us now multiply both members of (1) by 10. The 
left side becomes 102 - 3729+1 qy 103-3729 Formula I) while 
the right side becomes 2360. That is, we have 103-3729 = 
2360, which is the same as saying that log 2360 = 3.3729 

If, instead of multiplying both sides of (1) by 10, we divide 
both by 10, we obtain in like manner 102 - 3729-1 = 23.6 (§8, 
Formula V). That is, we have 10^-3729 = 23.6, which is the 
same as saying that log 23.6 = 1.3729 

Finally, if we divide both sides of (1) by lO^, or 100, we 
obtain 102 - 3729-2 = 2.36 That is, we have 100-3729 =2.36 which 
is the same as saying that log 2.36 = 0.3729 

What we now wish to do is to compare the results which we 
have just been obtaining, and for this purpose they are ar¬ 
ranged side by side in a column below. 

2360 = 3.3729 
)log 236 = 2.3729 
^ ^ \log 23.6 = 1.3729 

[log 2.36 = 0,3729 

Note that the mantissas here appearing on the right are 
all the same, namely .3729, while the numbers appearing on 
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the left (that is, 2360, 236, 23.6, and 2.36) are alike except 
for the position of the decimal point; that is, they contain 
the same significant figures. This illustrates the following 
important rule. 

Rule I. If two or more numbers have the same significant 
figures (that is^ differ only in the location of the decimal point), 
their logarithms will have the same mantissas; that is, their 
logarithms can differ only in their characteristics. 

Thus, log 243, log 2430, log 24.3, log 2.43, log .243, and log .0243 
all have the same mantissas. It is only their characteristics that can 
be different. 

EXERCISE 

Apply Rule I, § 54, to tell which of the following logarithms have 
the same mantissas. 

log .167 log 8100 log 16.7 log 81 log .0072 

log .081 log 7.2 log 720 log 1670 log 16700 

11. To Determine the Logarithm of Any Number 

55. Purpose of This Part. When we wish to determine 
the value of a logarithm, as for example, to find log 236, we 
can work out the characteristic and mantissa as explained 
in § 52, but this requires considerable time. What we do 
in practice is to use certain simple rules for determining the 
characteristic, and we determine the mantissa directly from 
certain tables which have been carefully prepared for the 
purpose. We shall now state these rules (§§ 56-58) and 
explain the tables and how to use them (§§ 59-61). 

56. Characteristics for Numbers Greater Than 1. If we 

look again at the results in (2) of § 54, we see that the char¬ 
acteristic of log 2360 is 3. Thus the characteristic is 1 less 
than the number of figures to the left of the decimal point. 

Note. 2360 is the same as 2360., so that there are four figures here 
to the left of the decimal point. 
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Again, we see from (2) of § 54 that the characteristic of 
log 236 is 2 and this, as in the case already examined, is 1 less 
than the number of figures to the left of the decimal point. 

Note. 236 is the same as 236., so there are three figures here to the 
left of the decimal point. 

Similarly, since the characteristic of log 23.6 is 1 (see (2) 
of § 54) this again obeys the same law as just observed in 
the other two cases; that is, the characteristic is 1 less than 
the number of figures to the left of the decimal point. 

Finally, since the characteristic of log 2.36 is 0, the same 
law is again present here. 

The law which we have just observed can be shown in like 
manner to hold good for the characteristic of the logarithm 
of any number greater than 1; hence we may state the 
following general rule. 

Rule II. The characteristic of the logarithm of a number 
greater than 1 is one less than the number of figures to the left 
of the decimal point. 

Thus, the characteristic of log 385.9 is 2; that of log 8.679 is 0. 

EXERCISES 

State, by Rule II, § 56, the characteristic of the logarithm of each 
of the following numbers. 


1. 385.4 

7. 18.831 

2. 461. 

8. 3.1568 

3. 7962. 

9. 401.005 

4. 2.7 

10. 2967.6 

6. 75.54 

11. 85. 

6. 165,781 

12. 2.46879 


State how many figures precede the decimal point of a number it 
bhe characteristic of its logarithm is 

13. 2. 16. 1. 

14. 3. 16, 0. 


17. 5. 

18. 4. 
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57. Characteristics for Positive Numbers Less Than 1. 

We have seen (see (2) in § 54) that log 2.36 = 0.3729, which 

is the same as saying that 

( 1 ) 100-3729 = 2.36 

Let us now divide both members of this relation by 10. 
We thus obtain (§ 8, Formula V) 

100.3729-1 = .236 or 10-^+0-3729 == .236, 
which means (by § 51) 

.236 =-1+0.3729 

Observe that —1+0.3729 is really a negative quantity, being equal 
to —(1—0.3729) which reduces to —0.6271 However, it is more con¬ 
venient for our present purposes to keep the longer form —1+0.3729 
Note that this cannot be written as —1.3729 because the latter is equal 
to -1-0.3729 instead of -1+0.3729 

If, instead of dividing both members of (1) by 10, we 
divide both by 10^, or 100, we obtain 

100.3729-2 = .0236 (or 10 - 2 + 0-3729 = .0236), 
which means that 

.0236 =-2+0.3729 

Similarly, by dividing (1) by 103, qj. looo, we find that 

.00236=-3+0.3729 

Finally, if we divide (1) by 10^ or 10000, we find that 

log ,000236= -4+0.3729 

Let us now compare the four results just obtained. Be¬ 
ginning with the last result, we see that in the number 
.000236 there are three zeros immediately to the right of the 
decimal point; that is, between the decimal point and the 
first significant figure. Corresponding to this, the charac¬ 
teristic on the right is minus four. Hence the characteristic 
is negative and 1 more numerically than the number of zeros 
between the decimal point and the first significant figure. 
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Similarly, in the number .00236 there are two zeros between 
the decimal point and the first significant figure, and corre¬ 
sponding to this there is a characteristic on the right of 
minus three. Hence, as before, the characteristic here is 
negative and numerically 1 more than the number of zeros 
between the decimal point and the first significant figure. 
This statement, which is true in all cases mentioned above, 
can be proved for the characteristic of the logarithm of any 
positive number less than 1. Hence we have the following 
rule. 

Rule III. The characteristic of the logarithm of a {positive) 
number less than 1, is negative, and is 7iumerically 1 greater 
than the nwnher of zeros between the decimal point and the first 
sig'nifica7it figure. 

Thus, the characteristic of log .0076 is —3; that of log .28 is — 1. 

Note. The logarithm of a negative number is an imaginary quan¬ 
tity (as shown in higher mathematics), and hence we shall consider 
here the logarithms of positive numbers only. 

58. Usual Method of Writing a Negative Characteristic. 

In § 57 we saw that 

log .236=-1+0.3729 

If we add 10 to this quantity and at the same time sub¬ 
tract 10 from it we do not change its value, but we give 
it the new form 

9+0.3729-10, 

which is the same as 9.3729 — 10. That is, we may write 
log .236 = 9.3729-10. 

This is the form used in practice. 

Likewise, instead of writing log .0236=—2+0.3729 (see 
§ 57) we write in practice 

log .0236 = 8.3729-10, 



106 


COLLEGE ALGEBRA 


[VII, § 58 


and similarly we write 

log .00236 = 7.3729-10. 

Thus, the usual method of expressing the characteristic 
whose value is —1 is to write 9—10 for it; if it is —2, we 
write 8—10 for it; if it is —3, we write 7—10 for it, etc. 

Por example, log .0076 has the characteristic 7-10. 

EXERCISES 

State, by Rule III, § 57, the value of the characteristic of the loga^ 
rithm of each of the following; state how it would be written if expressed 


in the usual form described in § 58. 

1. .06 -2, or 8-10. Ans. 6. .0835 

2. .0071 7. .4578 

3. .81 ^ 8. .00875 

4. .00053 ' 9. .15681 

6. .835 10. .00005 

How many zeros lie between the decimal point and the first sig¬ 
nificant figure of a number when the characteristic of its logarithm is 
- 11. -3 13. -5 15. 7-10 

12. 9-10 14. 8-10 16. 6-10 


59. Determination of Mantissas. Use of Tables. Sup¬ 
pose we wish to determine completely the value of log 187. 
By Rule II, § 56, we know that the characteristic is 2. To 
find the mantissa, we turn to the tables (p. 108) and look in 
the column headed IST for the first two figures of the given 
number, that is, for 18. The desired mantissa is then to be 
found on the horizontal line with these two figures and in 
the column headed by the third figure of the given number; 
that is, in the column headed by 7. Thus in the present 
case the mantissa is found to be .2718 

Note. For brevity, the decimal point preceding each mantissa is 
omitted from the tables. It must be supplied as soon as the mantissa 
is used. 

The complete value (correct to four decimal places) of 
log 187 is therefore 2.2718 








VII, § 59] 


LOGARITHMS 


107 


Again, suppose we wish to determine log 27.G. Tlie etiar- 
acteristie (by § 50) is 1. Tlie mantissa., l)y Rul(‘ I, § o-l, is 
the same as that of log 27G; and th(‘ lat.tca*, as giviai in the 
tables, is .4409 TluTofore, log 27.1) = 1.4409 

As a last example^, siij)pos(‘ we wish to d(t (a*min(‘ log .0173 
The characteristic (l)y § 57) is —2, or 8-10. Th(‘ mantissa, 
])y the rule in § 54, is the sanu^ as that of log 173 and tlu^ 
latter, as ol)t.ain(‘(l from thc^ tables, is .2380 44i(*r(‘lor’(‘, 

log .0173 = 8.2380 —10. A7is\ 

These example's illustra.t(‘ how the tahh's iogt'llu'r with 
Rules II and III, §§ 5G, 57, <‘na.l)l(* us to d(‘t(‘rmiru‘ (*ompl(‘t<‘ly 
the logarithm of any numb(‘r provid('d it contains no mon^ 
than thrcH^ signifnaint- figun's. W(^ may now summarize' our 
results in the following ruh'. 

Rule IV. Jhul the logarithm, of a niimhvr of thrvv Hignifi-- 
cant figures: 

1. Look in the. c<dumn headed N for the first tiro Jignres of the 
given number. The mantissa will then he found on the hori¬ 
zontal line opposite these two figures and in the c(dinnn headed 
by the third figure of the given number. 

2 , Prefix the characteristic according to Rules 11 and III^ 
§§ 56, 57. 


EXERCISES 

Determine the logarithm of each of th(^ following nuinlx'rs, ex]>n'ssing 
all negativ(^ <*.hara.et,eristi(‘H as (‘.xplained in § oH. 


1. 

501 

2. 

217 


3. 

2H() 


4. m) 

6. 

72.5 

[Hint to Hx. 5. 

Not.e 

how log 27 

was o1>iained 

6. 

7.25 

7. 

03. 


8. 

9. 


9. Am 

10. 

.930 

11. 

.0030 

[Hint. 

Write 

!w .0(i;{r)()l 

12. 

7550. 


16. .: 

35 



18. 

.()(Kik;!1 

13. 

.071 


16. 5 

5.7 



19. 

1 - 

14. 

.7 


17. 2 

5,300 



20. 

«> 
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1 


B 



4 




8 

9 

1 C 

0000 

0043 

0086 

0128 

0170 

0212 

0253 

0294 

0334 

0374 


0414 

0453 

0493 

0531 

0569 

0(507 

0645 

0682 

0719 

0755 

13 

0792 

0828 

0864 

0899 

0934 

0969 

1004 

1038 

1072 

1106 

13 

1139 

1173 

1206 

1239 

1271 

1303 

1335 

1367 

1399 

1430 

14 

1461 

1492 

1523 

1553 

1584 

1614 

1644 

1673 

1703 

1732 

15 

1761 

1790 

1818 

1847 

1875 

1903 

1931 

1959 

1987 

2014 

16 

2041 

2068 

2095 

2122 

2148 

2175 

2201 

2227 

2253 

2279 

17 

2304 

2330 

2355 

2380 

2405 

2130 

2455 

2480 

2504 

2529 

18 

2553 

2577 

2601 

2625 

2648 

2672 

2695 

2718 

2742 

27G5 

19 

2788 

2810 

2833 

2856 

2878 

2900 

2923 

2945 

2967 

2989 

20 

3010 

3032 

3054 

3075 

3096 

3118 

3139 

3160 

3181 

3201 

21 

3222 

3243 

3263 

3284 

3304 

3324 

3345 

3365 

3385 

3404 

22 

3424 

3444 

3464 

3483 

3502 

3522 

3541 

35()0 

3579 

3598 

23 

3617 

3636 

3655 

3674 

3692 

3711 

3729 

3747 

3766 

3784 

24 

3802 

3820 

3838 

3856 

3874 

3892 

3909 

392T 

3945 

3962 

25 

3979 

3997 

4014 

4031 

4048 

4065 

4082 

4099 

4116 

4133 

26 

4130 

4166 

4183 

4200 

4216 

4232 

4240 

4265 

4281 

4298 

27 

4314 

4330 

4^146 

4362 

4378 

4393 

4409 

4425 

4440 

4456 

28 

4472 

4487 

4502 

4518 

4533 

4548 

4564 

4579 

4594 

4609 

39 

4624 

4639 

4654 

4669 

4683 

4698 

4713 

4728 

4742 

4757 

30 

4771 

4786 

4800 

4814 

4829 

4843 

4857 

4871 

4886 

4900 

31 

4914 

4928 

4942 

4955 

4969 

4983 

4f)97 

5011 

5024 

5038 

32 

5051 

5065 

5079 

5092 

5105 

5119 

5132 

5145 

5159 

5172 

33 

5185 

5.198 

5211 

5224 

5237 

5250 

5263 

5276 

5289 

5302 

34 

5315 

5328 

5340 

5353 

5366 

5378 

5391 

5403 

5416 

5428 

35 

5441 

5453 

5465 

5478 

5490 

5502 

5514 

5527 

5539 

5551 

36 

5563 

5575 

5587 

5599 

6611 

5623 

5635 

6647 

5658 

6670 

37 

5682 

5694 

5705 

5717 

5729 

5740 

5752 

5763 

5775 i 

5786 

38 

5798 

5809 

5821 

5832 

6843 

5855 

5866 

5877 

5888 

5899 

39 

5911 

5922 

5933 

5944 

5955 

5966 

5977 

5988 

5999 

6010 

40 

6021 

6031 

6042 

6053 

6064 

6075 

6085 

6096 

6107 

6117 

41 

6128 

6138 

6149 

6160 

6170 

6180 

6191 

6201 

6212 

6222 

42 

6232 

6243 

6253 

6263 

6274 

6284 

6294 

6304 

6314 

6325 

43 

6335 

6345 

6355 

6365 

6375 

6385 

6395 1 

6405 

6415 

6425 

44 

, 6435 

6444 

6454 

6464 

6474 

6484 

6493 

6503 

6513 

6522 

45 

6532 

6542 

6551 

6561 

6571 

6580 

6590 

6599 

6609 

6618 

46 

6628 

6637 

6646 

6656 

6665 

6675 

6684 

6693 

6702 

6712 

47 

6721 

6730 

6739 

6749 

6758 

6767 

6776 

6785 

6794 

6803 

48 

6812 

6821 

6830 

6839 

6848 

6857 

6866 

6875 

6884 

6893 

49 

6902 

6911 

6920 

6928 

6937 

6946 

6955 

6964 ! 

6972 

6981 

50 

6990 ' 

6998 1 

7007 

7016 

7024 

7033 

7042 

7050 

7059 

7067 

51 

7076 

7084 

7093 

7101 

7110 

7118 

7126 

7135 

7143 

7152 

52 

7160 

7168 

7177 

7185 

7193 

7202 

7210 

7218 

7226 

7235 

53 

7243 

7251 

7259 

7267 

7275 

7284 

7292 

7300 

7308 

7316 

54 

7324 

7332 

T340 

7348 

7356 

7364 

7372 

7380 

7388 

7396 
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60. To Find the Logarithm of a Number of More Than 
Three Significant Figures. Suppose we wish to determine 
log 286.7 Here we have four significant figures, while our 
tables tell us the mantissas of numbers having three (or 
less) significant figures (as in § 59 and in the preceding ex¬ 
ercises). In such cases we proceed as follows. 

From the tables on pp. 108-109 we have 
log 286 = 2.4564 ] 

log 286.7 = ? ^-Difference = 2.4579 — 2.4564 = .0015 
log 287 = 2.4579 J 

Since 286.7 lies between 286 and 287, its logarithm must 
lie between their logarithms. Now, an increase of one unit 
in the number (in going from 286 to 287) produces an increase 
of .0015 in the mantissa. It is therefore assumed that an 
increase of .7 in the number (in going from 286 to 286.7) pro¬ 
duces an increase of 

.7 of .0015, or .00105, 

in the mantissa. 

Therefore, 

log 286.7=2.4564+.7 of .0015 = 2.4564+.00105 = 2.45745, 
so that 

log 286.7 = 2.4574 (approximately). Ans, 

In practice the answer is quickly obtained as follows: 

The difference between any mantissa and the next higher 
one ia the table (neglecting the decimal point) is called the 
tabular difference. The tabular difference in this example is 

4579-4564, or 15. 

Taking .7 of this, we obtain 10.5, which (keeping only the first 
two figures) we call 10, and adding this to 4564 we find 4574. 
This, therefore, is the required mantissa of log 286.7, so that 

log 286.7=2.4574 (approximately). 
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Similarly, in finding log 2S6.75 the tabular difference (as liefore) 
is 15. Taking .75 of 15 gives 11.25, which (keeping only two figure.s) 
has the approximate value 11. 

Hence the mantissa of log 2S6.75 is 4504-1-11=4575. Therefore 
log 286.75 =2.4575 Ana. 

Below arc two cxampkss further illustrating how tlie above 
processes are quickly carried out in ])ractice. Tlu^ stiuhait 
should form tlie habit of writing tlie work in tliis form. 


Example 1. Determine the value of log 4S.731 

Solution. Mantissa of log 487 == 0875 1 ^ , , ..... 

^ } l aliular difTerence 9 

Mantissa of log 488 = (>884 J 

.31X9 = 2.79 = 3 (jipi)roximat(4y). 

Hence 

inantissa of log 48.731 =--0875+3=0878. 


Tlierefore 


log 48.731 = 1.0878. Ann. 


Example 2. Determiru*. tlu^ valuer of log .013403 

Soi^UTiON. Mantls.sa of 134--1271 \ ,,, , , ..... 

/ I ahular dilTerencc^ = 32. 

Mantis.saof 135 = 1303 J 

.03 X32 = .90 = 1 (approximjitely). 

Hence 

mantissa of log .013403 = 1271+1 = 1272. 

Therefore 

log .013403=-2+.1272 =8.1272-10. Ans. 

Note. The process which we have erni)loyed for d(4>(Tmining a 
mantissa when it does not actually occur in tlie tabh's is c.alliui infer- 
polation. When examined carefully, it will he w'.en that tlu*. pnxa^ss is 
based upon the assumption that if a number is incr<niH(Hl liy any frac¬ 
tional amount of itself, the logarithm of the numlxr will liktnvisi^ b(* 
increased by the same fractional amount of itH(4f. llius, in finding Ihc*. 
mantissa of log 286.7 at the middle of p. 110, we assumed tliat the 
increase of .7 in going from 286 to 286.7 would be ae.(X)mi)ani(‘d by like! 
increase of .7 in the logarithm. Hu(4i an assumiition, though not 
exactly correct, is very nearly so in most cas(!s and is thtirefort! suffi¬ 
ciently accurate for all ordinary purposes. 
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Tables of logarithms much more extensive than those on pages 
lOS 109 have been prepared and are commonly used. See, for example. 
The Macmillan Tables. By means of these, any desired mantissa may 
usually be obtained as accurately as is necessary directly, that is, 
without interpolation. 

EXERCISES 

Obtain the logarithm of each of the following numbers. 


1. 

578.3 

12. 

.07235 

2. 

332.2 

13. 

745.23 

3. 

675.3 

14. 

132.36 

4. 

481.6 

16. 

51.745 

6 . 

956.7 

16. 

430.07 

6. 

22.17 

17. 

5.2178 

7. 

8.467 

18. 

4.2316 

8. 

3.706 

19. 

1.60S6 

9. 

2.408 

20. 

.14653 

10. 

2.767 

21. 

.074568 

11. 

.3456 

22. 

.00738 


61. To Find the Number Corresponding to a Given Loga¬ 
rithm. Thus far we have considered how to determine the 
logarithm of a given number, but frequently the problem is 
reversed, that is, it is the logarithm that is given and we wish 
to find the number having that logarithm. The method of 
doing this is the reverse of the method of §§ 59, 60, and is 
illustrated in the following examples. 

Example 1. Find the number whose logarithm is 1.9547 

Solution. Locate 9547 among the mantissas in the table. Having 
done so, we find in the column N on the line with 9547 the figures 90. 
These form the first two figures of the desired number. 

At the head of the column containing 9547 is 1, which is therefore 
the third figure of the desired number. 

Hence the number sought is made up of the digits 901. 

The given characteristic being 1, the number just found must be 
pointed off so as to have two figures to the left of its decimal point 
(Rule II, § 56). Therefore the number is 90.1 Ans. 
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Example 2. Find the number whose logarithm is 0.6341 

Solution. As in Example 1, we look among the mantissas of 
the table to find 6341. In this case we do not find exactly this mantissa, 
but we see that the next less mantissa appearing is 6335, while the one 
next greater is 6345. 

The numbers corresponding to these last two mantissas are seen 
to be 430 and 431 respectively. Whence, if x represents the number 
sought, we have 

Mantissa of log 430 = 6335 \ = 6 ^ 

Mantissa of log x — 6341 J * ^ Tabular difference = 10. 

Mantissa of log 431 =6345 J 

Since an increase of 10 in the mantissa produces an increase of 1 in 
the number, we assume that an increase of 6 in the mantissa will pro¬ 
duce an increase of or .6, in the number. 

Hence the number sought has the digits 4306. 

Since the given characteristic is 0, it is evident that the number 
must be 4.306 (§ 56). Ans. 

Note 1. The student will observe that in Example 1 the given man¬ 
tissa actually occurs in the tables, while in Example 2 it does not, thus 
making it necessary in this last case to interpolate. (See the Note 
in § 60.) 

Note 2, The number whose logarithm is a given quantity is called 
the antilogarithm of that quantity. Thus 100 is the antilogarithm of 
2; 1000 is the antilogarithm of 3, etc. 

EXERCISES 

Find the numbers whose logarithms are given below. 


1. 2.6656 

11. 3.7430 

2. 1.8351 

12. 0.5240 

3. 0.2742 

13. 0.6970 

4. 2.5855 

14. 9.7400-10 

6. 9.6830-10 

15. 8.3090-10 

6. 8.8028-10 

16. 7.5308-10 

7. 7.6425-10 

17. 9.0046-10 

8. 6.8842-10 

18. 8.0012-10 

9. 1.2517 

19. 3.4968-10 

10. 2.8583 

20. 5.9654-10 
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III. The Use of Logarithms in Computation 

62. To Find the Product of Several Numbers. The pro¬ 
cesses of multiplication, division, raising to powers, and ex¬ 
traction of roots, as carried out in arithmetic, may be greatly 
shortened by the use of logarithms, as we shall now show. 

Let us take any two numbers, for example 25 and 37, and 
determine their logarithms. We find that log 25 = 1.3979 
and log 37 = 1.5682 This means (§ 136) that 
25 = 101.3979 and 37 = 10i-5®2 

Multiplying, we thus have 

25X37 = 101-3979+1.6682 (§ Formula I) 

The last equality means (§ 51) that 

log (25 X 37) = 1.3979 -f 1.5682, 
or log (25X37) =log 25-Mog 37. 

Similarly, if we start with the three numbers 25, 37, and 18 
we can show that 

log (25X37X18)= log 25-t-log 37-flog 18. 

Thus we arrive at the following important rule. 

Eule V. The logarithm of a ■product is equal to the sum of 
the logarith'ms of its factors. 

Thus log (13X.0156 X99.8)=log 13-flog .0156-|-log 99.8 

The way in which this rule is used to find the value of the 
product of several numbers is shown below. 

Exampue 1. To find the value of 13X.0166X99.8 

Solution, log 13 =1.1139 

log .0166=8.1931-10 
log 99.8 =1.9991 

Adding, 11.3061-10, or 1.3061 

Hence, by Rule V, the logarithm of the desired product is 1.3061 
It follows that the product itself is the number whose logarithm is 
1.3061 When we look up this number (as in § 61) we find it to be 
20.23 Hence 13X.0156 X 99.8 = 20.23 (approximately). Am, 
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Example 2. To find the value of 

8.45 X .678 X .0015 X956 X .111 
Solution, log 8.45= 0.9269 

log .678= 9.8312-10 
log .0015= 7.1761-10 
log 956= 2.9805 
log .111= 9.0453-10 

Adding, 29.9600 -30 = 9.9600 -10. 

Hence, by Rule V, the logarithm of the desired product is 9.9600 — 10. 
Therefore the product itself is found (as in § 61) to be .912 (approxi¬ 
mately). Arts. 

These examples illustrate the following rule. 

Rule VI. To multiply several numbers: 

1'. Add the logarithms of the several factors, 

2. The sum thus obtained is the logarithm of the product 

3. The product itself can then he determined as m § 61. 

EXERCISES 

Find, by Rule V, § 62, the value of each of the following logarithms. 

1. log (38.2X6.31). 3. log (167X7.31 X.00456). 

2. log (6X4.21 X.0015). 4. log (3.81 X.00175X1.87). 

Find, by Rule VI, § 62, the value of the following products. Check 
your answer in Ex, 5 by multiplying out the long way as in arithmetic. 
Compare the two results and see how great was the error committed 
by following the short (logarithmic) method. Compare also the time 
required for the two methods. 

5. 56.8X3.47X.735 8. 34.56X 18.16X.0157, 

6. .975X42.8X3.72 [Hint. See § 60.] 

7. 896X40.8X3.75X.00489 9. 576.8X43.25X3.576X.0576 

10. 60.573X8.087X.008915X1.2387 

11. 23X23X23X23X23X23X23, (or 23’^). 

12. 1.2X2.3X3.4X4.5X5.6X6.7X7.8 

13. .31X5.198X6.831 X2.584X.00312X.07568 

14. Since 25X15 =375 we know by Rule V, § 62, that the logarithm 
of 25 added to the logarithm of 15 is equal to the logarithm of 375. 
Show that the values given in the tables for log 25, log 15, and log 375 
confirm this result. Invent and try out several other similar problems. 
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63. To Find the Quotient of Two Numbers. Let us take 
any two numbers, for example 41 and 29, and write their 

logarithms. We find 

log 41 = 1.6128 
log 29 = 1.4624 

These mean that 

41 = 101'!128 

and 29 = 10‘-«^‘ 

Whence, dividing the first of these equalities by the sec¬ 
ond, we obtain 

101-6128 

il- 29 =—= (| g, Formula V) 

j^QL4624 

The last equality means that 

log (41-^29) = 1.6128-1.4624 = log 41-log 29. 

This result illustrates the following general rule. 

Rule VII. The logarithm of a quotient is equal to the 
logarithm of the dividend minus the logarithm of the divisor. 
Thus log (467.3 4-.00149)= log 467.3-log .00149 
The way in which this rule is used is shown below. 

Example 1. To find the value of 2364-4.15 
Solution. log 236=2.3729 

log 4.15= 0.6180 
Subtracting 1.7549 

Hence the logarithm of the desired quotient is 1.7549 (Rule VII.) 
The number whose logarithm is 1.7549 is found (as in § 61) to be 
56.875 

Therefore 236-^-4.15 = 56.875 (approximately). Ans. 

Example 2. To find the value of 1.46-^.00578 

Solution. log 1.46 = 0.1644 = 10.1644-10 (See Note p. 117.) 

log .00578 = 7.7619-1 0 

Subtracting, 2.4025 

The number whose logarithm is 2.4025 is found to be 252.64 
Therefore 1.464-.00578=252.64 (approximately). Ans. 
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Thus we have the following rule. 

Rule VIII. To find the quotient of two numbers: 

1. Subtract the logarithm of the divisor from the logarithm 
of the dividend. 

2. The difference thus obtained is the logarithm of the quo¬ 
tient. 

3. The quotient itself can then be determined as in § 61. 

Note. To subtract a negative logarithm from a positive one, or to 

subtract a greater logarithm from a less, increase the characteristic of 
the minuend by 10, writing —10 after the mantissa to compensate. 
Thus, in Example 2, we wished to subtract the negative logarithm 
7.7619 — 10 from the positive one 0.1644 Therefore 0.1644 was written 
in the form 10.1644 — 10, after which the subtraction was easily per¬ 
formed. 

EXERCISES 


Find, by Rule VII, § 63, the value of each of the following logarithms. 
1. log (17-^8). 3. log (37.5-^.0018). 


2. log (218^7.15). 4. log (8.69-M13). 

Find, by Rule VIII, § 63, the value of each of the following quo¬ 
tients. Check your answer in Ex. 5 by dividing out the long way as 
in arithmetic. Compare the two results and see how great was the 
error committed by following the short (logarithmic) method. 


6. 246^-15.7 

6. 34.7-^5.34 

7. 389.7-^4.353 
[Hint. See § 60.] 

8. 45.67-^-38.01 


9. 3.25-^.00876 

[Hint. See Note in § 63.] 

10. 49.6-^87.3 
40.3X6.35 

3.72 


[Hint. Find the logarithm of the numerator by Rule V, § 62.] 


12 . 


.0036X2.36 

.0084 


13. 


24.3 X.695 X.0831 
8.40 X.216 


14. Since 27-4-9 = 3 we know, by Rule VII, § 62, that the logarithm 
of 9 subtracted from the logarithm of 27 is equal to the logarithm of 3. 
Show that the values given in the tables for log 9, log 27, and log 3 
confirm this result. Invent and try out several other similar problems 
for yourself. 
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64. To Raise a Number to a Power, Let us take any 
number, for example 25, and raise it to any power, say the 
fourth. We then have 25^ which means 25X25X25X25. 

Hence, by Rule V, § 62, we have 
log 25^ = log 25+log 25+log 25+log 25, or log 25^=4 log 25. 
This illustrates the following rule. 

Rule IX. The logarithm of any power of a number is 
equal to the logarithm of the number multiplied by the ex¬ 
ponent indicating the power. 

Thus log 3.17^® = 10 log 3,17; similarly, log .00174® = 6 log .00174 

The way in which this principle is used to raise a number 
to a power is shown below. 

Example 1. To find the value of 2.37^ 

Solution. log 2.37 =0.3747 
_4 

Multiplying, 1.4988 

Hence 

log 2.37^ = 1.4988 (Rule IX) 

The number whose logarithm is 1.4988 is found to be 31.535 
Therefore 

2.37^=31.535 (approximately). Ans. 

Example 2. To find the value of .856® 

Solution. log .856= 9.9325—10 
_5 

Multiplying, 49.6625 - 50 = 9.6625 -10 

The number whose logarithm is 9.6625 — 10 is .4597 
Therefore 

.856® = .4597 (approximately). Ans, 

Thus we have the following rule 
Rule X. To raise a number to a power: 

1. Multiply the logarithm of the number by the exponent 
indicating the power, 

2. The result thus obtained is the logarithm of the answer, 

3. The answer itself can then be determined as in § 61. 
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EXERCISES 

Find, by Rule IX, § 64, the value of each of the following logarithms. 

1. log 16® 2. log 3.12® 3. log .01762 4 30 044 

Find, by Rule X, § 64, the value of each of the following expressions. 

6 . 8.82® 

Check your answer by raising 8.82 to the third power as in arith¬ 
metic. Compare the two results and see how great was the error 
committed by following the short (logarithmic) method. 

6 . 4.12^ 7. 4.123^^ 

8 . .175® [Hint. See Ex. 2 in § 64.] 

9. 81®X .0152 [Hint. Combine the rules of §§ 62 and 64.] 

10 . 43 X 8.92 X. 075® 

8.76X53.9X4.5® 

2.32X3.15X5.14® 

[Hint. Use Rules VI, VIII, X.] 

12. Since 9® = 729 we know, by Rule IX, § 64, that three times the 
logarithm of 9 is equal to the logarithm of 729. Show that the values 
given in, the tables for log 9 and log 729 confirm this result. Invent 
and try out several other similar problems for yourself. 

66. To Extract Any Root of a Number. Let us take any 
number, for example 36, and consider any root of it, say the 
fifth; that is, let us consider 

Supposing X to be the value of the desired root, we have 
a:® = 36. 

Now the logarithm of the first member of this equality is 
equal to 5 log x by Rule IX. 

Hence 5 log x = log 36, or log x=} log 36. 

This illustrates the following rule. 

Rule XI. The logarithm of the root of a number is equal 
to the logarithm of the radicand divided by the index of the root 

Thus log =i- log 2.73; similarly, log \/.01685=4‘ -01685 

The way in which this principle is used to extract the roots 
of numbers in arithmetic will now be shown. 
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Example 1. To j&nd the value of -^85.2 
Solution. log 85.2 = 1.9304, 
so that ^ of log 85.2 = 0.4826 

Hence log -^85.2 = 0.4826 (Rule XI) 

The number whose logarithm is 0.4826 is 3.038 (§61) 

Therefore ->^85.2 = 3.038 (approximately). Ans. 

Example 2. To find the value of ->^.0875 
Solution. log .0875 = 8.9420—10, 

so that ^ of log .0875=1(8.9420-10) =1(48.9420-50) 

= 9.7884-10. (See Note below.) 

The number whose logarithm is 9.7884—10 is .6143 (§ 61) 

Therefore -^.0875 = .6143 (approximately). Ans. 

These examples illustrate the following rule. 

Rule XII, To find any root of any number. 

1. Divide the logarithm of the number by the index of the root. 

2. The quotient obtained is the logarithm of the desired root. 

3. The root itself can then be determined as m § 61. 

Note. To divide a negative logarithm, write it in a form where 

the negative part of the characteristic may be divided exactly by the 
divisor giving —10 as quotient as in Example 2. 


EXERCISES 


Find, by Rule XI, § 65, the value of each of the following logarithms. 
1. log -v/16. 2. log ^^/zl2 3. log ■'i/'Wil 4. log -^^38^ 


Find, by Rule XII, § 65, the value of each of the following expres¬ 
sions. Check your answer nn Ex. 5 by extracting the square root of 
315 (correct to three decimal places) as in arithmetic. Compare the 
two results and see how great was the error committed by following 
the short (logarithmic) method. 


6. V3l5 

6 . 

7. 

8 . 

[Hint. See Example 2 in § 65.] 


9. v^8.76X.0153 

[Hint. Use Rules IX and XI.] 

10 . 

[576X9.132 

'3.8X5.323' 
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APPLIED PROBLEMS 


Solve the following exercises by logarithms. 

1. How many cubic feet of air are there in a schoolroom whose 
dimensions are 50.5 ft. by 25.3 ft. by 10.4 ft.? 

2. How many gallons will a rectangular tank hold whose dimensions 
are 8 ft. 10 in. by 9 ft. 3 in. by 10 ft. 1 in.? 

3. How much wheat will a cylindrical bin hold if the diameter of 
the base is 9 ft. 5 in. and the height is 40 ft. 4 in.? 

4. How much would a sphere of solid cork weigh if its diameter 
was 4 ft. 3 in., it being known that the specific gravity of cork is .24? 

[Hint. To say that the specific gravity of cork is .24 means that 
any volume of cork weighs .24 times as much as an equal volume of 
water. Water weighs 62.5 pounds per cubic foot.] 


6. The diameter d in inches of a wrought-iron shaft required to 
transmit h horse-power at a speed of n revolutions per minute is given 


by the formula d = Find the diameter required when 135 horse¬ 

power is to be transmitted at a speed of 130 revolutions per minute. 


6. A wire 135 feet long is suspended from two poles of equal height 
placed 130 feet apart. Compute the sag, using the formula of Ex. 20, 
page 42. 


7. If the three sides of a triangle are of lengths a, h, c respectively, 
and we place s =-^(a-l-54-c), then the area is expressed by the formula 

A = a/ s{s—a){s~b)(s—c). 


Determine the area of the triangle whose sides are 3.15 inches, 
4.87 inches and 2.68 inches. 


8. The height H of a mountain in feet is given by the formula 


H=49,000/f-^') / 1+^^), 

\R+r/ V 900 / 

where Rj r are the observed heights of the barometer in inches at the 
foot and at the summit of the mountain, and where T, t are the observed 
Fahrenheit temperatures at the foot and summit. 

Find the height of a mountain if the height of the barometer at 
the foot is 29.6 inches and at the summit 25.35 inches, while the tem¬ 
perature at the foot is 67° and at the summit 32°. 
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66. Solution of Exponential Equations. The equation 

( 1 ) 2 ^= 32 , 

wherein the unknown number, x, appears in the exponent, is 
an example of an exponential equation. In the present 
instance, the equation may be solved immediately by inspec¬ 
tion, X being equal to 5, since 2®=32. But if, instead of (1), 
we start with the following equally simple exponential equa¬ 
tion 

(2) 2^=48 

the value of x can be obtained only approximatively, and 
its determination involves the use of logarithms in the 
manner shown below: 


Solution. 

Therefore 


Taking the logarithm of each member in (2), 
X log 2=log 48. (Rule IX) 


log 48 1.6812 
log 2 "O.SOIO 


=5.58+ Ans. 


EXERCISES 

Solve each of the following exponential equations, using logarithms. 


1. 4^ = 10. 

2. 2^ = 80. 

3. 3P=23, 

4. .2^=3. 

6. 13^ = .281 


6 . 32^-20*3^+99 = 0. 


[Hint. 32^-20-3^+99 = 
(3^-9) (3^-11). 


7. 

8. 


f3- = 2^, 
12^=2/. , 
f 2^+2/= 6, 
l2'^+^=32/. 


IV. General Logarithms 

*67. Logarithms to Any Base. In § 51 we defined the logarithm 
of a number as the powder to which 10 must be raised to obtain that 
number. Thus, from such equalities as 102 = 100, 10^ = 1000, etc., we 
had log 100=2, log 1000 = 3, etc. Strictly spealdng, this defines the 
logarithm of a number io the base 10, or, as it is usually called, a common 
logarithm. 

We may and frequently do use some other base than 10. For 
example, since 82 == 9 ^ 33 = 27 , 3^=81, etc., we can say that the loga^ 
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rithm of 9 to the base 3 is 2, the logarithm of 27 to the base 3 is 3,the 
logarithm of 81 the base 3 is 4, etc. The usual way of denoting this is 
to write logsQ =2, log 327 = 3, logsSl =4, etc. The number being used as 
the base is placed to the right and just below the symbol log. 

Similarly, we have log 2 l 6 = 4, logs64 = 2 , log5l25==3, etc. 

Thus we have the following general definition. The logarithm of 
any number x to a given base a is the power of a required to give x. It is 
written log^x. Any positive number except 1 may be used as the base. 

Rote. When the base a is taken equal to 10 (that is, in the usual 
case) we write simply log x instead of logjo^r 

^EXERCISES 

State first the meaning and then the value of 
1. log 24 . 2. log 28 . 3. log.jl 6 . 4. logsj. 

6. log2j. 6. log^^V- 7. log5.2 8. log832. 

* 68 . Logarithm of a Product. We can now show that Rule V, 
§ 62, holds true whatever the base. That is, if M and N are any two 
numbers, and a the base, then 

logaMA = logaM +logaV. 

Peoof. Let a;=logaM and 2 /=logaA. Then a^ = M and = 

(§ 67). Hence • a^^MNj or = But the last equality 

means that 

logaMiV'==a;+ 2 /===logaikr+logaW. (§ 67) 

*69. Logarithm of a Quotient. Rule VII, § 63, holds true whatever 
the base. That is, if M and N are any two numbers, then 
logaCiW -^N) =logaM-logaN. 

Proof. Let x = logaM and ?y —logrtW. Then a^ = iVf and a^^N. 
(§ 67). Hence, a^-^ay = M^N, or a^-^ = M-^N. But the last equality 
means that 

loga(M -f-W) =a;—?/=logaiW—logaV. 

*70. Logarithm of a Power of a Number. Rule IX, § 64, holds 
true whatever the base. That is, if M is any number and n any (positive 
integral) power, then 

logaiW^^=n logaikf. 

Proof. Let rc=logaM. Then a^ — M (§ 67) and hence = 

But the last equality means that 

loga —nx=7i loga M. 
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*71. Logarithm of a Root of a Number. Rule XI, § 65, 

whatever the base. That is, if ikf is any number and n any 
integral) root, then 

logo-V^logailf. 

Proof. Let a;=logaM. Then = ikf (§67) and hence 
or = v^M. But the last equality means that 

logo'V^M=^ = ^ logaM. 

*72. Summary. From the results established in §§ 67-71 
that Rules V-XII, §§ 62-65, are not only true when the base 
was there taken) but they are true for any base. Tables exist for 
bases other than 10, but we shall not consider them. 

Note. The reason why 1 cannot be used as a base is that ^ 
power is equal to 1, that is, we cannot get different numbers l>y 
1 to different powers. 

*73. Historical Note. Logarithms were first introduced hi: 
ployed for shortening computation by John Napier (1550-1 *• 
Scotchman. However, he did not use the base 10, this being 
by the English mathematician Briggs (1556-1631), who cot:i 
the first table of common logarithms. 

*74. Calculating Machines. The Slide-Rule. Machines hav* 
invented and are now coming into very general use, especially 1 >1! 
neers, by which the processes of multiplication, division, invo 
and evolution can be immediately performed. The construct 



Fig. 38. The Slide Rule 


these machines depends upon the principles of logarithms, 1: 
describe the machines and their methods of working would t.ii 
beyond the scope of this text. The simplest machine of this k 
the slide rule, the use of which is easily understood. A simpl< 
rule with directions is inexpensive and may ordinarily be securc;?ci 
booksellers. A full description of the instrument and its use m 
found in the Mctcrmllct/n Tables (The Macmillan Co,, New Yorl 













CHAPTER VIII 


COMPOUND INTEREST AND ANNUITIES 

75. Compound Interest. The interest whicli P dollars 
will bring at the end of one year if placed at the rate of interest 
^ is evidently PXi, or PL If the interest Pi thus rcHteived be 
added to the principal, or P, the new princii^al at the end of 
the first year is P+Pi, or 

(1) P(l+f). 

If the principal (1) be again allowed to draw interest for 
one year at the same rate the interest received will be 
P(l+?’)Xv‘, or P(l + 0'4 if fi^i^ added (compounded) 
to the former principal (1), the amount of the princix)al at 
the end of the second year becomes P(l+f)+'^^(I+'Qb which 
may be written P(l+'0(l+'^’)j or 

(2) P{i+iy. 

Similarly, the amount at the end of the third year is 

P(l+^)^ 

and, in general, we have the following formula for tlu,^ amount 
A,i which will be realizc^l from a principal P ])y compounding 
the interest upon it annually for n years at the rate i: 

(3) A„=P(l+zr. 

Example 1. What will be the amount of ,1225 loaned for 5 years 
at 8 % compound interest? 

Solution. Here F = 225, f = .08 and n==5. Hence, using the 
formula, we find A 5 =225 (1 .08)^’=225 X1.08^'. 

The actual computation of A is now best carried out by logarithms. 
Thus, taking the logarithm of each member of the last equation, we 
have, by Rules V and IX, §§ 62, 64, 

log AG=log 225+5 log 1.08 = 2.3522+5X0.0334 
=2.3522+0.1670 = 2.5192 
Therefore, by § 61, ^5 = 1330.50 Ans. 

125 
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Example 2. What principal wiU amount to $1000 in 10 years at 
5 % compound interest? 

Solution. Here Ajo = 1000, P = 2,i = .05, n = 10 so that the formula 
gives 1000 = P(l-f .05)^^ = P(1.05)^°. The problem thus resolves itself 
into solving this equation for P, and this is most readily done by use 
of logarithms as follows: 

log 1000 =log P+10 log 1.05 

Hence log P—log 1000—10 log 1.05 = 3—0.2120 = 2.788 Therefore, 
6 y §61, P=$613.70 Ans, 


EXERCISES 

1. Find the amount of $400 for 10 years at 3% compound interest. 

2. Find the amount of $100 for 20 years at 6% compound interest. 

3. What principal loaned at 4% compound interest will amount to 
$1500 in 10 years? 

4. What sum of money invested at 4% compound interest from a 
child’s birth until he is 21 years old will yield $1000? 

6 . In what time will $800 amount to $1834.50 if put at compound 
interest at 5%? 

[Hint. Note that the unknown time becomes determined by an 
exponential equation which can be solved as in § 66.] 

6 . How long will it take a sum of money to double itself at 5% 
compound interest ? 

7. What is the rate per cent when $300 loaned at compound interest 
for 6 years wiU yield $402? 

8 . Solve the formula for n in terms of A, P, and i. 

9. Construct a graph to show the compound amount of 1 dollar at 
6 % as the time varies. 

10. If, instead of the interest being compounded annually as in 
the formula of § 67, it is compounded m times a year, show that the 
formula becomes 



11. In how many years will $300 amount to $400 at 6% compound 
interest, the interest being compounded quarterly? 

12. What sum should be deposited in a bank paying 4% compounded 
semi-annually in order to discharge a debt of $7430 due ten years 
later. 
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76. Annuities. An annuity is a series of ('qua! ])ayinenis 
made at e(|iial intervals during*; a fixcal ])eri()d of For 

convenienee, tlie first payment will luax' ]>(‘ r('‘>;ard{‘d as nuuk^ 
at the end of the first ycar^ t-lic st^eond payment, at. i.ht‘ end of 
ilie second year, etc. 

Thus, if A has a, lifo insunuice in the form of an annuity in 

case of death to B of $1000 a. yea.r for 10 y(‘a.rs, tluai at. t h(‘ laul of tlu^ 
first year aft.er A’s death tln^ coinpaii}" issuiiifi; th{‘ policy is to pay B 
$1000, and a like paynumt is to made at. the taid of lh<‘ s(‘cond y(‘ar, 
third year, (dc., u]) to tlie end of the Uaith year. I'A'idiaitly, if int(‘n‘st 
he tak(‘n into account, such a. ])olicy will h<‘ worth more to B than tlK‘ 
mere total of $10,000 thus received, sinc(‘ h(' may during lh(‘ 10 y(*ars 
be reinvc'stin^ the various payments so as to rec(‘iv(* additional ndurns. 

The followhifi; finukinumtnl tiiccdu'rn.l proldidti tliiis ans(‘s. 
If we represent tlie amount of (‘a.ch paynuoit b}' a, th(‘ num¬ 
ber of yearly ])ayments by n a.nd ilu' inler(‘st. raU^ I)}' /, what 
will 1)0 i.he accumulalxMl value K„, of th(‘ annuity at the end 
of the n yea,rs? Tlu' answiu*, (‘X])r(‘ss(‘d as a. formula for in 
terms of a, n and q is naidily obl.aimul as follows. 

Ilsing the formuhi of § 75, w(‘ s(‘(^ tliaf. th(‘ accumulated 
values of the first, sc'.cond, •••?tth ])aym(dds will b(u 

••*7 a(l-f-7)y r/(l+?.), a. 


The desired value, F,,, is t.licn^fore tlie sum of thes(‘ n 
expressions. But they ar(‘, s(‘(‘ti to form a gt^omcd rii* ])rog;n‘s- 
sion whose first term is a and whos(‘ common ratio is (l+i). 
The sum is tlua'C'foro ndulily (‘xpix^sial by us(‘ of thc^ fii’sl. 
formula in § 39, which gives 


(4) 




By the present value of an annuity of a dollars ])(‘r 
annum is meant the amount in ca.sli that, om^ could afford to 
pay for the privilege of receiving t.hc‘ iiaynuaits in th(‘ir rt'gular 
order. A second fundamental i^robkan thus aris(‘s: What 
is the present value P of an annuity of payable in n yearly 
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installments when the interest rate is if This again may be 
answered by simple considerations based on the properties 
of a geometric progression. Thus, the present value of the 
first payment can be obtained from the formula of § 75 
by placing m it A=a, n=l and solving for P, thus giving 
Similarly, the present value of the second payment 
is that of the nth payment being (l+i)~”. The 

desired value of P is therefore the sum of these, or 




+a{l+i)~ 


This being a sum of terms forming a geometric progression, 
its value can be readily expressed as before by the first 
formula of § 39, which gives as the desired formula 

l-d+f)-" 


( 5 ) 


Pn=a- 


EXERCISES 

1. What will be the accumulated value of an annuity of SlOO for 
10 years at 6%. 

Solution. [(l+i)”-l]=^ [(1.06)“-!]. 

By logarithms, (1.06)^® is found to be 1.7904, hence (1.06)^° — ! = 
0.7904 Therefore 

log Fio=log lOO+log 0.7904-log .06 

= 2 + (9.8978 -10) - (8.7782 -10) =3.1196 

Hence Vio =$1317, the accumulated value of the annuity. Ans. 

2. What is the present value of an annuity of $300 for 10 years 
at 6%? 

3. How much must a man save annually and deposit in a savings 
and loan company paying 5%, compounded annually, in order to pay 
off a mortgage of $2000 after 5 years? 

4. A man buys a house and lot, paying $1500 down and agreeing 
to pay $1000 annually for the next 4 years. What is the equivalent 
cash price if money is worth 6% per year? 

[Hint. Note that the $1500 payment is not a part of the annuity.] 
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6. It is estimated that a certain mine will be exhausted in 10 years. 
If the mine yields a net annual income of $10,000, what would be a fair 
purchase price, money being worth 5% ? 

6. Show that if, instead of the installments being mad^» annually, 
they are made m times a year and the interest compounded at each 
payment, then the two formulas of § 76, remain the same except that 
%/m is to be substituted for i and mn for n. 

7. Using the results of Ex. 6, answer the following question: A 
piano is sold for $100 cash and $50 to be paid semi-annually for 3 years. 
What is the equivalent cash price, if money is worth 6%, compounded 
semi-annually ? 

8. A city is to issue" 20-year bonds to the amount of $100,000 for 
the erection of public schools and it is desired to establish a ^‘sinking 
fund’’ to provide for the extinction of the debt when due. How much 
must be deposited in the sinking fund at fche end of each year, money 
being worth 4% and compounded annually ? 

9. A student borrows $500 at the beginning of each of his four col¬ 
lege years, agreeing to pay the debt with 6% interest in 4 annual pay¬ 
ments, the first being due 5 years after the first $500 was borrowed. 
What will be the amount of each payment? 

10. The beneficiary of a $5000 life insurance policy is to receive ten 
equal annual payments, the first to be made when the policy matures. 
Find each payment if money is worth 4% compounded annually. 

11. A debt of $5000 with interest at 6% was contracted on Jan. 
1, 1916. On Jan. 1, 1917, $1,000 was paid and on Jan. 1, 1918, $2,000 
was paid. It was then arranged to pay the remainder in 3 annual in¬ 
stallments, the first of which should be payable Jan. 1, 1910. How 
much was each installment ? 

12. How much should be invested at the end of each year to dis¬ 
charge a non-interest bearing debt of $10,000 due in 10 years, interest 
being 4%? 

13. A bank pays $940 for a non-interest bearing note due in 1 year. 
If the face of the note is $1000 what rate of interest is involved? 



CHAPTER IX 

MATHEMATICAL INDUCTION-BINOMIAL THEOREM 

77. Mathematical Induction. Tho three following purely 
arithmetic relations arc easily seen to Ix'. true: 

i+2=:i(2+i), 

1+2+3= 2(3 + 1 ), 

1+2+3+4 = 2 (4+1). 

We might at once infer from these that if n be any positive 
integer, there exists the algebraic relation 

(1) 1+2+3+44- \-n=^-^{n-^l), 

the dots indicating that the addition of the terms on the left 
continues up to and including the numl)er 71 . ' 

For example, if n = 8, this would mean that 
1+2+3+4+54-6+7+8 = 1(8 + 1). 

Again, if n = 10, it would mean that 
1+2+3+4+5+6+7+8+9+10= l^’^ClO + l). 

That these are indeed true relations is diseovered as soon as we 
simplify them. Let the pupil convince liirnself on this point. 

It is to be carefully observed, however, that the inference 
just made, namely that (1) is true for any //-, is not yet justi¬ 
fied, for we have only shown that (1) holds good for certain 
special values of n, and we could never hopc^ to do more than 
this however long we continued to try out the formula in 
this way. 

Something more than a knowledge of si)ecial cases must always be 
known before any perfectly certain general infercn(‘-e (uin l)e made. 
For example, the fact that Saturday was cloudy for 38 weeks in suc¬ 
cession gives no certain information that it will be so on the 39th week. 

We shall now show how the general formula (1) may be 
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established free from all objection; that is, in a way that 
leaves no possible question as to its truth in all cases. 

Let r represent any one of the special values of n for which 
we know (1) to be true. Then 

(2) l+2+3+4+...+r=|(r+l). 

Let us add (r+1) to both sides. The result is 

H-2+3+4+-+r+(r+l) = ^(r+l) + (r+l). 

In the second member of the last equation we may write 

^(r+l) + (r+l) = (r+l)(^^+l) = (r+l)(^^) =^(r+2). 

while the first member has the same meaning as 

j l+2+3d-h(^+l)* 

Thus, (2) being given us, it follows that we may write 

r+1 

(3) l+2+3+4~l-l-(r+l) ==—^(r+2). 

But (3) is seen to be precisely the same as (2) except that 
r+1 now replaces r throughout. This means that if (1) is 
true when n = r, as we have supposed, then it holds true 
necessarily for the next greater value of n, which is r+1. 

The original fact which we wished to establish (namely, 
that (1) is true for any n) now follows without difficulty. 
In fact, we know (see beginning of this section) that (1) is 
true when n = 4, from which it now follows that it must be 
true also when n = 5. Being true when n = b, the same 
reasoning shows that it must be true also whenn = 6. Thus, 
we may reach any given integer n, however large it may be. 
Hence (1) is true for any such value of n. 

This method of reasoning illustrates what is termed 
mathematical induction. Another example of the process will 
now be given, in a more condensed form. 
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Example. Prove by mathematical induction that 

(1) 1 -1-3 +5 +7 -{-h (2^^—1) = = 0,'^y vomitive integer) 

Solution. When n = l, the formula gives 1 = 1^; when n=2, it 

gives 1-1-3=22; when n=3, it gives l-}-3-}-5 = 32, all of which arith¬ 
metical relations are seen to be correct. 

Let r represent any value of n for which the formula has been 
proved. Then 

(2) l-l-3-l-5-}-7-f--l-(2r-l)=r2. 

Adding (27--hi) to each member gives 

(3) H-3-h5-h7-h‘- + (2r-hl) =r2-h(2r-hl) =r2-h2r-hl = {r+l)\ 

But (3) is the same as (2) except that r has been replaced throughout 

by r+l. Hence, if (1) is true for any value of n, such as r, it is neces¬ 
sarily true also for that value of n increased by 1 . 

Now, we know ( 1 ) to be true when n = 3. (See above.) Hence it 
must be true when n=4. Being true when =4, it must be true when 
n = 5 , etc., and in this way we now know that ( 1 ) is true for any value 
(positive integral) of n whatever. 

EXERCISES 

Prove the correctness of each of the following formulas by mathe¬ 
matical induction, n being understood to be any positive integer. 

1. 2-h4-h6-h8-l-h2n=n(n-hl). 

[Hint. First try out for n = l, n = 2 , and n = 3. Let r represent a 
number for which the formula holds. Add 2(r-hl) to both members 
of the resulting equation and compare results.] 

Sn 

2. 3+6+9+12+-+3n=—(n+1). 

3. l2+2H32+42+-+n^=in(«+l)(2n+l). 

4. 22+4H62+-+(2re)2 =|»(n+l)(2n+l). 

6 . l®+2®+3*+#H - l-n?=inV+l)^- 

6. I , I I I I I ” 

1*2 2*3 3*4 7 i{n-\-\) 

7. 24-22-h23+2^-h--h2^=2(2’^-l). 

8 . Prove that if n is any positive integer, a^—h^ is divisible by a— 6 . 

[Hint. Since = (a-h), it follows that 

qT +1 _ If -f 115 ^ divisible by a —6 whenever — 6 ^ is divisible by a— 6 .] 

9. Prove that is divisible by a-\-h. 
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78. The Binomial Theorem. If we raise the binomial 
(a+x) to the second power, that is, find (a+xY, the result 
is a^+2ax+x^. Similarly, by repeated multiplication of 
(a+x) into itself, we can find the expanded forms for (a+xY, 
(a+xY, (a+xY, etc. The results which we find in this way 
have been placed for reference in a table below: 

{aY-xY = o?+2ax-\-x^. 

(a+x)^ = a®+3a2x+3ax2+x^. 

(a 4“ x) 4 + 4:0?x +6a V+4ax^+ 

(a+x) 5 = a^+5a%+1 Oa^x^ + lOa^x®+fiax^+x^. 

(a+x)® — a®++1 Sa^x^+20a^x^+15a“x^+6ax®+x®, etc. 

Upon comparing these, it appears that the expansion of 
[a+xY, where n is any 'positive integer^ has the following 
properties: 

1 . The exponent of a in the first term is n, and it decreases 
by 1 in each succeeding term. 

The last term, or may be regarded as (See § 8). 

2. The first term does not contain x. The exponent of x in 
the second term is 1 and it increases by 1 in each succeeding 
term until it becomes n in the last term. 

3. The coefficient of the first term is 1; that of the second 
term is n. 

4. If the coefficient of any term be multiplied by the exponent 
of a in that term, and the product be divided by the number of 
the term, the quotient is the coefficient of the next term. 

For example, the term which is the third term in the expansion 
of (a+x)^, has a coefficient, namely 6, which may be derived by mul¬ 
tiplying the coefficient of the preceding term (which is 4) by the exponent 
of a in that term (which is 3) and dividing the product thus obtained 
by the number of that term (which is 2). 

6. The total number of terms in the expansion is n+1. 
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The results just observed regarding the expansion of 
(a+xY, where n is any positive integer, may be summarized 
and condensed into a single formula as follows: 

(c+x)"= 


n(n-l) (n-2) 

1 • 2 • 3 


Qn-3^3_|-^ 


the dots indicating that the terms are to be supplied in the 
manner indicated up to the last one, or (?^+l)st. 

This formula is called the binomial theorem. By means 
of it, one may write down at once the expansion of any 
binomial raised to any positive integral power. 


That the formula is true in all cases, when n is a positive integer, 
will be proved in detail in § 80. We assume its truth here for those 
small values of n for which its correctness is easily tested. 

Example 1. Expand (a-{-a;)®. 

Solution. Here n=6, so the formula gives 


- « e 6*5*4 

(a+x)® = a®+6o®a:+^—^ aV+ ^ _ ^ ^ 

+tLLAlIll^ 

1 • 2 * 3 • 4 • 5 


aV + 


6 • 5 * 4 • 3 
1 • 2 • 3 * 4 


6*5*4*3*2*1 , 
• 2 ■ 3 • 4- 5 ■ 6®' 


Simplifying the various coefficients by performing the possible 
cancelations in each, we obtain 

(a+a:)® =ci®+6a^a;+15a^a;^+20a^a;^+15aV-}-6aa;^4-ic®. Ans. 

Note. It may be observed that the coefficients of the first and 
last terms turn out to be the same; likewise the coefficients of the second 
and next to the last terms are the same, and so on symmetrically as 
we read the expansion from its two ends. 


Example 2. Expand (2—m)®. 

Solution. Here a = 2, a;= —m, and n==5. The formula thus gives 


(2—m)^=2^+5 • 2^(—m)+“—“ * 2^(—m)^+^—^^ • 2^(— 
JL*2 JL*^*o 


1 • 2 ■ 3 - 4 


, 5 • 4 • 3 • 2 • 1 ^5 

^ -(— 

1 . 2 • 3 • 4 * 5 
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Simplifying the coeMicicnts (as in Exam|)le 1), this becomes 

(2-mf = 2'’+5 • 2-H~w)+10 • 2'\~m)2+10 • 2\-7Nf 

+5 • 2 (— 

Making further simplifications, we obtain 

(2 »- 7 //= 32 - S0//Z. +80'//r -40m^ -f lOm"^ -. Ana. 

Note, ''riie result for (2—ir)*'* is the same as tliat for (2+:r)^' exc(‘pt 
that th(^ signs of th(^ terms are alternately positive and negative inst.(‘ad 
of all ]>()sit.ive. A similar remark applies to the ex])ansion of (iV(‘ry 
liinomial of the form as compared to that of (a+a*)". 


EXERCISES 


hlxpand ea 

(4i of the following powers. 

1. 


9. 

(a"—ar)'*. 

2. 

(«+^)'‘. 

10. 

(2a+l)‘‘. 

3. 

U—vf- 

11. 

{x-Mjf. 

4. 

(a-hf. 

12. 

(l+a“)“. 

6. 

(2 +r)‘h 

13. 

(1 -:r)«. 

6. 


14. 

(x-i)*'. 

7. 


16. 

(;i«^-!)•*. 

8. 

{d^+x)\ 

16. 

(a+:r)’®. 



19. (v/ia+A/Pj'*. 



79. The General Term of (a+jc)”. The tliird tt^rni in the 
expansion of (a+rr)'', as givcm by the formula in § 78, is 
7i('n.— 1) 

'YY 


(third ter^n). 


Obsei-ve that tlie exponent of x is 1 less than thc^ numlxa’ 
of the term; tlu^ ex])onont of a is 7i minus the ex|)on(‘nt 
of X] th('. last factor of the (hniominator equals tlie exporunit 
of x; in the nunu^rator thcux^ are as many factors as in tlu‘ 
denominator. 

Precisely the same statements can be made as rc^gards 
tlie fourth term, or 


n(n- 


■l)(n-2) 

■---a'' ' 


'V. (fourth terrri). 


12-3 
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rfh ierm^- 




In the same way, it appears that the above statements can 
be made of any term, such as the rth, so that the formula for 
the rth term is 

n(n~l)(n-2)...(n~r + 2) 
1.2.3..(r-l) 

Example. Find the 7th term of (26—c)^^. 

Solution. Here 

a=26, x = (—c), ?i = 10, and r = 7. 

Therefore (using the formula), the desired 7th term is 


Seventh term = 


10 • 9 • 8 • 7 • 6 • 5 


1-2-3-4-5-6 
=210(26)^(-c)®=33606V. Ans, 




EXERCISES 

Find each of the following indicated terms. 

1. 5th term of (a+a;)^. 

2 . 6th term of {x—y)^. 

3. 7th term of (2+a;)^. 

4. 10th term of (m— 

6. 6th term of 
6 . 20th term of (l+x)^. 


7. 6th term of 


8. 9th term of 




9. 5th term of 
10. 4th term of (2\/2“ 


H, 

(--t\ 

\y xj 


80. Proof of the Binomial Theorem. The way in which 
the binomial formula was established in § 78 is, strictly 
speaking, open to objection because we there made sure of 
its correctness only for certain special values of n, such as 
72 ,=2, n=3, n=4, and n=5. Though the formula holds 
true, as we saw, in these cases, it does not foUow necessarily 
that it is true in every case, that is, for every positive integral 
value of n. We can now establish this fact, however, by the 
process of mathematical induction, when n is a positive 
integer. 

Let m represent any special value of n for which the for- 
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mula has been established (as, for example, 2, 3, 4, or 5). 
Then we have 


(a+a;)“ = a"‘+jm" 


m(m- 




1 -2 




( 1 ) 


m{m—l) ••• r4-2) 




“^+...+x" 


Let us now multij^ly both members of this equation by 
a+x. On the left we ol)tain On the ri^'ht we shall 

have the sum of the two results olitained by multiplying the 
right side of (1) first by a and then by a*, that is we shall have 
the sum of the two following ex])ressions: 

+1 ^ - a'"“ d— 

1*2 


and 


+ 


rn (■»?, —1) •• 

‘i72r3 


• {m- 


r+2) 

-I) 


iU—T -S 2 ;*• 

a ^ X 


'+■••+ax" 


a”‘x+raa“ 'x- + 


?«(■/«—1) ••• (■/«—r*+*3) 


1.2*3 *** (r-*-2) 




-1-h wax"' -l-.x' 


.m +1 


Adding these, and making tlu^ nairiral .sim})lifieatioii.s in 
the resulting coefrK'.i('nts of a"‘x, a"‘~'x-, ele., and ecpiating 
the final result to its equal on tlu^ k-ft (namely (a-f x)'""'"^ as 
noted above) gives 

(a*-bx)”‘+'=a“+'*-f {m+ l)a”‘x+-a"'-'xH • • ■ 


( 2 ) 


+ 


(m+ l)m* • •(7M-~r+3) 




m-r 




,M 1 


But (2) is precisely (1) exe(^pt for the substibifion of w(+l 
for ?n throughout. Hence, if the binomial formula holds for 
any special value of n, as m, it nc(^(^ssa.rily holds for tlu' iK'xt 
larger value, namely m+1. But w(^ havc^ alrcaidy obsca-vtal 
that it holds when n=5. It must, therefore, hold when 
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n=5+l, or 6. But if it holds when n=6, it must hkewise 
hold when n=6+l, or 7. Thus we may proceed until we 
arrive at any chosen value of n whatever. That is, the for¬ 
mula must be true for any positive integral value of n. 


*81. The Binomial Formula for Fractional and FTegative Exponents. 

In case the exponent n is not a positive integer but is fractional or 
negative, we may still write the expansion of {a-\-xy^ by the formula of 
§ 78, but it will now contain indefinitely many terms instead of coming 
to an end at some definite point; that is, we meet with an infinite series. 
(Compare § 41.) 

For example, 


^x^- 


1 • 2 




1 • 2 • 3 




^ I 1 —4 I ^ O I 'K 2 ^ 


-a 


= a~+ia -a;— 


a “^4** 


Here we have written only the first four terms of the expansion, but 
we could obtain the 5th term in the same way and as many others in 
their order as might be desired. 


82. Historical Note. The binomial formula for cases in which 
the exponent n is a positive integer was known to the early Greek and 
Arabic mathematicians, but its significance when n is fractional was 
first pointed out by Sir Isaac Newton (1642-1727). 

*83. Application. If in (a+.'r)’^ the value of x is small in comparison 
to that of a (more exactly, if the numerical value of x/a is less than 1) 
then the first few terms of the expansion furnish a close approximation 
to the value of (a-f-a:)’^. This fact is often used to find approximate 
values for the roots of numbers in the manner illustrated below. 

Example. Find the approximate value of -v/lO. 

Solution. Write ■\/T0= '\/9H-l= •\/(32+l) and expand this last 
form by the binomial formula. Thus (using the final result in the 
worked example of § 81), we have 

Vi0 = (32+l)^ = (32)*+i(32)-^- l-i(3V* • 12 +iV(3T^ • • 

_ 1 1 1 
’^2-3 8-3s'^16-3^’’""’ 

=3-1- .166666 - .004629 -f- .000257 =3.162294 (approximately). 
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01).servo that the value of -y/lO as given in f-he tal)les is 3.1()22cS, 
thus agreeing witli lEat just found so far as the first four phu^es of 
decimals are com^ernc^d. 

Whenever extra.ei.ing roots l^y this process we use the following 
general rule. 

Separate. Ihe given number into two pnrLs^ the first of lohich is the 
nearest perfect power of the same degree as the required rooty and expand 
the result hg the binonmd theorem. 


^EXERCISES 


Wrii(‘ the hrsi- four tcuTus in Ihe (‘.\})ansion of (‘ach of the following 
expressions. 


1. (a-h.r):»- 

2. ia~\~x) “• 

3. (l-Kr)J- 

4. (2 


6. f2«+^)''- 

6. (».•■’ 

7. Ay2-|-.r. 

8. A^'a+.r. 


9. Find by the formula in § 79 ih(‘ hth t(‘rm in the expansion of 
(a-f-r)-' 

Find the 

10. 5th term of (a+:r)i‘ 13. Oth term of 

11. 7th term of 1^* 10th t(Tin of V {;rd-y>'h 

12. 8th term of (1 -f 15* Oth term of ■v/2a.+h. 

Find the approximates valu(‘s of t.he following to six d(M-imal places 
and compare your results for th(‘ first, three exami>Ies with iJiosc; giv(‘n 


in the tables. 

16. vT7. 17. \/27. 18. 

19. S/ri. 20. <1^35. 


[Hint. Write 14 = 16 —2=2"^ —2.] 



CHAPTEK X 
FUNCTIONS 

84. The Function Idea. In ordinary speech we make 
such statements as the following: 

1. The area of a circle depends upon its radius. 

2. The time it takes to go from one place to another de¬ 
pends upon the distance between them. 

3. The power which an engine can exert depends upon the 
pressure per square inch of the steam in the boiler. 

Another way of stating these facts is as follows: 

1. The area of a circle is a function of its radius. 

2. The time it takes to go from one place to another is a 
function of the distance between them. 

3. The power which an engine can exert is a function of 
the pressure per square inch of the steam in the boiler. 

The idea thus conveyed by the word function is that we 
have one magnitude whose value is determined as soon as we 
know the value of some other one {or more) magnitudes upon 
which the first one depends. This idea is at once seen to be 
universal in eveiyday experience and for that reason it be¬ 
comes of great importance in mathematics.f In the present 
chapter we shall indicate briefly some of its most essential 
features, noting especially the significance of the idea when 
considered graphically. 

85. Types of Algebraic Functions. An expression of the 
form 

( 1 ) a,x+aiy 

where the coeflB.cients Uq and ai have any given values (except 
that Oo must not be 0) is called a linear function of x, 

fTKe extended formal study of the function idea enters into that 
branch of mathematics known as the Cdculvs, 
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Observe that every such expression depends for its value 
upon the value assigned to and is determined as soon 
as X is knovai. Hence it is a function of x> in the sense ex¬ 
plained in § 84. It is called a linear function since it is of 
the first degree in x. (Compare § G.) 

For cx£im])le, 2:r“{-3 is a linonr fniuition of x. Here we have t.he forni 
(1) in which ao = 2 and a{=3. Similarly, 3.r—2, x—4y -x-i-l and 3.r 
are linear functions of x. (Why?) 

Likewise, 3/+2 is a liiu'jir function of Z, while —r-j-S is a linear 
function of r, etet. 

As an example of ii linear function in everyday ex])cri{mce, suppose 
that in Fig. 39 ])ersou starts from th(‘ point P juul movers io the right 
at the rate of 15 miles per hour, and let Q he t.lu^ point 10 miles to the 



Fio. 39 


left of P. Then we imiy say that t.he disl.aiu^e of tfu^ t.raveku* from Q is 
a linear func-tion of th(^ tinu' he has Ixkui tniveling, for if t repr(\s(‘nt 
the number of hours he has Ixuni t.raveling, his distamut from P is 15^ 
(sec § 7, formuhi 4) iind lumce his <lisl.an(te from is 15/4" 10. This is 
a linear function of t, Ixang of th(‘form (1) in which a,,-15 a.nd 10. 

Likewise;, the interest whi(4i a given ])rincip£il, /', will yi(‘ld in one 
yejir is a linear fun(;tion of the rat(;, for, if r lx; tlx; raf.(‘, tlx* int(‘n‘st in 
question is given by the; formula PXr, or /V, arxl this is s<‘(‘n to lx; of 
the form (1) in whi(;h <it) — P, and ai = (), r being here the variable. 

An expression of the foriti 

(2) <Zo^“+aiX+ao, 

wliere ao, ai, and ^2 have any givcai value's ((;xcc'pt that Oo 
must not be 0) is called a quadratic function of x. 

For example, 2:c^+3a; —1 is a (piadnitic fumd.ion of x becatis(; it is 
of the form (2) in which a()==2, ai“3, no™—1. Likewise, 
ir‘^+4 ; —x^”l“3.r; 5;r'^; X“ ar(; quadratic func.tions of x. 

Again, we may say that the area of a sciuarc; is a cjuadratic fum^tion 
of the length of one side;, for if x be the length of side, the; art'a is a? 
and this is of the form (2) in which = ai = n^>==(). 

Similarly, tlie area of a circle is a quadratic funct ion of the radius r 
since it is equal to Trr^. 
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An expression of the form 
(3) 

where m, cti, ch and az have any given values (except that ao 
must not be 0) is called a cubic function of x. 

For example, 4x®—.r; a:?—2x^+1; 5a?; a?, etc. 

Again, we may say that the volume of a cube is a cubic function of 
the length of one edge. Also, the volume of a sphere is a cubic function 
of the radius r, since it is equal to |'7rr^. 

It may now be observed that the expressions (1), (2), and 

(3) are but special forms of the more general expression 

(4) CoX"+aiX”'"^+a2X"'^H-f-an-iX+a„, 

where it is understood that n can be any positive integer, 
while the coefficients ao, ai, a^, ••• have any given values 
(except that ao must not be 0). This is called the general 
integral rational function of x, or more simply, a polynomial 
in X, It reduces to the linear function (1) when n=l; to 
the quadratic function (2) when n = 2; etc. 

In addition to these, expressions such as 

•s/x, ^x, 3 

and others that involve powers and roots of x may occur in 
the expression of functions in algebra. 

EXERCISES 

1. Show that the thickness of a book is a linear function of the 
number of its pages. 

[Hint. Let x be the number of pages, d be the thickness of each 
page, and B the thickness of each cover. Now build up the formula 
for the thickness of the book and note which of the functional types 
in § 85 is present.] 

2. The supply of gasoline in a tank was very low, its depth being 
but 1 inch all over the bottom, when it was replenished from a pipe 
which delivered 3 gallons per minute. Show that the amount in the 
tank at any moment during the filling was a linear function of the time 
since the filling began. 
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3. Show that the foree which a steam engine has at any moment at 
its cylinder is a linear function of the ar<‘a of tlie piston; also that it is 
a linear function of the boihn* pressure of the stea.ni ])er s(}ua.re inch. 

4. A certain room (u)nta.ins a, numl)er of l()-(*a.ndl(vj)ower el(H*,tric 
lights and a numher of Welsl)a{h gas-1 )uriu‘rs. Show that- tlie a,mount 
of illumination at any time is a linear function of the numher of ele(d.ric 
lights turned on. Is this true regardless of the numlier of ga,s-hurncrs 
already lighted? 

6. Show that the ])erimeter of a scjuare is a linear funct-ion of i-he 
length of one side; also tliat tlie circumf(‘rene.e of a circle is a linea,r 
function of its radius. 

6. Show that if each side of a square be increased by x, tlic corre¬ 
sponding imaxnise in the area will be a qua.drat.ie- fune-tion of x. 

[Hint. Let a = the length of one side of tlu^ original sciuarc. Then 
the area is (r a,nd t.he area of the n(‘w s(iuare is Now formulat.e 

the cx})ression for the in.crc.ase in a.r(‘a,.] 

7. Show tlia,t if the radius of a circU^ be imax'.ased by x, the corre¬ 
sponding increase in ar(‘a, will he a cpiadratic funct.ion of x. 

8. Show that if tlie edg(^ of a. c-ube b(^ increascul by x i.h(‘. corres|)on(ling 
imrease in volume will ])c a (Mibi(^ fumdion of x. Sta-t(^ and prove the 
corresponding statement for a sph(u*{\ 

9. Sliow that if y varies dir(‘<‘t.ly as x (sec § 4S), then ;// is a lin<Mir 
function of x. Is the converse of (his s(.a-t.('ment necessarily true; uaimty, 
if y is a. liru'ar fune-tion of x, tlum y varies directly as x? 

10. Wlum // varies as the s(iuare of :r, t.o wliic-h one of the functional 
types m(‘.nt.ion(‘d in § 85 docs y Ixdong? Answer the sa,mc quest ion 
when y varies direftiy as tlui sum of X'\ 5.r2, and 3z. 

11. A (u*r(a,in linear fumt.ion of x. ta.kes the value 5 wluai .r ~1 and 
takes th(‘. value S when x~2. Determine th(^ form of the function. 

Solution. Since the fumtion is linear, it is of the form a,).r-boi. 
Since this (‘xpression must (by hypo(-hcsis) be equal to 5 wlaai x-- 1, w(^ 
ha.ve Likewise, i)lacingx™2, gives • 2-l-oi - *S. Solving 

these two e(]uat.ions for % and a.i wc olitain —3, «.i = 2. The dinsin'.d 
function is t.herefore 3.r4’2. A?is. 

12. A certain linear function of x takes the value 14 when = 
and takers tlu^ value — G wlien x — — 1. Determine t.he fund,ion. 

13. A (certain quadratic fumdion takes the value 0 when x = l, and 
the value 1 wh(m, x~2, and the value 4 when x = 3. Determine com¬ 
pletely the form of the function. 
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86. Functions Considered Graphically. By the graph oj 
a function is meant the line or curve which results when some 
letter, as y, is placed equal to the func¬ 
tion and the graph is drawn of the 
equation thus obtained. The purpose 
of the graph is to bring out clearly 
and quickly to the eye the relation 
between the given function and the 
quantity (variable) upon which it de¬ 
pends for its values. 

The method of drawing such graphs 
is precisely the same as that given in 
§ 6 for equations of the first degree, 
and in § 25, for quadratic equations. 

Thus, in order to obtain the graph of the 
function x^, we place y=x^ and proceed to 
assign various values to x and compute (from 
this equation) the corresponding values of y, 
then we plot each point thus obtained and 
finally draw the smooth curve passing through 
all such points. 

Below is a table of several values of x 
and y thus computed; and the graph is shown in Fig. 40. 


When X = 

-2 

-1 

0 

1 

2 

3 

4 

then y = 

-8 

-1 

0 

1 

8 ! 

1 

27 

64 


The portion of the curve lying to the right of the y-a,xis extends upward 
indefinitely, while the portion to the left of the same axis extends 
downward indefinitely. Note that, from the way this curve has been 
drawn, it at once brings out to the eye the value of the given function 
for any value of the letter x upon which this function depends, the 
function values being the ordinates (§ 6) of the points on the curve. 
For example, at cc = 2 the corresponding ordinate measures 8, which 
is the function value then present. 

This curve may be used as a graphical table of cubes of numbers. 
Thus, if a; = 1.5, 2/ = 3.4, approximately, etc. Likewise, if y is given 
first, the curve shows the cube root of y ; for example, if ^ = 4, a; is about 
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1.6. The figure may be drawn by the student on a much larger scale; 
the values of x and y can be read much more accurately from such a 
figure than from Fig. 40. 

Another means of improving the ac¬ 
curacy of the figure is to take a longer dis¬ 
tance on the horizontal line to represent 
one unit than is taken to represent one 
unit on the vertical scale. 

Considering now the various types 
of functions described in § 85, it is to 
be noted first that the graph of every 
linear function is a straight line. 

Fig. 41 

For example, in considering the graph of 
the linear function -f-rr—5, we place 2 /= 1*2?—5. But this is an equation 
of the first degree between x and y and hence (§ 6) its graph is a 
straight fine. Fig. 41 shows the result. 

Note that the graph cues the a;-axis 
in one point. The abscissa of this partic¬ 
ular point is 4, which indicates that 4 is 
the root, or solution, of the equation 
•fa;—5=0, for it is this value of x that 
makes 2 / = 0. 

The graph of every quadratic 
function belongs to the class of 
curves known as parabolas, A para¬ 
bola resembles in form an oval, open 
at one end. It never cuts the a;-axis 
in more than two points. In some 
cases it lies entirely above or be¬ 
low the a;-axis, thus not cutting it 
at all. 

Fig. 42 shows the graph of the quad¬ 
ratic function a;^-l-a;—2. Note that the 
curve cuts the rr-axis at two points whose abscissas are —2 and 1, 
respectively. This indicates that —2 and 1 are the roots of the 
quadratic equation 















146 


COLLEGE ALGEBRA 


[X,§86 


The general form of the graph of a cubic function is that 
of an indefinitely long smooth curve which cuts the x-sixis 
in no more than three points. 



Fig. 43 shows the graph of the cubic 
function 3a;^—It cuts the x-axis 
at three points whose abscissas are respec¬ 
tively — I, 1, and 3. These values, there¬ 
fore, are the roots of the cubic equation 
x3-3x2-x+3=0. 

Similarly, the general form of the 
graph of the rational integral func¬ 
tion of the fourth degree is that of an 
indefinitely long smooth curve which 
cuts the x-Sixis in no more than four 
points. And it may be said likewise 
that the graph of the general integral 
function of degree n (see (4), § 85) is 
an indefinitely long smooth curve 
which cuts the x-Sixis in no more 


Fig. 43 than n points. 


Fig. 44 shows, for example, the graph 
of 2x^—5x^+5x—2, this being a function 
of the fourth degree. The four points 
where the curve cuts the x-axis have 
abscissas which are equal respectively to 
— 1, y, 1, and 2. These values, therefore, 
are the roots of the equation 2x'^—Sx^-j- 
5x-2 = 0. 

Fractional expressions give rise to more 
complex graphs, which may have more 
than one piece. Fig. 45 shows, for ex¬ 
ample, the graph of 1/x. If we let y — l/x, 
y varies inversely as x (§ 45). The curve 
is therefore similar to that drawn in § 50, 
Fig. 37. The graph consists of two 
branches and belongs to the class of curves 
known as hyperbolas. These WQ have 
already met in § 2§, 



Fig. 44 
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EXERCISES 

Draw the graphs of the following functions by plotting several 
points on each and drawing the curve through them. Try to plot 
enough points so that the form and location of the various waves, or 
arches, of the curve will be brought out clearly, as in the figures of § 86. 
Note how many times the curve 
cuts the a:-axis and make such 
inferences as you can regarding 
the roots of the corresponding 
equation. 

[Hint. When the graph of a 
quadratic function fails to cut the 
rr-axis, this indicates that the 
roots of the corresponding quad¬ 
ratic equation are imaginary. 

(See §§ 26-27.) Similarly, when 
the graph of a cubic function 
cuts the x-axis in but one x)oint, 
this indicates that there is but 
one real root to the correspond¬ 
ing equation, the other two roots 
being imaginary. In general, the 
number of times the graph cuts 
the a;-axis indicates the number 
of real roots of the corresponding equation, the number of imaginary 
roots being the degree of the equation minus the number of real 
roots.] 

1. 3.r+4. 2. X. 3. x^—x—2. 4. 4. 

6 . x^+1. 6 . ^ 

8. x^—4:x 9. —16 10. Sx^—x 11. l/x^ 



87. The Derivative of a Function. An examination of the 
curves shown in Figs. 42-45 shows at once that the steepness 
of any one of them changes from point to point. 

For example, in Fig. 42, which is the graph of the function 
y — x^-{-x—2, if we select a point on the curve near to its lowest point, 
the curve is almost horizontal there. At the lowest point itself, where 
x=—1/2, the curve becomes actually horizontal. But if we are at 
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the point whose x is 2 or 3, the steepness is seen to be decidedly greater. 
In fact, as x increases from the value x = — 1/2 the steepness also is seen 
to increase, the curve becoming nearer and nearer vertical. The same 
is true as x decreases steadily through negative values below —1/2. 

We shall now show how to obtain an expression that will 
measure the steepness of a graph at any given point upon it. 


In Fig. 46, where the curve is the 
same as in Fig. 42, suppose that P 
is any given point upon the curve. 
Draw the short line PQ parallel to 
the a^-axis, and at Q erect a perpen¬ 
dicular meeting the curve at P'. 
Then the value of the ratio 


( 1 ) 


QP' 

PQ 


may be taken as a fairly good 
measure of what we mean by the 
steepness of the curve at P, for it 
measures fairly well the rise QP' in 
the curve at P as compared to the 
small change PQ in the horizontal 



position of the point. 


Fig. 46 


Thus, the length of QP', as measured on the scale of the drawing, 
is seen to be about 5i units, while that of PQ is about 1|- units. The 
ratio (1) thus becomes 5i“^l|, which reduces to 3-|. The steepness at 
F may therefore be taken as about 3|. If P be selected at a some higher 
elevation on the curve and the corresponding lines PQ, QP' be 
drawn and measured, the ratio (1) will be found to be greater than 
3f, indicating that the curve is steeper at such a point than at the 
point P of the drawing. 

On the other hand, if P be selected at some elevation lower than 
the one used in the drawing and the same process be carried out, it 
will turn out that (1) has a value less than 3f, indicating less steep¬ 
ness. Evidently, the steepness may be measured, at least roughly, at 
any point in this manner. It is to be noted, however, that it is 
essential to the method that PQ be taken small. 
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Moreover, the smaller PQ be chosen (thus reducing also 
the length of QP') the closer will the resulting ratio (1) tell 
the exact status of the steepness at P. Hence, the limit (§ 42) 
of (1) as PQ is taken closer and closer to zero may be regarded 
as the exact measure of the steepness at P. 

Let us now formulate these ideas algebraically. Calling 
X the abscissa of P and letting the small length PQ be repre¬ 
sented by A, the abscissa of P' will he x+h. Since the curve 
of Fig. 46 is the graph of the equation y = x^+x — 2 (see § 86), 
it follows that the ordinate of P will have the value 
(2) a:2+a:-2 

while the ordinate of P' will have the value 


(3) {x-hhy+{x+h)-2. 

Hence, the length of QP\ which is the difference of the 
ordinates of P' and P, will be 

QP' :=(x+hy+{x+h)-2-{x^+x-2) 

=^2hx+b?+h. 


Therefore the ratio (1), in the case before us, is given by 
the formula 


( 5 ) 

which reduces to 


QP' _2hx+'h?+h 
~PQ^ h ' 


( 6 ) 


QP' 

PQ 


= 2x+/i+l. 


The limit of this ratio as PQ (or h) comes closer and closer 
to zero is evidently 2x+l. Hence we arrive at the following 
conclusion: If x be the abscissa of a point on the graph of the 
function x^+x-~2 (Fig. 46), then the steepness of the curve at 
that point is equal to 2x+l. 

Thus, at the point for which x = lj the steepness is 2*1+1, or 3; 
at x~2, it is 2 *2+1, or 5; at x = S, it is 2*3+1, or 7; at x = 0: it is 1, 
etc. Note the meaning of these statements in Fig. 46. 



150 


COLLEGE ALGEBRA 


[X,§87 


It is also to be noted that if x has a value greater than —1/2 
the value of 2x+l is positive^ which indicates that at such a 
point the curve is ascending as x increases. This is illustrated 
at the point P of Fig. 46. On the other hand, whenever x 
has a value less than ’-1/2, 2x+l is negative^ indicating that 
at a point corresponding to such a value of x the curve is 
descending as x increases. That this should be so appears 
directly upon choosing such a point {i.e. one for which x is 
less than —1/2) and carrying through the steps of the 
reasoning on page 149, noting that the expression on the right 
in (4) will then be necessarily negative, whereas in the case 
there discussed it was necessarily positive. The reasoning 
for the new case should be carried through by the student at 
this point. 

Thus, the fact that when a;= —3/2 we have 2a;+1 = —2 indicates 
that at the point whose x is—3/2 the steepness is —2 and that the 
curve (Fig. 46) is descending as x increases. Compare with the situa¬ 
tion at a; = 1/2. 

Similarly, if we start with the function —3x^—0;+3 and 
consider its graph (Fig. 43) we may show by the same process 
of reasoning that the expression, or formula, determining its 
steepness from point to point is 3x2--6x—1. 

In general, the same process enables us to find for any 
given function a new function which determines for any 
given X the steepnessf of the graph. This new function is 
called the derived function, or briefly, the derivative of 
the given function. 

fStudents faroiliar with trigonometry will note that what we have 
defined as the steepness of a curve at a point P is equal to the tangent of the 
angle between the tangent line at P and the positive a;-axis. In fact, 
the ratio (1) is seen to be equal to the tangent of the angle between PQ 
and a straight line joining P to P', and as PQ (and hence QP') become 
smaller, this angle approaches as its limit the angle between the tangent 
line at P and the positive a;-axis. In higher mathematics the tangent 
of this angle is called the slope of the tangent line at P. 
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EXERCISES 

1. Show (by means of the expression representing the derivative) 
that the curve in Fig. 46 is twice as steep at the point where x = 5^ as 
it is at the point where x = 2-j. 

2. Show (using the derivative expression) that the curve in Fig. 46 
is three times as steep at the point where x = —Z as it is at the point 
where x= — Interpret the geometric meaning of the negative signs 
of the derivative met with in this example. 

3. Prove the statement (see end of § 87) that the derivative of the 
} lUxCtion — Zx^ —a; + 3 is Zor —6a; — 1. 

[Hint. Take any point P upon the graph shown in Fig. 43 and 
proceed as in § 87, obtaining an expression analogous to (6) for the 
ratio (1), and then noting its limit as h approaches zero. It will be 
necessary first to work out the value for QP' analogous to (4).] 

4. Using the expression for derivative given in Ex. 3, compare the 
steepness of the curve in Fig. 43 at the points upon it at which x= —3, 
—2, —1, 0, 1, 2, 3. Interpret negative results geometrically. 

6. Prove, following the method of § 87, that the steepness of the 
graph of the function fa;— 5 is everywhere the same, and explain how 
this result is illustrated in Fig. 41. 

6. Find (as in § 87) the derivative of the function 2a;^ —5a;^+5a3—2. 
(For the graph, see Fig. 44). 

7. Find the coordinates of the point upon the graph of 

y = a^'—4x-{-l 

at which the ordinate is increa^ng twice as fast as the abscissa as one 
passes along the curve from left to right. 

8. Work Ex. 7 in case the ordinate is to be decreasing twice as 
fast as the abscissa. 

9. Find the coordinates of the points upon the graph of 

2/=^a;^+-|x24-4a; 

at which the steepness is twice as great as at the origin. Draw a figure 
to illustrate your results. 

10. Determine the quadratic function of x whose graph passes 
through the origin and the point (2, 1) and is twice as steep at the latter 
point as at the former. 
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88. Derivative of the General Polynomial. The deriva¬ 
tives thus far considered have been of certain particular 
functions forming special cases of the general polynomial 
mentioned in § 85, that is, of functions of the type form 

( 1 ) - Van-ix+a^, 

where n is a positive integer and no, ai, ^ 2 , ---a,, are given 
coefficients. Instead of working out the derivative of each 
special function as required, it is preferable to work out once 
for all the expression for the derivative of this general func¬ 
tion (1). We shall then be able to write down the derivative 
of any special function immediately, saving much labor. 

Supposing the graph of (1) to have been drawn, select any 
point P upon it and let its abscissa be x. Then, as in § 87, 
let X increase by a slight amount, L The ordinate of the first 
point will have the length (compare (2), § 87) 

( 2 ) - Van-ix+a^ 

while the ordinate corresponding to the point x+h will have 
the length (compare (3), § 87) 

(3) ^o(ir+/i)^+ai(a;+A)^ ^+^ 2 ( 0 :+^)’'' -f-<^?i-i(^+A)+a,i. 

We must now subtract expression (2) from expression (3) 

(compare (4), § 87). In order to do this, it is desirable first 
to expand the terms {x-^l%y\ (x+/i)”'”^, etc., by the 

binomial theorem (§ 78). After we have done so in (3) and 
have subtracted (2) from the result, all the terms of (2) 
cancel with like terms in the expanded form of (3), leaving 
the following expression (compare (4), § 87): 

h {(n-- {n— 2)a2x’'“^+...+ a^^i } 

'^Y~2 ^ V}W^~^+{n —1) (n—2)aix'^'"*+ • • ^ 

(4) + . . . 
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It only remains to divide this expression by h and deter¬ 
mine the limit approached by the quotient as h approaches 
zero (compare (5) and (6), § 87). Evidently upon dividing 

(4) by h we obtain 

(5) Tictox^ 

where R contains as a factor and therefore approaches zero 
as its limit, so that we reach the following theorem. 

Theoeem. The derivative of the 'polynomial 

- \-an-iX+an 

is 

naoa:’"”^+ {n — l)aix''~^+ (n— 2)a2^''"^+ • • ^+2a,j»2^+a^_i. 
An examination of this result shows that the derivative of 
any polynomial (1) may be immediately written down in 
accordance with the following rule. 

Rule foe Detebmining the Dekivative of a Poly¬ 
nomial. Multiply each term by the exponent of x in that term 
and diminish the exponent of x by unity. 

Thus the derivative of 2 ^^is 2• 3 • 2a;-i-5, or 

6a;H-5. Similarly, the derivative of a;^+2x+3 is 

4xH9a;2-2a;+2. 


EXERCISES 


Obtain, by use of the Rule in § 88, the derivative of each of 
the following functions. 

1. o?—Zx-\-2, 6. x^-\-Zx^—23?’^4:7?—x-\-Z. 

2. 5x+l. 6. x'^^+x'P, 


3. 7. 3a^^+2a;"*+l. 

4. Zx^-4^+x. 8. xP/^+Zx^^x^-^, 

9. Prove that if any polynomial be multiplied by a constant, its 
derivative will be multipHed by the same constant. 

10. Prove that the derivative of any constant is equal to zero. 

11. Show that the graph of — l is twice as steep 

when a; =2 as when a; = 1. 
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89. Maxima and Minima Points of the Graph of a Func¬ 
tion. It was shown in § 87 that whenever a value of x renders 
the derivative 'positive, the graph of the corresponding func¬ 
tion, considered at the point having this value of x as its 
abscissa, will be ascendmg as x increases. Similarly, it was 
shown that if the derivative has a negative value, the graph 
at the point in question will be descending as x increases. It 
follows that if x be so chosen that the derivative is equal to 
zero, thus being neither positive nor negative, then at the 
corresponding point on the graph the curve will be neither 
ascending nor descending; that is, 
its direction will be horizontal. At 
such a pomt (or points) the graph 
may be either at a highest point or 
a lowest point of one of its arches, 
as illustrated at the points A, B, C, 

D, E in. Fig. 47. In the former 
case; that is, at points such as A, 

C, E, the graph is said to attain a 
maximum, while in the latter case, 
that is, at such points as B, D the 
graph is said to attain a minimum. 

Points such as A, C, are called 
maximum points of the graph, while 
points such as B, D are its minimum points. The points 
at which the derivative of a function equals zero are called 
the critical points of its graph. A quadratic function has 
one critical point, a cubic function has two such points, etc. 
See Figs. 42, 43. 

In summary, then, we have the following result: The 
values of x at which the derivative of a function vanishes (equals 
zero) are the abscissas of the critical points of its graph; the 
function may be at a maximum or at a minimum at any one 
of these points. 
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The value of this result in the < 2 ;rapliical study of fuiudious 
is illustrated by the followiii|>; examples 

Example. Dotormino. tho critical point s of the graph of tlic fun(‘.iion 

(1) ?y ==-2 S 1)- 

Solution. The derival-ivci of l.his func¬ 
tion, as immediately writiten down by t.he 
llule of § 88, is 

(2) 

Tlie values of x for whi(^li t his ex|)r(\ssion 
vanishes are the roots of the <jua.drati(^ 
equation “"0, or, (‘k'aring of 

fractions, 

(3) 12.r4-8.a-7-(). 

Solving the quadratics (‘(piat.ion (3) hy 
anyone of t.he. usual nu^thods, its roots a.n‘. 
found to he x= J and x— — I (1- 

Therefore, a.(tc()rding to t.h(^ result, in 
§ 89, we may say that the ahscix.sas of th(‘ critical points of th(‘ graph 
of (1) are and — l/j- To find th(^ onlitiah'.s of tlu‘ sam(‘ points 
we need only substitute these va.lu(‘s of x in (1) to di'tmanine t he cor¬ 
responding values of y. Tliuswefind that when a* . 1, y - i) and when 

;v = ls- 

The desired eritictal points of t.he grapli of (1) a.r(‘ tlna’cdon' t h(‘ t wo 
points whose coordinate's are rc'spc'cvtivc'Iy (J, 0) and ( — ij, Ifjj. Note' 
how this fact is illustraUul in Fig. *18, wiu're th(^ graph of (I j is shown. 

The student Hliould obs(‘rv(*. that as soon as th(‘ lo(‘aiicm 
of the critical points of a g;ra|)l) ar(‘ knowui, t.lu'('sscail ial (diar- 
acter of the graph is detennined a.nd th(‘ curvi^ (‘an Ih' at oiiec' 
sketched with good ap])roxnna.tion, tJuis avoiding tiu' labo¬ 
rious work of plotting a large ninnb(U’ of ])oinis. 

Thus, in the Examples above, wlum on<*.e it was as(H‘rtaim'd that tin* 
critical points were loeatnd at (1, 0) and (—-11 J|), tlu' curve' in Mg. -IS 
could be sketched, at k'ast in its c'Hsemtia.l form and (character. Added 
accuracy in the drawing could then be ()btain('d by plott ing (as in § 25) 
a f('w individual points, such as /*, Q, /S', and shaping tht' eurvc' so 
as to pass through them also. 

In Eig. 48 the oj-axis is a tangent, line to the curve'. 



I'kl 4S 








156 


COLLEGE ALGEBRA 


[X, § 89 


EXERCISES 

1. Prove (by the result in § 89) that the lowest point of the curve 
in Fig. 42 has its abscissa equal to —1/2. What, therefore, is its ordi¬ 
nate? 

2. Prove that the two critical points of the curve in Fig. 43 have 
as their abscissas a; = l±|-\/3, and find these values approximately 
by use of the tables. 

3. Sketch the graphs of each of the following functions by first 
locating the critical points of each. (See the Example worked in § 89.) 

(a) x^-x+1. (c) 3-2x-x\ 

(&) —3a;. if) 

(c) x‘^-Sx+20. (g) x^-7x-{-%. 

id) 3 ?-Sx+ 1Q. (h) x^-6a;2-|-lL^-~6. 


90. Further Applications of the Derivative. Aside from 
the applications which may be made of the derivative of a 
function in drawing its graph, as described in § 89, there are 
many other applications related at once to geometry, physics, 
engineering, etc. This will be best understood from an 
example. 

Example. . Of all rectangles having a perimeter of 10 inches, which 
one has the greatest area? 

Solution. Let x represent the length of any 
rectangle having a perimeter of 10 inches. Then 
the breadth will evidently be - 1 ( 10 — 20 ;), or 5—Xj 
and hence the area will be the product 
( 1 ) x(5—x),ot5x—x^. 

As thus formulated, the area is clearly a function of x, and the 
problem becomes that of determining the special value of x that will 
give this function its greatest, or maximum, value. To determine this 
value of X we now proceed as in § 89. 

Finding (by the result in § 88) the derivative of (1) and placing it 
equal to zero, we have the equation 5—2a; = 0, the solution of 


X 


Perimeter *=10 


X 

Fig. 49 


I 

10 


which is x=2^. 

Therefore, by § 89, the area (1) will be a maximum when a; = 21- 
inches, which means (see Fig. 49) that the rectangle must be a square. Ans„ 


Note. That x=2^ gives a maximum rather than a minimum 
appears directly upon drawing the graph of (1). 
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APPLIED PROBLEMS 

In each of these exercises first formulate, as a function of some 
suitable variable x, an expression for that which is to be made a maxi¬ 
mum or a minimum. Proceed as in the solution of the Example in § 90. 

1. Divide 15 into two parts such that their product is a maximum. 

2. Divide h into two parts such that the sum of their squares is a 
minimum. 

3. Find the number that exceeds its square by the greatest possible 
amount. 

4. A garden plot is to be fenced off alongside of a house, using 32 

feet of wire fence. What should be the dimensions used in order that 
the enclosed area shall be the greatest possible. , _^^ 

6. It is desired to make an open-top box of U_Ul 

greatest possible volume from a square piece of tin j | 

whose side is a by cutting equal small squares out | ! 

of each corner and then folding up the tin to 1 1 

form the sides. What should be the length of a ^ ^- 

side of the squares cut out? . —•-—^ 

Fig. 50 

6. A rectangular piece of ground is to be fenced 

off and divided into three equal parts by fences paraUel to one of 
the sides. What should the dimensions be in order that as much 
ground as possible may be enclosed with 160 rods of fence? 

7. The strength of a beam having a rectangular cross section varies 
jointly as its breadth and the square of its depth. What are the dimen¬ 
sions of the strongest beam that can be sawed out of a round log whose 
diameter is 14 inches? 

8. Show that the altitude of the cone of maximum volume that 
can be inscribed in a sphere of radius r is fr. 

[Hint. Volume of cone X area of base X alti¬ 
tude =^ttAC^x. But, DAB being a right angled 
triangle, we have 

AC^- = BCXCD=x{2r-x), 

Therefore, the volume of the inscribed cone, expressed 
as a function of its altitude x, is 

^x\2r—x).] 


B 



Fig. 51 
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9. Prove that a window of the shape here shown (Norman window) 
and having a given perimeter, p, will admit the most light when the 
height of its rectangular base equals the radius of its 
semicircular top. 

10. Prove that the altitude of the cylinder of 

B maximum volume that can be in- 

' scribed in a given right cone is 
equal to one-third the altitude of 
^ the cone. Pig. 52 

[Hint. Determine DG in terms of x, h and r 
by making use of the fact that the triangles BGD 
and BCA are similar. Then express the volume of 
the cylinder by formula 9, § 7, and find the value 
of X for which it is a maximum.] 

11. A length of wire is cut into two portions which are bent into the 
shapes of a circle and a square respectively. Show that if the sum of 
the areas obtained in the two figures is the least possible, the side of the 
square will be equal to the diameter of the circle. 

91. The Further Study of Functions. The studies of the 
present chapter have been confined for the most part to 
functions of the simplest type^ namely, the type of the general 
rational integral function (4) of § 85. It should be under¬ 
stood, however, that the method explained in § 87 for finding 
the derivative may be applied to other extended classes of 
functions also, leading to results which are interesting 
graphically and of great importance in their applications. 
For example, one may consider in this way such functions as 
the following: 1/(1—a;), 10^? log or in fact, any 

expression containing the variable x. The extended study 
of this subject belongs to the branch of mathematics known 
as the Calculus. 
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CHAPTER XI 


THE THEORY OF EQUATIONS 

92. Introduction. In Chapter IX it was pointed out that 
if one draws the graph of any polynomial of Xj that is, of any 
function of the type form 
( 1 ) - 

where is a positive integer, the abscissas of the points where 
the graph cuts the rr-axis will be the roots (or solutions) of 
the corresponding equation, namely of the equation 

(2) "d-= 

For example, Fi^. 43 (pa,^e 140) which is the ji;raph of i-he function 

3:c‘^—.'r+3, brings out t.he fa-ct that the roots of the equation 

3x“—:rH-3 =0 are —1, 1 and 3. 

This graphical mcdliod of dcdx'rmining the roots of an 
equation cannot ordinarily Ix) relicMl upon, however, when it 
is desired to determine tlie roots accurately, since nu^asui-e- 
ments on any drawing, howevei- i^erfect, a,re sul)ject to certain 
inaccuracies of instrumcaits and of eyesiglit. If the roots arc 
to be determined exactly, or at least to jiny dc^sired d(‘gre(i of 
accuracy, it is necessary i;o employ certain special tlieorems 
and processes of algel)ra.. Thes('. will b(^ considered in the 
present chapter, togcddixa- witli certain othca- facts of general 
int(n*est regarding equations of higher degree tlian tlie second. 

We shall assumes throughoxit that eveiy equation (2) of 
the nth degree has n i-oots, and no more, as was indicated in 
§ SGf. In saying this, it is to l)e understood that both real 
and imaginary roots are being counted; also that doul)lc roots, 
though equal, are counted as two, triple roots as three, etc. 
Compare § 22. 

fThis fact may be actually proved, but the proof lies beyond the 
scope of the present book. 
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I. Preliminaky Theorems 

93. The Remainder Theorem. For convenience, let us 
represent the general polynomial with which we are to deal 
by the symbol f{x), called “function of x” or more briefly 
“f of X.” That is, let us place 

f(x) = aQx”'-{-aiX^ ^+023;'* -f-ctn_i3:+a,i. 

We may then state the following theorem regarding/(a:), 
it being understood that the letter r used below represents 
any given number. 

Remainder Theorem. If f(x) is divided by x—r, the 
remainder is f(r), where f{r) indicates the value of f{x) when r 
is svbstituted for x. 

For example, if 2x®—x^H-2x—1 (which is a special / (x)) be divided 
in the usual manner by a:—1, the quotient will be found to be 2a^+x4-3 
with a remainder of 2, that is, we have 

x—l x—1 

The above theorem says that this remainder, 2, is the same as the 
result obtained by placing a; = l in rc2+2a; — l, that is, the same as 

2-1^-1^+2-1 — 1. The correctness of the statement may be verified 
immediately. 

The student is advised to check the theorem at once in several other 
similar instances, such as in dividing Zx^—2x^-\-x-\-l by x-~2, or 
x^-i-32^—2c[^-{-x-‘l by x-\-2. In the latter case, r— —2. 

Proof of the Remainder Theorem. We have 

fix)=aoX^+aix’^~^-{ -han-jX+a^ 

and 

fir) =aor’‘+air”~‘d-f-a„-ir-+a„. 

Hence 

(1) fix) -/W=ao(a;”-r")+ai(a:’'~^-r""‘)d-[-a„_i(a:-r). 

Since each of the expressions ix^—r^), ••• 

ix-r) is exactly divisible by ix-r) (see Ex. 8, page 132), it 
follows that the entire rignt hand side of (1) is exactly divis- 
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iblo ])y Or — r). For brevity, let us indicate the quotient thus 
obt ained by Q(x). We then liave 

/(aO -fir) 


( 2 ) 


. X- 


-Qix), 


whx're (sinc^.e the division is exac.t) Q(x) is itself a polynomial, 
l)ut of degree om^ less than that oi f{x), tliat is, n — 1. 

But tlie rehition (2) may Ix^ writtcai in tlie form 

x—7' .T—r 

whi(!h stale's, as desired, t-hat. f(r) is t,h(i remainder obtained 
when f(x) is divided by x—i\ 


EXERCISES 

In th(^ following exorcises, obtain the answer by iru'ans of the 
remainder tlKH)rem, (•h(‘ckinf»: its cornM'.t.iu'ss in the first tJirec exercises 
l)y loni^; (livision as in el(aneiita.ry algebra. 

Find th(^ nanainder when 

1. 3.r'^+.r — 4.r-l--l is dividcal l)y .r—2. 

2. —4.r"{-'l is divide<n)y .r+2. 

3. 2.r4-3 is dividend by aH-1. 

4. a.r+2 is diviiled by ;r —3. 

6. (Lr-\-hx-\-c is divid(al by .r—A. 

6. Prove, by t.he remainder theorem, that xvheii —— 
3 . 1 *””4 is divided by x—1 the division is exacl; t.hat is, the remainder is 
zero. 

7. Prove, by the remainder theorem, that 

(a) — is (‘xactly divisible })y x—a for any positive, integral 

value of ?/. 

(/,) is exac.tly divisible by .r+a in case 7i is any odd integer. 

Test also the truth of tlu^ statement in case n is any wen int(‘ger. 

94. Synthetic Division. If it is desired in one of the cases 
of division considered in § 93 to find not mcn-ely tlic', value of 
the remainder, but also the form of tlu^ quotient, tlic‘- lal)or 
of doing so may be very much simplified by following an 
abridged method known as synthetic division. 
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Suppose, for example, that it is desired to divide the 
expression a;^+2x+l by x—1. By the ordinary long 
division method, the process would be as follows: 

2x?— I x — 1 

23^-2x^ 2x^+x+Z = Quotient 

x^+2x 

x^— X 

^+1 
3a:—3 

+4 = Remainder. 

As a first step at simphfication, we may evidently concern 
ourselves only with the coefficients, since, if we knew the 
coefficients of the quotient to be 2, +1, 3 we could at once 
supply the needed powers of x, obtaining 2x^+x+Z. This 
reduces the process to the following form: 

2-l + 2 + l|l-l 

2_2 2 I 1 I 3 

^1 + 2 
1-1 
+ 3 + 1 
3-3 

+ 4 = Remainder 

The numbers in bold type are the same as the coefficients 
of the quotient, hence the latter may be dispensed with. 
Moreover, the +2 in the third line of the process and the +1 
in the fifth line are mere repetitions of the numbers directly 
above them in the dividend, hence they may likewise be 
dispensed with, as also the 2, 1, 3 which appear directly 
beneath the bold-faced numbers, being mere repetitions of 
the latter. Thus the process in its essentials is as shown below. 
2-l + 2 + l|l-l 
-2-1-3 


+1+3+4 
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But, inasmuch as the divisors which we are considering 
(see § 93) are always of the simple form x — r, the coefficient 
of X in the divisor is always 1. Hence, in the above process, 
this 1 may be suppressed, thus replacing 11 — 1 by [ —1; 
and the work may Ixi written as follows. 

2-l+2+l| -1 

+ l~|-3-|-4 

Finally, in order to reduce the process to the easiest form 
for work, we may refdaee the [ —1 by | +1 and add through¬ 
out the resulting i)ro(X‘ss instead of sul)tracting, as follows. 

2-l+2+l| +l 
+2+1+3 
2+1+3+4 

Thus, th(^ quotic'nt is read off as 2x-+x+Z and the re¬ 
mainder as 4, Simihirly we have the following rule. 

Rule FOii Synthetic Division. To divide f(x) hy x—r 
arrange f(x) in def^cending powers of x, sivpplying all missing 
powers hy using zeros as their coefficients. 

Detach the coefficients, loriting them horizontally in the order 
ao, ai, 02 , +,^ 1 , a„. 

Bring down the first coefficient ao, multiply it hy r and add 
the residt to ai/ multiply this sum hy r and add the result to cvz- 
Continue this process. The last sum will he the remainder and 
the preceding simis in their order from left to right ivill he the 
coefficients of the various powers of x, arranged in descending 
order, of the quotient. 

Thus, in dividing — by re—3, we first write re^^—7re^—5 in 

the form re^+O-rc^—7rc^+0*rc—5. The work of division is then as 
follows. 

1+0-7+0- 5|3 
+3+9+6+18 
1+3+2+6+13 

Hence, the quotient is a;^+3rr^+2.'c+6, and the renaainder is 13. 
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EXERCISES 

In each of the following exercises, find the value of the quotient and 
remainder by synthetic division. 

1. 4a;2-l-3a: —1 divided by re—2. 

2. rc^—4rc2-l-3rc —1 divided by re+2. 

3. Src^+rc+l divided by .'c+l. 

4. rc^+re^ —3rc^—17rc—30 divided by re+2. 

6. ax^-\-hx-{-c divided by x—h. 

95. Solutions by Trial, Depressed Equations. The results 
indicated in §§ 93, 94 afford a rapid way of determining 
whether a given number is a root of any given equation/(x) 
= 0 . 

Example 1. Determine whether 6 is a root of the equation 
2x^ - 3.^3 - 50.^2 -27rc + 10 = 0. 

Solution. The result of placing rr = 6 in the first member is (by 
§ 93) equal to the remainder obtained by dividing it by rr —6, and this 
remainder, as indicated by the work below, turns out to be —8. 

2- 3-50-27+101_6 
+12+54+24-18 
2+ 9+ 4- 3- 8 

Thus, when rr = 6 the first member of the given equation is not zero 
(as the equation requires), but —8. We therefore conclude that 6 is 
not a root. 

Example 2. Determine whether 4 is a root of the equation 
a?-3p‘-nx-4:^0. 

Solution. The work in brief is as follows: 

1-1-11-4|4 
+4+12+4 
1+3+ 1+0 

The remainder being zero, it follows that 4 is a root. 

The solution of Example 2 indicates not only that 4 is a 
root of the given equation 
( 1 ) — — 

but also that the quotient obtained by dividing the first 
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member by x—i is rr“+3a;+l. Hence, (1) may be written 
in the form 

(x — 4) (.T“+3*r +1) = 0, 

from wlii(4i it follows (§ lb) that, aside from the root 4 
already obt.ained, tb(‘ remainin»- roots of (1) are those of the 
simpler equation 

X“+3a-+l-0. 

WlieiK'ver a new equat ion is thus obtained from an original 
one through a knowk^dge of one of its I’oots, the new equation 
(wliose d(‘gi*(‘(^ is onc^ lowca* ttian the original) is known as the 
depret^sed equation (*-orr(^s]:)onding to that root. Evidently, 
wiuauivc'r a de])r('ssed equat.ion can be sul)stituted in this 
way for an original, the ])roc(‘ss of d(4,('rmining solutions l)y 
ti'ial be(‘om('s sim])li(i(Hl, and in sonu^ cases it leads direct,ly 
to a d(4(‘rminat,i()n of all the roots of the original equation, 
as illustrated in ttie following example. 

FjXAMPLE 3. Obtain, ,l)y the method of trial and the use of depressed 
ecpiatioiis, siidi information as is available concerning the integral 
roots of t,hc5 etiuation 

(2) - 2;r'^ - 2i)xr - 21 .T - 18 = 0. 

SoLTTTTON. Upoii p(‘rforming the tests such as indicated in Examples 
1 and 2, "with .r — 1, 2, ‘4, 4, 5, h, find that the remainder in each case 
is 7i()t zero, ex(‘.ept for .r*-t), the work for this case appearing below. 

1-2-20-21-18|_0 
4d>H-24-b 24+18 
1+4+”’4+” 3 + 6 

The depressed ecpiation corn'sponding t.o the root G is therefore 
arH4.r+4x+3 = 0. 

Testing this equation for = 1, 2, 3, etc., we find that the remainders 
steadily in(‘reas(L This indi(iatcs that the equation has no positive 
integral root. We ])roceed, therefore, to test for the negative integers 
— 1, —2, —3, etc. It thus appears that —3 gives a zero remainder, 
as shown below. 

14 . 44 - 44 . 31-3 


l+l+l+O 
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The corresponding depressed equation is rr^+^+l=0, and this, 
being a quadratic equation, may be solved by formula (§ 21 ), Its roots 
are thus found to be -K-lrhV-a). They are therefore imaginary 
(§ 10). In summary, therefore, equation (2) has the two real roots 
6,-3 and the two imaginary roots —Izb-s/LIS). 

EXERCISES 

Obtain, by the methods of § 95, such information as is available 
regarding the integral roots of each of the following equations. If a 
depressed equation of the second degree is finally obtained, solve it, as in 
Example 3, § 95, thus obtaining all the roots of the given equation. 

1. 2 xH 3 x^-lla :-6 = 0. 4. a;^+2a;^“-3a;^-8a;-4 = 0. 

2. 2a;^-5x2-llx-4=0. 6. 3x^-21x^22x2+370;+15 = 0. 

3^ 6. x^-4xHlla;-6=0. 

7. If r is a root of the cubic equation ax^+6x2+cx+d = 0, determine 
the corresponding depressed equation. 


96. Transformations of Equations. The determination of 
the roots of a given equation is frequently facilitated by 
transferring its study to that of a related, or transformed 
equation. In this connection, the theorems stated below are 
especially important, as will be seen in §§ 98, 99. 

Theorem 1. Having given an equation of the form 

(1) aoX^+aiX^^~^+'d23:’^ - 

one may obtain an equation each of whose roots is m times the 
corresponding root of (1) as follows. Multiply the successive 
coefficients of (1), beginning with that of by m, m^, mV-- 
respectively; in other words, build up the following new (trans¬ 
formed) equation: 

( 2 ) aox'^+maiX^~^+m%2x'^^-i - \-m^~^an-iX+m'^an = 0 . 

Thus, whatever the roots of the equation 3x^—2x2+x—4 = 0 may 
be, the roots of the equation 3x ^—2 •2x2+22x“2^-4 = 0 , or 3x^—4x2+ 
4x—32 = 0, are twice as great. 

The transformed equation (2) may be obtained at once 
from (1) by multiplying the respective terms of (1), beginning 
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with the term by m, ••• It should be noted, 

however, that in applying this process to a given equation 
(1), all missing terms are to be supplied with zero coeflBicients. 

Thus, in order to obtain the equation whose roots are three times 
the roots of the equation — one proceeds as foUows. 

Supplying the missing coefficient, we may write the given equation in 
the form x^-\-0• ex?— Hence, by Theorem 1, the desired 

equation is +3 • 0 • —2 • +3^ • a;—3“^ = 0 , which reduces to 

—18a:^+27a;~81 =0. Ans. 

Proof of Theorem 1. What we are to prove may be 
stated as follows. If r be any root of (2), then the quantity 
s = rjm will be a root of (1). This, in fact, means that any 
root of (2) is m times a corresponding root of (1). 

Since r is a root of (2) we have 

(3) H-[~ = 0. 

Substituting for r its value ms and dividing the resulting 
equation through by (3) becomes 

ctoS^^ + aiS^~^ +a2S^ ^ d-h = 0, 

which states, as desired, that s is a root of (1). 

Corollary. To obtain an equation each of whose roots is 
equal numerically to a root of a given equation (1), hut opposite 
in sign, change the signs of the coefficients of the terms of odd 
degree. 

Thus, the equation whose roots are equal numerically but opposite 
in sign to the roots of 2a;^4-3.T^—4x+l =0 is 2 a;^—3a^—x^+4a;”i-l = 0 . 

Theorem II. Havmg given an equation of the form 

( 1 ) aoX^+aiX^~'^+a2x'^'~^-{ - [-a^-iX+an = 0 , 

one may obtain an equation each of whose roots is less by a given 
amount h than the corresponding root of (1) as follows. Divide 
(1) by x—h and indicate the remainder by Rn, then divide the 
quotient by x — h and indicate the remainder by Continue 

this process n times, obtaining Oo as the last quotient and Ri as 
a last remainder. Then, the desired {transformed) equation is 
a^x^-^-RiX^ ^-{-R^x^ ••‘’]r'R^-iX-{-Rn = 0. 
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In applying this theorena, the various divisions should be 
performed by the method of synthetic division (§ 94). 

Thus the process of finding the equation whose roots are each less 
by 2 than the roots of the equation 2x^-19a;2+59a;~60 = 0 is, when 
arranged in condensed form, as follows. 

2-19+59-60 

4-30+58 

2-15+29 -2 E 3 -- 2 , 

4-22 

2-11 +7 i^2=+7, 

+ 4 

2-7 no=2, Ei==-7. 

The coefficients of the desired new equation are therefore, in 
accordance with the above theorem, 2^ —7, +7 and —2. 

Hence, the required equation is 2a;^—7a;^+7rr—2 = 0. 

Proof of Theorem 2. In order to obtain an equation 
whose roots are less by h than the roots of (1), it suffices to 
replace x throughout (1) by x+h, thus giving 

aoix+hy+aiix+hy''^^’] - \-an-^i(x+h)+an=0. 

But, the various powers of (x+h) here appearing may be 
expanded by the binomial theorem (§ 78) so that the last 
equation, after collection of terms and rearrangement 
according to descending powers of x, may be thrown into 
the form 

where Ai, A 2 , ••• An-i, are certain coefficients whose values 
we shall now determine. 

From the manner in which we just obtained (3) from (1) 
it follows that, if we replace x in (3) hy x—h, we shall return 
to (1), that is, we may say that the following equation: 

(4) ao(a:-A)"+Ai(x-A)^-'+A2(x-A)"'^+... 

h) A'An = 0 

is the same as (1). But the form of (4) shows that An is 
equal to the remainder obtained by dividing the first member 
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of (4) (or(l)) by a; —/i that is, An = Rn* Similarly, is 
evidently the remainder obtained when the quotient of the 
last-named division is divided by x — h. Continuing this 
process to n divisions, Ai is the last remainder and the last 
quotient. Hence, in summary, we have, as required, 

Afi Rnj -^n—l ~ Rn~l) “ ' Ai — 

EXERCISES 

1. By use of Theorem 1, obtain the equation whose roots are 3 times 
the roots of the equation 3a:^—lOx+S =0, and verify the correctness of 
your result by solving both equations and examining the comparative 
sizes of their roots. 

2. Obtain equations whose roots are equal to those of the following 
equations multiplied by the number opposite. 

2 1 

(a) a^-6s2+*-l=0. (3) (c) = 0. (4) 

4 16 16 

(b) x^-Sx^-\-x+2==0. (-2) (d) 2x^~Sx^+5 = 0. (-3) 

3. Obtain equations whose roots are equal to those of the following 
equations multiplied by the smallest number which will make all the 
coefficients integers and also make the coefficient of the highest power 
equal to unity. 

(а) 3a;^—2a;^+a:--l =0. 

[Hint. As the problem requires that the coefficient of the highest 
power of X be 1, begin by dividing the equation through by 3, thus 
giving it the form la;—1- = 0. Now write the equation whose 

roots are m times the roots of this, and then assign to m the least value 
necessary to make the new coefficients all integers.] 

(б) 2a;^-5a;3-l-3a;2-2a;-4 = 0. (d) 3a;H3a;2_5,^0. 

(c) 1 = 0. (e) 2a;®—4a;^-hl =0. 

4. Obtain the equations whose roots are numerically equal but of 
opposite sign to the roots of the equations in Exs. 2-3. 

6. Obtain (using Theorem 2) equations whose roots are the roots 
of the following equations diminished by the number opposite. 

{a) a;®-12x2+470;-60 = 0. (3) (d) 2x^-3o;2^4^_5^0. (-2) 

(6) 2x®-19x2_j^59^_0q^O. (2) (e) xH9a;®+18 = 0. (-5) 

(o) 2x^-3x2+4x-5 = 0. (2) (/) x5+3x+l = 0. (1) 
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97. Theorem Regarding Rational Roots. Another general 
theorem which it is desirable to state before attempting to 
solve any equation of higher degree than the second (as we 
shall show how to do in §§ 98, 99) is as foUows. 

Theorem. An equation of the form 

(1) + + - \-Vn-lX+Vn = 0, 

wherein the coefficients pi, p 2 , Pn clU integers, can have no 
rational roots except integers {positive or negative). 

Moreover, any integer that is a root will he an exact divisor 
of the last (constant) term, p^. 

Thus, in the equation 

a?— 

the coefficient of the highest power of x is 1, and all the remaining 
coefficients are integers. Hence, the only possible rational roots are 
the exact divisors of the last term, 4; namely 1, 2, 4, —1, —2, and -4. 
Whether any one (or more) of these is a root can be determined by the 
methods explained in § 95. It thus appears that none of the six values 
just mentioned is a root except -"I. The fact that —1 is a root appears 
from the work below. 

1 — 1 -\-2 - 1-4 [ — 1 
-l-f-2-4 
l-2-j-4-l-0 

Rote. It will be recalled that rational numbers comprise all num¬ 
bers of the form a/b, where a and b are integers (positive or negative). 
They therefore include such fractions as -I-, |-, f, — f etc., and all integers. 
This is in contrast to such numbers as v^; VS, which cannot 

be so expressed, and are therefore called irrational. The roots of an 
equation may be all rational, all irrational, or partly one and partly 
the other. Also, some or all may be imaginary. Compare § 22. 

Proof of Theorem. Suppose that (1) had a rational root 
that was not an integer. Then this root could be expressed 
as a fraction in its lowest terms, a/b, where a and h are integers, 
and we would have 


( 2 ) 





n—2 

H- \-Pn-l 



+Pn = 0. 


I 


I 
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Multiplying (2) through by we obtain 

-= 0 , 

or 

~= - - \-Pn-i(^b^'^^+Prfi'''~^)- 

Since a and h as well as pi, Pn are integers, the right 

member of the last eqnat.ion likewise must be an integer. 
The left side, liowcwer, cannot Ix^. an integer since, if a/b is a 
fraction in its lowest terms as we have supposed, it follows 
from arithmetic tliat (f/b will bc^ again a fraction in its lowest 
terms. 

Thus, we reach an a])surdit.y upon the assumption that 
a/h is a root. This leaves only intc^gers as i)ossible rational 
roots, as wa,s to be shown. 

To |)rove th(^ last part of the theorem, suppose that r is a 
root wh(u*e r is an integer. Then 

r" + p + 7 ; 2 r”~- H-(- p„_ir+ jj,, = 0. 

Transposing p„ and dividing through l)y r, we obtain 

r”"‘+p,r"-^+p=r“-^+■ ■ ■+Pn-i = -“• 

r 

The left meml)er of this equation is an integer since each 
t(a'm in it is an int('g(u\ the (luotient p^/r on the right 

must also Ix^ an integer, tJiat is, 'p,i must be exactly divisible 
by r, as was to be shown. 


EXERCISES 


State all the posdhla rational roots of each of the followdnp; equations, 
and for each possibility determine, by the method of § 95, whether it 
is a root. 


2. arH5:r“~~2:c-l() = 0. 

3. a;'^-5rH4:r2-x4-27 = 0. 


4. rc^-15x2-7.r-fl2 = 0. 
6. aiH7a:^-.r+18 = (). 

6 . = 



172 


COLLEGE ALGEBRA 


[XI, §98 


II. Determining the Real Roots of Any Equation 

98. Rational Roots. We have seen how the theorem of 
§ 97 affords a means of determining the rational roots of an 
equation provided the equation has the coefiScient of its 
highest power of x equal to 1 and the remaining coefficients 
are integers. We shall now illustrate how the rational roots 
of any equation may be obtained, provided only that the 
coefficients are rational numbers. 

Example. Find the rational roots of the equation 

(1) 3a^+16x^—3x—6 = 0. 

Solution. Since the coefficient of the highest power of x 
is not 1, the theorem of § 97 cannot be applied, hence we 
proceed as follows. First make the coefficient of x^ equal to 
1 by dividing through by 3: 

1 

Now transform this (by Theorem I, § 96) into an equation 
whose roots are 3 times as large: 

x8+3-^a;2-32a:-3«-2 = 0, 

O 

or, reducing, 

(2) x^-\- IQx^ —9a:—54 = 0. 

The theorem of § 97 now applies to (2), indicating that 
its only possible rational roots are the integers dzl, dz2, dz3, 
dz6, dz9, zbl8, ±27, ±54. Of these, the method of § 95 
shows that +2 is the only value satisfying (2). The work 
for this case appears below. 

1+16- 9-54l2 
+ 2+36+54 


1+18+27+0 
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The corresponding depressed equation is seen to be 
ic2+18a;+27=0, 

and, as the roots of this quadratic equation are at once found 
to be irrational (see § 22), it follows that the only rational 
root of (2) is 2. 

Therefore, recalling that each root of (2) is three times 
the corresponding root of (1), it follows that (1) has but one 
rational root, the value of which is one-third of 2, or 2/3. 

Similarly, the rational roots of any equation 
f(x)=0 

whose coefficients are themselves rational numbers may be 
found by the following rule: 

Rule foe Deteemining Rational Roots. Divide both 
members of the equation by the coefficient of the highest power 
of X, thus obtaining 1 as its new coefficient 

Transform this equation into one whose roots are m times 
as large, choosing m in such a way that the coefficients of the 
new equation will all be integers. 

Determine the integral solutions of the last equation by trial, 
using the theorem of § 97, and divide each root thus obtained by m. 

EXERCISES 

Find the rational roots and if possible all the roots of each of the 
following equations. 

1. 3xH2rc2-4a:-l-l==0. 

2. 2a:^-rr2-7x+6 = 0. 

3. 2x^-3x2-20a;2+27.r-l-18=0. 

4. 2a;^~9a:2-27a:2+134a;-120=0. 

6. 24a^-34a;2-5a;+3 = 0. 

6. 1Sq?-^Zx^~7x-~2 = 0. 

7. 9x^-27x^-\-2dx-5 = 0. 

8. 2a;3-lla;H8a;+7 = 0. 

9. 72x^+90x^-5x^-i0x-12^0. 
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99. Irrational Roots. Homer’s Method. Suppose that 
the given equation is 

( 1 ) f(x)=^x^+^x‘^—10x—^ = 0. 

In this case the only possible rational roots, as indicated by 
§ 97, are ±1, ±2, ±3 and zhG, but none of these, when 
tested as in § 95, satisfies the equation. Hence, any real 
roots that can be present must be irrational If such roots 
are to be determined correct to any given place of decimals, 
it is best to begin by sketching the graph of the given func¬ 
tion, lOx—6, thus obtaining an approximate value 

for each of the roots by inspection, as in § 86. 

The graph may be drawn readily as follows. If we place 
y = :cH3a;2—lOx—6, the value of y when a;==3, for example, 
will be the remainder obtained by dividing a;2+3a;2--10a:~6 
by a;—3 (see § 93). This remainder may be calculated 
rapidly by synthetic division, as below. 

1+3-10- 6 [3 

+3+18+24 

l-j"6-|- 84" 18 

Hence, when a;=3, ^ = +18. Similarly, the value of y corre¬ 
sponding to any given value of x may be found. The graph 
is as indicated in Fig. 54, where, for the 
convenience of the drawing, each space 
along the ^-axis is counted as 5 units. 

Three real roots are thus seen to be 
present. In particular, one root lies be¬ 
tween 2 and 3 and we shall now proceed 
to determine with accuracy this partic¬ 
ular root, following the process known as 
Hornefs Method. The other two roots 
could be determined similarly if desired, as will be shown 
later. 



Fig. 54 
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Since the root in question lies Ix^twc^ni 2 aiul 3, we fh*st 
transform the equation into oiu^ whose roois arc^ (au^h ksss 
by 2 than those of the original eciuaiion, using for this pur¬ 
pose Theorem II of § 9G. The work a])])ears l)eiow. 

1+3 -10 -G|^ 

+2 + 10 +0 
1+5 + T) -6 
“f - 2 “f* 14 
r+7^1'4 

J:2 

l“f-9 

Hence the transfornuxl (xjuat ion is 
(2) r'^+0.r“+M:r-()-0. 

Recalling what ha,s l)(M‘n said of tlu' roots of (1) and lliat the 
roots of (2) are (nieh k'ss by 2 than thosc^ of (1), we s(‘(‘ that 
the root of (2) in which w(‘ ar(‘ int(‘r(‘st(Ml lies iK^t wcMai 0 and 1. 
Equation (2) may Ix} c-alkul the Jird transformed (‘(puitiom 
We proceed now to note tlx^ changers in value' whieli tlx^ 
first member of (2) und('rgo(‘s as x rang(‘S by sue(‘(\ssiv(' (vnffts 
from 0 to 1, that is, we evaluate this nx'mlxu’, using tlx^ 
abridged method already explaitu'd, wlu'n x tal<(‘s siua^essivcdy 
the values 0.0, 0.1, 0.2, 0.3, •-*, 0.9. It is thus found fin 
particular) that when :r = 0.3 this inenilx'r eciuals — 0.!)()3; 
while if a: = 0.4, it equals +1.104. TJie work is showni below. 

1+9.0+14.00 - 6.000 1+9.0+14.00 - 6.00010.4 

+0.3+ 2.79+5.037 +0 .4+ 3.76+7.104 .. 

1+9.3+16.79-0.963 1+9.4+17.76+1.104 

Noting from this that when x=0.3 tlie first nu'nilx-r of (2) 
is negative in value, while for a:=0.4 it, is posiiivc, we se(' that 
this member, when regarded as a fmud ion of .r, must l ie eqiad 
to zero for some value of x lying betwc'cui 0.3 and 0.4 In 
other words, (2) must have a root between tluse two values. 
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Recalling that the roots of (1) are 2 greater than those of 

(2), we see, in turn, that (1) must have a root between 2.3 
and 2.4, so that the root of (1) in which we are interested, 
when computed correct to one place of decimals, is 2.3 We 
proceed now to get this root correct to two places of decimals, 
and finally to three, the process admitting of indefinite con¬ 
tinuation, so that the root in question may be determined as 
accurately as one desires. Less labor, is required to deter¬ 
mine the digits of the decimal beyond the one in tenth^s place. 

Transforming (2) into an equation whose roots are ,3 less, 
1 +9.0 +14.00 -6.000 
0.3 + 2.79 +5.037 


1 +9.3 
+0.3 

+16.79 
+ 2.88 

-0.963 

1 +9.6 
+0.3 

+19.67 



1 +9.9 


we find the second transformed equation to be 

(3) x^+9.9x^+19mx-0M3 = 0, 

Since the root, x, of (2) in which we are interested lies be¬ 
tween .3 and .4, and each root of (3) is .3 less than the corre¬ 
sponding root of (2), the root of (3) which we are to determine 
lies between 0 and .1 Hence it is relatively small. In fact, it 
is so small that we may, with reasonable safety, drop off the 
terms of (3) which contain higher powers of x than the first, 
since they are very small in comparison to x itself. The 
equation then reduces (3) to the simple form 

(4) 19.67a;-0.963 = 0, 

whose solution is evidently 0.963-^19.67, or, approximately, 
.04+ Hence, although the root of (3) which we are seeking is 
not exactly equal to the solution of (4), its value, when com¬ 
puted merely to the first significant figure, may safely be 
taken as .04 
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Note 1. In order to remove all existing doubt at this point, one 
may determine (by the usual synthetic process) the values of the first 
member of (3) when x = .04 and x ~ .05 respectively. If the results ar(‘. 
of opposite sign, no mistake has been made in taking .04 as the root 
desired (correct to the first significant figure) of (3), l)ut if the rcsulls 
are of the same sign, the root can evidently not lie })etween .04 and .05 
One should in such cases proceed to find also the results for .03 and 
.06 to ascertain between what two consecutive hundredths the eliange 
of sign in the left member of (3) docs occur. It is usually desirabk' to 
check in this way the value which has been determined as a prohaldc 
value of the root, especially if it is greater than .05, ])ut it, is usually 
not necessary to check the similar tentative roots obtained from t.inu^ 
to time in continuing the process which follows Ixlow. 

It follows that the root of (2) in which we are iiitca'c^sted, 
correct to two decimal places, is .34; hence tlu^ (lc\sircd root of 
(1) to a similar degree of accuracy is rr = 2.34 

In order to determine the next figure of l,h(‘. root, wc now 
proceed as before, that is, we first tra,nsform (l^>) into a,n (H|ua- 
tion whose roots are less by .04 The work a.]’)pears l)clow. 


1+ 

9.90 

+ 19.G700 

-0.963000 

+ 

.04 

+ 

.3976 

+0.802704 

1+ 

9.94 

+20.0()7() 1 

-0.160296 

+ 

.04 

+ 

.3992 


1+ 

9.98 

+20.4668 


+ 

.04 





1+10,02 


Thus the third transformed equation is therefore 

(5) a:3+10.02x2+20.4668:i:-0.1G029G = 0, 

and its root in which wc are interested must lie boi;WCM‘n 0 
and .01 To obtain it to the first significant figures, w(‘ solve 
the equation 

(6) 20.46G8X-0.1G029G = 0 

thus obtaining rr = .007'^ Hence the root of (1), correct to 
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three decimal places, is x=2.347 Evidently the process may 
now be continued indefinitely, thus determining the root in 
question to any desired degree of accuracy. It is to be noted 
finally that the preceding work may be conveniently and 
compactly arranged as follows. 

1+3 -10 -6 \2 
+2 +10 +0 
1+5 +0-6 
+2 +14 
1+7 +14 
+ 2 

1+9 +14 -6 

+0.3 + 2.79 +5.037 
1+9.3 +16.79 -0.963 
+0.3 + 2.88 
1+9.6 +19.67 
+0.3 

1 + 9.9 + 19.67 - 0.963 | .04 

+ .04 + .3976 +0.802704 

1-1-9.94 +20.0676 - 0.160296 
+ .04 + .3992 

1+9.98 +20.4668 
+ .04 

1 + 10 . 02 + 20.4668 - 0.160296 |.007 

In summary, then, we have the following rule. 

Rule foe Detebmining a Positive Ieeational Root. 

1 . Sketch the graph and thus locate the root ietween two 
consecutive integers (subject to the remarks in Note 2 below). 

2. Obtain an equation whose roots are less than those of the 
given equation by the smaller of these two integers. This equation 
mil have the root in question lying between 0 and 1 . 

3. Locate this root (by trial) between two successive tenths, 
and obtain a new equation whose roots are less than those of the 
last one by the smaller of these tenths. This equation will have 
the root in question lying between 0 and 0.1 
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4. Locate this root correct to its first significant figure by 
Horner’s Method of approxi7natio7i (subject to the remarks in 
Note 1 above) and obtam a new equaiioii whose roots are less 
than those of the last one by the S7naller of the kimdredths thus 
determined. This equation will have the root in question hjing 
between 0 and 0.01 

5. Continue the process to any 7'equired number of decimal 
places. 

6. The sum of all the diminutions of the roots gives the value 
of the required root correct to the last decimal place appearing in 
the process. 

In order to deterraine a negative irrational root of an equa¬ 
tion/(x) =0, we have merely to determine the corr(‘S])Oiuling 
positive root of the equation/(—a;) =0. See (iorollary, § 90. 

Note 2. It may happen that two (or more) rooi.s of a f»'iven ecpia- 
tion are so nearly equal that it is difficult to distinguish ix'twcH'u them 
on the graph and hence difficult to obtain for each a first approximation 
that will be different in the two cases. Under such circiimstanc.es, it is 
necessary to begin by determining each by trial cor¬ 
rect to the first place of dc(;imals rather than merc^ly 
to the first integer. For example, tlie equation 

f(x) =4.'r^-24a;2+44:r-23 = 0 

has two roots lying between 2 and 3, as appears 
upon sketching its graph, which is shown in Fig. 55. 

By evaluating f{x) as x takes on the successive 
values 2, 2.1, 2.2, 2.3, •••, 2.9, 3, we see that f{x) 
changes sign between .7:== 2.2 and rr=2.3, and again 
between 2.8 and 2.9 One root, correct to one decimal place, is there¬ 
fore 2.3, and another is 2.8 Either may now be determined accurately 
by the transformation process described above, combined with 
Horner’s Method. 

The cases in which two or more roots are actually equal can bo 
treated by introducing the notion of the derivative (§ 87) l)ut the 
detailed explanation of the method will not be attempted here. In such 
cases the a;-axis is a tangent line to the graph. When two roots thus 
coincide they are said to form a double root, when three roots coincide 
they form a triple root, etc. 
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EXERCISES 

Determine each of the following roots correct to three decimal 
places, accompanying each equation with its graph. 

1 . The root of 2 ;^—3a^+6a;—9 = 0 lying between 2 and 3. 

2. The root of 3rc^—3rr--7 = 0 lying between 4 and 5. 

3 . The root of a;^+13a:^+57a;—16 = 0 lying between 0 and 1. 

4. The root of =0 lying between —3 and -4.. 

6. The root of x^-{-4:O?—A.x^—Vlx-\rZ=0 that lies between 1 and 2. 

6. Determine, correct to two decimal places, the roots of the equa¬ 
tion 6rc^-f5a;^4-14a;—4 = 0 between 3 and 4. See Note 2, § 99. 

7 . Determine, by use of Horner’s Method, the value of the fourth 
root of 473 correct to four places of decimals. Note that this is equiva¬ 
lent to solving the equation a;4=473. 

8 . Determine, correct to three decimal places, the fifth root of 100. 

9. Obtain, correct to two decimal places, the positive solutions 
X, y of the following simultaneous quadratic equations (compare 
§§ 29, 30) xy = l, y=o?-2. 

10 . The edge of a cube measures 3 inches. By how much, correct 
to two decimal places, should each edge be increased in order that the 
volume may be increased by 50 cubic inches? 

11 . The dimensions of a rectangular box are 8 by 10 by 12 inches. 
By what amount, correct to three decimal places, should each be in¬ 
creased in order that the volume may be increased by 400 cubic inches? 

12. How long is the edge of a cube if, after cutting off a slice 3 
inches thick from one side, there remain 20 cubic inches? 

13 . A right circular cylinder has its upper base 
hollowed out into the form of a hemisphere. In 
order that the solid thus formed may have the 
same volume as a sphere 4 feet in diameter, de¬ 
termine, correct to three decimal places, what must 
be the radius of its base if the height is 10 feet. 

[Hint. See formulas in § 7.] 56 

14 . Answer Ex. 13 in case both bases of the cyhnder are hoUowed 
out in the manner indicated. 

16 . The depth of flotation in water of a material sphere is the posi¬ 
tive root of the equation a:^~-3ra::2+4r^s=0, where r is the radius and 
s is the specific gravity of the material. Find, correct to two decimal 
places, the depth at which a cork sphere of radius 1 foot will sink, it 
being given that the specific gravity of cork is 0.24 
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100. Algebraic Solutions. It has been shown in an earlier 
chapter that if one considers the general quadratic equation, 
namely 

(1) ax--\-hx-\-c = 0, 

it is possible to determine formulas for its two roots, thus 
expressing them in all cases in terms of the coefficients a, 6, c. 
In fact, it was shown in § 21 that the roots of (1) are 

(2) - —&dz \/h-—Aac 

2a 

Similarly, one may now inquire whether formulas exist 
which express the three roots of the general cubic, namely, 
the three roots of the equation 


(3) ax^+bx^-\-cx+d = 0. 

Such formulas exist, but they are difficult to use, and are 
of theoretic interest only. We shall therefore merely state 
the following facts. Equation (3) may be transformed into 
the more simple form 

(4) x^~\-gx-\-h = 0 


and the roots of (4) are given by the formula 








V, 


27"*” 4 


Since any given quantity has three cube roots (real or 
imaginary), this formula determines the three roots of (4), 
just as (2) determines the two roots of (1). 

Similarly, the general equation of the fourth degree (com¬ 
monly called the general biquadratic, or the general quartic) 
may be solved, the formulas for its roots being, however, 
highly complicated. As regards the general equation of the 
fifth degree {quintic) and all higher degrees, it is not possible 
in general to express their solutions in terms of radicals. 



CHAPTER XII 


PERMUTATIONS AND COMBINATIONS 

101. Introduction. Considor the following question. 
How niJiny sigrinls may be given by hoisting 2 flags on a pole, 
it Ix'ing understood that there ai-e 10 flags of different colors 
to selcxit from? 

TIu^. answer can be rcasoncxl out as follows. The first flag may 
be {^h()S(‘n in any (mo of 10 ways and, having cliosen it» the sec¬ 
ond flag tnay be ehosem in any oru^ of 0 ways. Since to each of 
th(^ 10 (‘.h()i(H^s of ihc' first flag tluax' thus (x.)rres])ond 9 choices 
of the sixanid, the. answen* must Ik^ 10X9, or 90 signals. 

Again, if wo ask in how many ways 3 kd tc'rs may be mailed 
on a, st.r(H‘t when', tlu'i’e are; 5 l(‘tt(‘r-1)()X('s, we may reason as 
follows: The', first k'.tter may b(^ maik^d in any one of 5 ways, 
and, liaving Ix'cn maikxl, iiu'. sc'cond kd,ter may likewise 
b(‘. maik'd in any one of 5 ways. Heiuje, a,s in the example 
above, th(^ first two k^i.ters may b(i maik'd in 5X5, or 25 ways. 
Put. to each of IJk^sc^ (*-orres])()nd 5 ways also of mailing the 
tliird k'ttc'r, iKaua', th(^ numb(a’ of ways in which all three 
l(^tt.(a*s may !)('. maik'd is 25X5, or 125 ways. 

If a man (‘,an trav('l on any oiu^ of four routes from New 
York t o Puffalo, and tlu'iUH^ on any oik'. of three routes from 
Buffalo t,o (3u(aig(), h(‘ may make the whole trip (via Buffalo) 
in any otu^ of tw('lv(^ roub's. 

vSimilar reasoning k'ads to the following general principle. 

FuNDAMiON'rAT. PuiNoreiAO. If 071C thing can he done in mi 
differcJit vny.s, and, having done it, a (second thing can be done 
in rnn diffvreni and having done it, a thml thing can be 

done in ?//a different ways, and .so on, then the number of ways 
in which ike vcirious tliimjs can be dune jointly is the product 
mi 
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EXERCISES 

1 . Plow many signals can be given by hoisting 3 flags if there are 
8 different flags to select from? 

2 . In how many ways can 4 letters be mailed if there are 5 mail boxes? 

3 . In how many ways can 4 different positions be filled if there 
are 3 applicants for the first position, 2 for the second and 4 for each of 
the others? 

4. Answer Ex. 3 in case there are 12 applicants in all, each of whom 
is ehgible to either place. 

6. If a person owns a 5-seated automobile, in how many ways (;an 
he seat a party of four for a ride? 

6. How many base-ball nines can be formed out of 9 men, it being 
understood that any man can play in any place? 

7. Answer Ex, 6 in case either A or B must pitch, while cither B or 
C must catch. 

[Hint. Solve first on the supposition that A pitdies and 1^ catches. 
Then consider similarly all possibilities and add results.) 

8. How many signals can be given with 6 different colored flags 
which may be hoisted either singly or any number at a l^irnci? 

9. How many even numbers can be formed using the digits 1, 2, 3, 
4, 5, 6, 7, it being understood that all of the digits ant to btt u.sed and 
each used but once? 

[Hint. Determine first how many ways the laat digit, of (he number 
may be chosen.] 

10 . Answer Ex. 9 in case any number of the digits may ])e used, 
but no digit more than once. 

11 . In how many ways can an ace, king, queen and jack be drawn 
from a pack of cards in the order named in case 

(a) they may be of different suits, 

(5) they must be of different suits, 

(c) they must be of the same suit? 

12 . If a half-dollar, quarter-dollar, dime and nickel be tossed, in 
how many ways can they come uji? 

13 . If there are four convenient routes from Chicago to San Fran¬ 
cisco, in how many ways can one conveniently make the round-trip? 

14 . In how many ways can one draw a square 1 incli on a sidc‘ if 
he has black, red and green ink at his disposal, using only one color 
on any one side? 
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102. Permutations. Consider the three letters a, h, c, and 
let it be asked how many different arrangements, or permu¬ 
tations, of these letters among themselves are possible. The 
answer is six, as all such arrangements, or permutations, are 
evidently the following: 

ahc, acbj hac, hca, cab, cba. 

We might have asked a different question as follows. 
How many permutations are possible with the four letters 
a, 5, c, d in case only two of them are used at a time. The 
answer would now be twelve, such permutations being 

ab, ba, ac, ca, ad, da, be, cb, bd, db, cd, dc. 

In general, if we have n objects (regarded as different from 
each other) there will be a certain number of possible ar¬ 
rangements, or permutations, of them when taken r at a time. 
If we represent the number of such permutations, as is 
customary, by the symbol we may show that rPr is 
determined by the formula 
(1) nPr =n(n-l)(n~-2) (n~r+l). 

For, the object to be placed first in the arrangement may 
evidently be chosen in any one of n ways, and, having chosen 
it, but n—1 objects remain, so that the object to be placed 
second may be chosen in any one of n—l ways; similarly, 
the third object may be chosen in any one of n—2 ways, the 
fourth object in any one of n—3 ways, and so on, until finally 
the last, or rth object may be chosen in any one of n—r+1 
ways. Hence, applying the fundamental principle stated in 
§ 101, we see that the total number of ways of arranging, or 
permuting, the n objects when taken r at a time will be the 
product n(n—l){n—2) ••• (n—r+1). That is, we arrive at 
formula (1). 

Thus, the number of possible permutations of the 4 letters a, h, c, d 
when taken 3 at a time is, in accordance with (1), equal to 4*3*2, or 24. 
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This may be verified by actually writing out all such permutations, 
the result being as shown below. 

ahc hac cab dab 
acb hca cba dha 
acd bed chd dbc 
adc hdc cab deb 
abd had cad dac 
adb hda eda dm, 

Similarly, the number of pca'inutarions of 5 letters when taken all 
at a time would be determined by formula, (1) by ptieing in it = 5 
and r = 5, the result thus being 5 *4* 3-2*1, or 120. If, on the 
other hand, we use only 3 of the kt.ters a.t a, tinu^, tlui n^suli, would be 
5 • 4 • 3, or 60. If we use 2 at a time, th<^ r(‘sult would l)e 5 • -I or 20, et(a 

103. The Factorial Numbers. If in fonmila, (1) we place 
r = n, the last factor becomes n—n+l, or 1, so that the right 
member becomes 

n(?t-l)(n-2) *••2.1. 

This expression, which rc'prescmts tlie product of all th(^ 
integers from 1 to n inclusive, is t^a-lled factorial n, a,nd is 
commonly designated by the symbol n ! 

Thus, 3! = 1 .2 • 3 = 6; 4! -1 • 2 • If • 4 - 24; 5! = 1 • 2 • 3 • 4 • 5 -120, 

6! = 720, 7!=5040, 81=40320, 91=362880, 101 = 3628800, etc. 

Note. From the definiti(jn of nl it follows that, whaic^ver the value 
of n, we shall have nl='//, • ('n —1)1. Phiciug n=l in this rela,rion gives 
11 = 1 • 01, or 1 = 01. Hence, the value of 01 must b(^ taken a,s 1. (Compare 
the meaning of as obt.ained in § 8). 

Inasmuch as nl is the result of phicing r = n in formula (1), 
it follows that the nnmber of j)cr7N,t{taHom of n things taken all 
at a time is nl 

Expressed as a formula, tins result Ixu'.onu's 
(2) „P„=n(n-l) ...2-l = n! 

Thus, the five letters a, 6, c, d, c may be perniut,ed among themselves 
in. 51 = 120 ways. 
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EXERCISES 

1 . In how many ways can the letters a, h, c, d, e be arranged if 
taken 3 at a time? 

2. How many numbers can be made out of the digits 1, 2, 3, 4, 5, 6 
using four of them at a time, no digit being repeated? 

3. In how many ways can 10 trees be planted in a row? 

4. In how many ways can the letters A, R, C, a, 6, c be arranged 
so that the three capital letters shall stand first, and the three small 
letters shall stand last? 

[Hint. First find how many ways the capital letters can be ar¬ 
ranged among themselves, then similarly as regards the small letters, 
then use the Principle of § 101.] 

6. Work Ex. 4 in case either the three capital letters or the three 
small letters may stand first. 

6. In how many ways can 5 French books, 3 Latin books and 2 
Spanish books be arranged on a shelf so that the French books shall 
stand together, the Latin books together, and the Spanish books to¬ 
gether? 

7 . Work Ex. 6 when it is required that the French books shall 
stand first as a group, but the remaining 5 books may be arranged in 
any manner thereafter. 

8. In how many ways can a program of 3 speeches and 3 musical 
numbers be arranged so that speeches and music shall alternate through¬ 
out? 

9. In how many ways can the knives, forks and spoons be distrib¬ 
uted at a table where there is to be a dinner party of 6 people, each 
of whom is to have a dinner knife, a bread and butter knife, a dinner 
fork, a salad fork, a soup spoon, a teaspoon and a coffee spoon? 

10 . In how many ways can the colors red, green, blue, indigo, 
violet be arranged so that red and green do not stand together? 

[Hint. The answer may be regarded as the difference between the 
number of arrangements when no restrictions whatever are made and 
the number when red and green stand together in either order.] 

11 . In how many ways can 4 different coins be stacked one upon 
the other provided that at least one must be left with its face side up? 

12. Show that formula (1) of § 102 may be written in the form 
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104. Combinations. A set of things regarded without 
reference to the order in which they are arranged, is called a 
combination of them. 

Thus, ahCj ach, hac, hca, cab and cha are the same combination 
because each is made out of the same letters a, h, c and in this respect 
there is no difference between them. It is only when the arrangement 
of the letters is taken into account that any such distinctions are 
possible. 

Let US ask how many combinations, in the sense defined 
above, are possible out of the four letters a, b, c, d when taken 
3 at a time. The answer is 4; namely, abCj abd, acd, bed. 
Note that each of these is different from the three others in 
that it is made up of different letters. Similarly, if we ask 
how many combinations of the letter^ a, b, c, d are possible 
when taken 2 at a time, the answer is 6; namely ab, ac, ad, 
be, bd, ed. Finally, if taken 4 at a time, the answer is 1; 
namely abed. 

If we ask in a more general sense how many combinations 
are possible out of n different things taken r at a time, we 
may arrive at a formula for it as follows. Consider any one 
combination. It contains r letters, which, if arranged in 
all possible ways would give rise to r! permutations. (See 
formula (2), § 103.) Since this is true of every different com¬ 
bination, it follows that if we let represent the total 
number of such combinations, we shall have the equation 

n , p 

n'^r • • n-*- rj 

where ^Pr is the total number of permutations of the n things 
taken r at a time. From this equation we have 



which, when we substitute for ^Pr its value as given by (1), 
§ 102, becomes 
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This, therefore, is the formula desired. By multiplying 
both its numerator and denominator by (n—r)l, observing 
that the numerator then becomes 

n{n—l) ••• (n—r+1) • (n—r)! — 
n{n--l) ••• (n—r+l)(n—f)(n—r—1) ••• l = n!, 
the formula takes the more condensed form 


( 2 ) 


fiOr — “ 


r! 


n\ 


Note. It may be noted that formula (1) for nCr is the same as is 
obtained if, in the formula as given in § 79 for the coefficient of the rth 
term of the binomial expansion for one uses (r+1) in place of r. 

The binomial theorem for positive integral exponents may therefore 
be written in the form 

(a -\-xY = oP' +nCia^”^rr+nC 2 a^"Vd- \-nCn-iax^~^ + 7 iCnX^. 


Example 1. How many committees of 3 men each can be formed 
from 8 men? 


Solution. Since the personnel of a committee is in nowise changed 
by a different arrangement of the men in it, the question resolves itself 
mto finding the number of combinations of 8 men when taken 3 at a time. 
Hence, using the first of the formulas above, we obtain the answer 


8 - 7 * 6 ^ 


Example 2. How many selections each consisting of 3 oranges 
and 2 apples may be made from a basket containing 6 oranges and 4 
apples? 

Solution. The number of ways in which the 3 oranges may be 
selected is 

6^- 5 • 4 

The number of ways in which the 2 apples may be selected is 

Hence, by the fundamental principle of § 101, the 3 oranges and 
2 apples may together be selected in 20X6 = 120 ways. Ans. 
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EXERCISES 

1. A captain having under his command 20 men wishes to form a 
guard of 3 men. In how many ways may the guard be formed? 

2. How many j^eals may be rung with 7 different bells by striking 
them 4 at a time? 

3. How many hands of cards, each made up of 5 hearts, are there 
in a pack of cards? 

[Hint. The pack contains 52 cards, there being 13 ‘each of hearts, 
diamonds, spades and clu])S.] 

4. A chandelier contains 10 lights. In how many ways may the 
room be lighted if only S lights arc used? 

6. How many straight lines may be drawn through S points no 
three of which lie in the same straight line? 

6. Out of S different English books and 7 diffen’ent h'rench books, 
how many selections of 6 books may be made ea(4i containing 3 English 
and 3 French books? 

7. Work Ex. Gdn case each selection of G books must contain at least 
2 English and 2 French books? 

[Hint. Consider separately the various possibilities, as in Ex. 7, 
page 183, and add results.] 

8. A candidate for a certain office is to lie ele(!ted in case lie rec-cives 
a majority of the votes cast by 10 people. In how many ways could 
the majority be secured? 

9 . Out of 15 men how many selections of 4 men each can be made 
each of which will contain a certain particular man? 

[Hint. Take out the particular man and then consider the remaining 
14 men.] 

10. A whist-hand contains 13 cards. How many such hands each 
made up of 4 spades, 4 hearts, 4 diamonds and 1 club is it possible 
to form? 

11. Out of a basket containing G oranges, 8 apples and 3 peaches, 
how many selections of 5 each may be made that shall contain at least 
one orange? 

[Hint. The answer may be regarded as the difference between the 
number of selections of 5 indiscriminately and the numlxa* when no 
oranges are taken.] 

12. Show that the number of combinations of 7i things taken r at 
a time is the same as when taken n—r at a time. 
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*106. Distribution into Groups. If it be asked in how many ways 
10 different things may be distributed among 3 persons A, B, C so that 
A shall receive 5, B shall receive 3, and C shall receive 2, the answer 
may be determined as follows. Starting with A, he may receive his 
5 things in 

10 ! 

loOs = 777 , ways. (See formula ( 2 ), § 104) 
5Io! 


B may now be given his 3 things out of the remaining 5 things i 


Finally, C may be given his 2 things out of the remaining 2 things in 

^=I ways. (See Note, § 103) 

Applying the Theorem of § 101, the 10 things may therefore be 
distributed in the manner specified in 

10 ! 5 ! ^ 2 ! 

7777 X—X-ways. 


Noting cancellations, we may reduce this product to the form 


10! 7 - , 8 ^ 9 • 10 

5 ! 3! 2! "y. 5 -"-X 


— 2520 ways. 


Ans. 


The same method of reasoning when applied more generally leads 
to the following result. 

The number of ways in which n different things may he distributed into 
a specified number of groups such that the first group shall contain p things, 
the second shall contain q things, the third shall contain r things, etc, is 
given by the formula 


( 1 ) 


iV= 


nl 

pi qlrl - • • 


Example. In how many ways may 14 apples be distributed among 
four children so that the oldest shall receive 5, the next younger 4, the 
next younger 3 and the youngest 2. 

SoLUTioisr. By means of the above general formula, the answer is 


14! 


=*2,522,520 ways. 


Ans. 


5! 4! 3! 2! 
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Note. It is to be observed that if the number of things to be put 
in each group is the same that is, p = q — r — ---j and if there is no dis¬ 
tinction made between the groups (such as first, second, etc.), then the 
formula above must be slightly changed, becoming 

( 2 ) 7 /=--. 

gl pi q\ y\ * m • 

where g is the number of the groups. The reason for this may be 
immediately implied from the following example. 

Example. In how many ways may 12 men be divided into three 
groups of 4 each? 

Solution. Formula (1) would give 

12! 

414! 4!* 

But to take this as the answer implies that any way of dividing the 
men into the three equal groups gives rise to another way by redis- 
tributing the same three groups among themselves, which can be done 
in 3! ways. Since the question is merely as to the number of possible 
groups without reference to their order, the result above must therefore 
be divided by 31, giving as the correct answer 

12 ! 

5[i?Ii7r®775ws 

and thus agreeing with the result given by (2) for this example. 

*106. Permutations of Things not all Different. In the previous 
discussions of this chapter all the things dealt with have been regarded 
as different, or distinguishable, from each other. In distinction from 
this, consider the following example. 

Example. How many permutations are possible of the letters of 
the word infinite when taken all together? 

Solution. Since no new permutation arises by interchanging the 
three among themselves, or the two among themselves, let us 
suppose at first that the i’s are made dissimilar by calling them respec¬ 
tively ii, 2 * 2 , iz^ and likewise the ti^s by calling them respectively ?^l, 
Under such a supposition, the answer, by formula (2) of § 103, would 
be 8!, since there would then be a total of 8 dissimilar letters. If the 
three ^’s be now regarded as the same, each of these 8! permutations 
gives rise (by permuting the 3 ^^s among themselves) to 3! permutations 
that are identically the same. Hence, if the i’s alone be regarded as 
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the same, the answer would be 8!/3!. But if the two n’s be now re¬ 
garded as the same, each of these 8!/3! permutations gives rise by similar 
reasoning to 2! permutations that are the same. Hence, the correct 
answer is 


8 ! 

3! 2! 


=3360. 


The same method of reasoning when applied more generally leads 
to the following result: 

The numher of 'permutations among themselves of n things of which ni 
are alike of one kind, n 2 are alike of another kind, are alike of another 
kind, etc., is given hy the formula 


nj ^ 2 ! 723 ! ••• 


MISCELLANEOUS EXERCISES 

Success in working an example in permutations and combinations 
depends chiefly upon one’s ability to determine to what extent the 
order of the things considered must l.)e taken into account. Examples 
in the following list accompanied by the star (*) depend upon §§ 105-106. 

1. On a railroad there are 20 stations. How many tickets are 
required to connect every station with every other one? 

2 . The Greek alphabet contains 24 letters. How many Greek letter 
fraternity names -can be formed, each containing 3 letters, a repetition 
of letters being allowed? 

3 . In how many ways can 6 ladies and 6 gentlemen form couples 
for a dance? 

* 4 . Eight persons are to play cards. In how many ways can partners 
be formed? 

6. Show that the number of ways in which n persons may be distri¬ 
buted among themselves at a round table is (n —1)! 

6. In how many ways can a selection of at least 4 oranges be made 
from a basket of 8 oranges? 

7 . A box contains 6 red cards, 5 white cards and 4 blue cards. In 
how many ways can a selection of three cards be made such that 

(a) all three are red? 

Qf) none are red? 

(c) at least one is red? 
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*8. How many arrangements of the letters of the word Mississippi 
are possible? 

*9. How many signals can be mad(^ with 7 flags, of which 2 an^ nal, 
1 white, 3 blue and 1 yellow, displaycul altogc^ther otie above thc^ othca*? 

10. How many dominoes are there in a set numbered from double 
blank to doulde ten ? 

*11. A collection of 12 books is to be distribut(‘d equally a,mong 4 
people. In how many ways (am it be done, no regard Ixang ha,d for 
the order in which tlu\y are given out? 

*12. A collection of 12 books is to be divided into 4 equal pihas. In 
how many ways (am it be done, no ivgard being had for tlui order in 
which they appear in each pile? 

13. Answer Ex. 12 in case regard is taken of tlu^ order of the books 
in each i)ilo. 

14. How many cornmittes, (aich (containing 4 men, can Ixc formed 
from 5 Rc])u])li(;ans and 5 Democrats, it Ixcing umhu’stood t-hat at haist 
one Republican and one Democcrat must Ixc on tine commit,t(xc? 

16. From a basket of 8 apf)l(cs, in how many ways (can a s(‘l(‘ct.ion 
be made, it being understood tha.t any or all of th(‘ a,ppl(cs (can b(‘ ta.k(‘n ? 

16. How many triangles can Ixc formed by joining the angular points 
of a decagon, that is, (\a(ch triangle hawing its thr(c(c v(crtic<!s at vorilres 
of the decagon? 

17. There are 20 points in a [)lano, no thnee of whicJi anc in l.luc saimc 
straight line with the ex{c(q)tion of 5, whic.li, are all in omc line. Find 
the number of straight liru^s that lesult from joining tlKun. 

18. Find the number of triangles wliic.h can be forimcd !>y joining 
the points mentioned in Ex. 17. 

19. A boatks crew consists of 8 nuen, 3 of whom (can row only on the 
port side and 2 of whom (can row only on the starboard sidec. In how 
many ways may the crew be seated ? 

20. Out of 6 friends, in how many ways can you invitee oik' or mon* 
of them to dinner? 

21. From 3 peaches, 4 apples and 2 oranges, how many scclcctions of 
fruit can be made, taking at least one of each kind? 
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107. Introduction. If a letter be chosen at random from 
the alphabet the chance, or probability, that it will be a is 
naturally regarded as 1/26 since, out of the 26 ways in which 
a letter may be drawn, only 1 gives a. Similarly, the proba¬ 
bility, or chance, of drawing any single letter, as ??^, would 
be 1/26. However, if we ask the probability of drawing a 
vowel j the answer would be 5/26, since a vowel may be drawn 
in any one of 5 ways; namely, either a, e, ^, o or u. 

As another example, suppose that a bag contains 4 red 
balls and 5 white balls, and that a ball is drawn at random. 
The probability that it will be red is then 4/9, since out of the 
total of 9 ways of drawing a ball, 4 give red ones. Similarly, 
the probability of drawing a white ball is 5/9. These and 
other illustrations which may be readily supplied lead to the 
following definition. 

Definition. The probability of an event is the ratio of the 
number of ways in which it can happeyi {all regarded as equally 
likely) to the total number of ways in which it can either happen 
or fail. 

Thus the probability of drawing an ace from a pack of cards is 
4/52, or 1/13, since there are 4 ways in which the event can happen out 
of a total of 52 ways in which it can either happen or fail, the latter 
being the total number of cards in the pack. 

This definition, when stated in algebraic language, is as 
follows. Let a be the number of ways in which an event can 
happen, and let b be the number of ways in which it can fail 
(all ways being regarded as equally likely). Then the proba¬ 
bility, Pj that the event will happen is 
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Corollary 1. If an event is certain to happen, its proba¬ 
bility is 1. For in (1) we then have 6 = 0, giving p = afa-l. 

Corollary 2. The probability that an event will happen 
and the probability that it will fail, when added together, give 1. 
For, just as the fraction (1) is the prolxibility that the event 
will happen, so the fraction 


( 2 ) 


b 


a-]rb 


is the probability that the event will fail, and it is evident 
that the sum of the expressions (1) and (2) is 1. 


108. Value of an Expectation. If a person is to receive 
$100 in case a certain event liappens, and tlu^ probal)ility of 
the event is 3/5, then tlie value of his expc^ctation is naturally 
3/5X100 = 160. This amount, in other words, is wliat he 
should pay for the privilege of being thc^ possible re(U[)ient 
of the $100. In general, we thus adopt the following definition. 

Definition. If a person is to receive the sum. of money M 
in case an event occurs whose probability is p, then the ludiie of 
his expectation is pM. 

EXERCISES 


1. A bag contains G red balls, 4 white balls and 3 bhu^ balls. If a 
ball be drawn at random, what is the proljability that it will be (a) red, 
(6) white, (c) blue? 

2. From a suit of 13 hearts, 3 cards arc drawn. What is the (iiance 
that they will be the ace, king and queen? 

[Hint. Three cards may be drawn in mCa ways.] 

3. The four ca})ital letters A, B, C, D and the four small hdtcu's 
a, h, c, d are shaken togetlier in a hat after wliich three kdters ar(i drawn 
out at random. What is the |)robability that they will all be capitals? 

Solution. Since there are 8 letters in all, the total number of ways 
of drawing 3 letters of any kind is 


’ 1 • 2 • 3 ' 


= 56. 



196 


COLLEGE ALGEBRA 


[XIII, § 108 


Similarly, the number of ways of drawing 3 ca'pital letters is- 
^ 4-3 


1 • 2 • 3 


= 4. 


Hence the desired probability is 


56 


_ 1 _ 

14* 


Ans. 


4. Find the probability in Ex. 3 that the three letters drawn shall 
consist of two capitals and 1 vsmall letter. 

[Hint. Tlie num])er of ways of drawing 2 cajoitals and 1 small letter 
is.AX.A- (§§104,101).] 

6. A portfolio contains 15 liilLs, 6 of which are $5 bills, 4 are $2 bills 
and 5 arc SI bills. If 4 bills be taken at random find the chance that 

(а) all are $5 In'lls, 

(б) 3 are |2 hills and 1 is a S5 bill, 

(c) all are $1 bills. 

6. A history of Home in four volumes is placed on a library shelf at 
random. What is the probaliility that the volumes will be in their 
correct order: I, II, III, IV? 

7 . If 4 cards be drawn from an ordinary pack, what is the proba¬ 
bility that 

(a) they -wnll all bo hearts? 

(h) that there will lie 1 card of each suit? 

8. If two tickets be drawn from a package of 20 tickets markea 

1, 2, 3, 20, what is the probability that both will be marked with 

odd numbers? 

9. If three coins be tossed, what is the probability that 

{a) all will be heads? 

(b) there will be exactly two heads? 

(c) there will be at least two heads? 

10 . If three cards be drawn from a pack, what is the probability 
that they will be an ace, king and queen of different suits? 

11 . A person is to receive $5 in case he tosses two coins and they 
both come up heads. What is the value of his expectation? 

12 . What can a person properly afford to pay for the privilege of 
receiving $7.50 in case that he draws 2 tickets from a box containing 
tickets marked from 1 to 15 inclusive and finds that the one is odd and 
the other even? 
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109. Definitions. The preceding discussions and illus¬ 
trations of the theory of probability are the iiniuediate conse¬ 
quences of the definition of the team ^^probability/' as giv(ai 
in § 107. If one is to proceed farther into tlie sul)ject, it is 
desirable to make certain fundamental distinc^tions Ix'twecm 
the possible kinds of c^vcaits, as indicated below. 

Two or more evcnits are called dcpmclcrit or 7’77Yfc7X'nr/c//f/ 
according as the hap]7(niing of one of them Jec.s* or docs not 
affect the happening of tlu^ otlu^rs. 

Thus, if a dnuvin^- be luacle at random of one letter from a. box 
containing the letters a, h, c, <1, c a.nd tins follcmaul by anot her similar 
drawing, the two events would Ixi iiidcpvndnil in ea,S(‘. tlu' l(tt.(‘r first 
drawn was rc})la(*e(l in th(^ box Ixt'ore the scu’-ond drawing, wliilc th(^ 
events would be dependent in (!tise this was not done. 

110. Theorem Concerning Independent Events. In ded er- 
mining the probal)ility that/ two or more ind(‘])(aHl(ait ev(‘]its 
will all happen, oiu'. may em])loy thc^ following tlu^orcan. 

Theorem. 7''he prakdrility that two er mo'ro iadcpcfidcnt 
events loill all happen is equal to the product of their respective 
probabilities. 

Thus, suppose t.hat two coins are tossed. The jirohiihility t hat lh(^ 
one will come up heads is evidcmlly 1/2, and the ])roba.bilily that, tiio 
other will come ui) heads is likewise^ 1/2. Therefore, ttu^ probability 
that both will come up heads is, by the above dluxirem, l/2Xl/2 ™1/'b 

This result may lie vcu'itied by notring that- tlu^ t-otal immher of ways 
in which the two coins may fall is 2X2 — 4, a,nd of th(‘si‘ only 1 giva^s 
two heads. Hence, the answer, as Ixtore, is i/4. 

Similarly, the xa’obabihty that three coins will all e.om(‘ up laaids is 
1/2 X1/2 X1/2-1/8. 

Proof of Theorem. Suppose that tlui ])robaJ)iliti('s of 
the separate events arc respectively pi, po, p,.j, p,,., and hd; 

ai be the number of ways in which tlie evtait c()rr(\s])on(ling 
to Pi can happen and hi the nnmber of ways in which this 
event can fail; similarly let ao be the nuinlx^r of ways in 
which the event corresponding to p 2 can happtui, and 1)2 the 
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number of ways in which this event can fail, etc. Then, by 
the definition stated in § 107, we shall have 


( 1 ) 


Pi= 


ai 


W 


a2 


Vr=- 


dl + 0^2 &2 dr + br 

Moreover, by the principle of § 101, all the separate events 
can happen together in ai • <22 * as ••• ways out of 

(ai+f)i)(a2+52) ••• idr~\-br) 

possible ways of either happening or failing. Hence, if P be 
the probability that all the events will happen, we have by 
the definition in § 107, 

did2--dr 


( 2 ) 


P=- 


(ai+ 6 i)(a 2 + 62 ) •*• 

But, upon using (1), the expression (2) may be written in 
the form 

P = PiP2 --Pr, 

which was to be proved. 


111. Dependent Events. Although the theorem of § 110 
pertains only to independent events, it may frequently be 
applied to determine probability in the case of dependent 
events, since the latter may usually be separated so as to be 
regarded as independent. 

Example. One letter is drawn from a box containing the letters 
a, 6, c, d, e and a second drawing is then made (the first letter obtained 
not being replaced before the second drawing). What is the probability 
that the letters thus drawn are first a and second t? 

Solution. The probability of obtaining a on the first drawing is 
evidently 1/5 and, a having been drawn, the probability of obtaining 
h on the second drawing is 1/4, since but 4 letters remain after the first 
drawing. Therefore, by the theorem of § 110, the desired proba¬ 
bility is 1/5X1/4=1/20. Ans. 

This result may be verified as follows. The total number of ways 
of drawing 2 letters is 5X4 = 20 and of these there is but one that gives 
first a and then 6. Hence, the probability is 1/20, which agrees with 
the former result. 
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112. Theorem Concerning Events That Can Happen in 
Several Ways. In determining the probaldlity tliat an event 
will happen in case it can happen in any one of two or more 
different ways which are mutually exclusive, one may 
employ the following theorem. 

Theorem. // cm event am lia'p'pen in any one of tivo or 
more different ways ivhich are mutually exclusivcy the 'proba¬ 
bility that it will happen is the sum of the 'probabilities of 
its happeninej in these different 'ways. 

Ill us, if it 1)0 iisk(Hl what, is tlio ])r()l)al)ility of gc‘ttin^ (‘itlior two 
heads or two tails wIkui two (toiris ar(‘ tossed, wo iiuiy n‘asou as follows. 
The ]jr()ha))ility of ^ottiu^- two heads, as sliowu in § 110, is 1/4, and 
similarly the i)rol)al)ility of ^(dtiiifi; two tails is 1/4. Tlau’ofon', by 
theorem abov(% the prol)ability of g(‘ttinfj; ciUur two li(‘ads or two t.tiils 
is l/4 + l/4 = l/2. 

This result may be verified by noting that the t,otal niimlxu* of ways 
in which the two coins may fall is 2X2=4, and of tli(‘se 1 gives bot h 
heads and 1 gives both tails. Hence, the pro))al>ility of gedting cntluT 

l-i-l 

both heads or both tails is-=2/4 = 1/2, thus agreeing with the 

4 

former result. 


Proof op Theorem. Suppose that the event can liappen 
in two mutually exclusive ways, and let pi — ai/bi and 7)2 = 
afflh be tludr rcispective probalhlitiins. Then, out of a total 
of hi • &2 l)ossible cases leading to success or failun^ in (utluu’ 
of the two ways, therci anj cii b^ in whi(?li t,h(': evemt ( 4 in liapp(ui 
in the first way and a^fbi in which it can happem in t.he sec.ond 
way. Hence, out of the 6160 cases tluu'e ar(‘. ajhy+adh easels 
in which the event can happen in th(^ oik^ or the other of tlu^ 
two ways, the probability of which is therefore 


ciib^-jr adbi 
6162 


bi 62 


= Pl + ??2. 


The theorem thus ])ecomes proved in cas(‘ th(‘r(‘ ar(‘ l)ut 
two ways in whicli the event can happen. Similar rcaisoning 
leads directly to the more general case. 
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113. Theorem Concerning Repeated Trials. If the proba¬ 
bility of the happening of an event in a single trial is known, 
the probability that it will happen exactly r times in n trials 
may be determined by use of the following theorem. 

Theorem. If p is the probahility that an event will happen 
in any single trial, then the probability that it will happen 
exactly r times in n trials is where q is the probability 

that the event will fail in any one trial. 

Thus, if it be asked what is the probability of throwing exactly 
3 aces in 5 throws with a single die, the answer is 

n\^ /5\2 _ 1 25 125 


5C3 ' 




10 


216 36 3888 


Proof of Theorem. The probability that the event will 
happen in r specified trials and fail in the remaining (n~r) 
trials iSj by § 110, But the r trials can be selected out 

of the n trials in ways. Hence, applying the theorem of 
§ 112, it follows that the probability in question is the result 
of adding "to itself .,,0^ times; that is, it is equal to 


nCrVY 


It is to be observed that if we expand {p-\-qf by the 
Binomial Theorem (§ 104, Note), we obtain 

+ Vd--1“^^ 

Thus, the terms of this expansion represent respectively the 
probabilities of the happening of the event exactly n times, 
—1) times, {n~-2) times, ••• in n trials. 

Moreover, by combining this result with that of § 112, 
we obtain the following corollary. 

Corollary The probability that an event will happen 
at least r times in n trials is 


- hnCn-rPV^, 

where p and q have the meanings indicated above. In fact, by 
§ 112, this expression comes to represent the probability that 
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the event will happen cither exactly n times, or exactly (n— 1) 
times, or exactly {n—2) times, or exactly r times; that 
is, that it will happen at least r times. 


Thus the probabihty of obtaining at least 3 aces in 5 throws with 
a single die is 



1+5 » 5 + 10-2 5 276 23 

()•' “648* 


EXERCISES 

1 . Find the probability of throwing an acc in the first onl}^ of tw(» 
successive throws with a die. 

2 . If three cards be drawn from a pack, find the pi-ol)abilit.y that 
they will be an ace, a king and a queen in the order luimed. 

3 . Work Ex. 2 in case no regard is htid for the order in whi(4i the 
three desired cards are obtaiiKKl. 

[Hint. Consider each possible order and apply ihe iheorein of 
§ 112 to the sei)arate results.] 

4 . Find, by use of the theorem of § 112, the probability of throwing 
doublets in a single throw with a pair of dice. 

6. In three throws with a pair of dice, find the i)rol)al)ility of throw¬ 
ing doublets at least once. 

6. A bag contains 5 white and 3 black balls, and 4 are successively 
drawn out and not replaced. What is the probability that they are 
alternately of different colors? 

7 . A, B, C in tlie order named cacli draw a card from an ordinary 
pack, rejilacing the drawing eaidi time. If the first one to obtain a 
spade is to win a prize, show that their cxpec*. tat ions are in the ratio 
16:12:9. 

[Hint. First find the probaliility that A ol)tains a siiade; second, 
the probability that A fails to obtain a spade, l)ut B obtains one; (4(5. 
It is understood that a total of only three drawings can be made.] 

8. A and B throw with one die for a stake wdiich is to lie w^on by 
the player who first throws an ace. A has iho. first throw and th(5 
throwing is to continue alternately until either the one or th(‘ oilun* wins. 
Show that their respective probabilities of winning ar(5 



and hence that their respective expectations are in the ratio of 6:5. 
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114. Probability of Human Life. Mortality Table. If a 

person 19 years of age asks what the probability is that he 
will live to the age of 75, the question may be answered with 
good accuracy by consulting a so-called Experience Table of 
Mortality. Such a table is shown on the opposite page and 
is readily understood upon examination. It shows in par¬ 
ticular that out of 93,362 persons living at the age of 19 it 
may be expected that at the age of 75 there will remain 
26,237. Hence, the answer to the preceding question is 
26,237/93,362, or about 0.28 Otherwise stated, the chances 
that a person of 19 will live to be 75 are about 28 out of 100. 

The table on page 203 was compiled from the averaged 
observations of thirty American insurance companies to the 
end of the year 1874. Such a table is evidently of vital 
importance in answering the questions which ordinarily come 
before a life insurance company, or any person entrusted to 
work out a proper pension system for a group of employees, 
or the judge who wishes to determine what is a proper life 
interest of a client in an estate. Such questions depend upon 
the probable extent of life of an individual at a given age. 

EXERCISES 

1. What is the probability that the average American boy of 10 
years will live to vote at a public election? What is the probability 
that he will live to the age of 80? 

2. A man is 47 and his son is 15. Show that the probability that 
both will live 10 years is about 0,79. 

[Hint. Apply the theorem of § 110.] 

3. A bridegroom of 24 marries a bride of 21. Show that the proba¬ 
bility that they will live to celebrate their golden wedding is about 0.12 

4. A and B are twins just 18 years old. Show that the probability 
that both will attain the age of 50 is about 0.55; also, that the proba¬ 
bility that one, but not both, will die before the age of 50 is about 0.38. 

[Hint. Employ the theorem of § 112.] 

6 . Draw on coordinate paper the graph of the curve showing the 
probability of dying for each year from the ages of 10 to 90. 
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Ameeican Experience Table or Mortality 


Age 

Number 

Living 

Number 

Dying 

Age 

Numbkii 

Living 

Number 

Dying 

Age 

Number 

Living 

Number 

Dying 

X 



X 



X 

h 

<lx 

10 

100 000 

749 

40 

78 10() 

705 

70 

38 569 

2391 

11 

99 251 

746 

41 

77 341 

774 

71 

2() 178 

2448 

12 

98 505 

743 

42 

70 567 

785 

72 

33 730 

2487 

13 

97 762 

740 

43 

75 782 

797 

73 

31 243 

2505 

14 

97 022 

737 

44 

74 985 

812 

74 

28 738 

2501 

16 

96 285 

735 

46 

74 173 

828 

76 

2() 237 

247() 

16 

95 550 

732 

46 

73 345 

848 

76 

23 7(>1 

2431 

17 

94 818 

729 

47 

72 497 

870 

77 

21 330 

23()9 

18 

94 089 

727 

48 

71 627 

89() 

78 

18 9(U 

2291 

19 

93 362 

725 

49 

70 731 

927 

79 

10 070 

2196 

20 

92 027 

723 

60 

()9 804 

962 

80 

14 474 

2091 

21 

91 914 

722 

61 

68 842 

1001 

81 

12 383 

1964 

22 

91 192 

721 

62 

67 841 

1044 

82 

10 419 

1816 

23 

90 471 

720 

63 

66 797 

1091 

83 

8 603 

1648 

24 

89 751 

719 

64 

65 706 

1143 

84 

6 955 

1470 

25 

89 032 

718 

66 

64 5(>3 

1199 

86 

5 485 

1292 

28 

88 314 

718 

66 

63 364 

12(>0 

86 1 

4 193 

1114 

27 

87 596 

718 

67 

62 104 

1325 

87 

3 079 

933 

28 

86 878 

718 

68 

60 779 

1394 

88 

2 14() 

744 

29 

86 160 

719 

69 

59 385 

1468 

89 

1 

1 402 

555 

30 

85 441 

720 

60 

57 917 

1546 

90 

847 

385 

31 

84 721 

721 

61 

56 371 

1628 

91 

462 

24() 

32 

84 000 

723 

62 

54 743 

1713 

92 

216 

137 

33 

83 277 

726 

63 

53 030 

1800 

93 

79 

58 

34 

82 551 

729 

64 

51 230 

1889 

94 

21 

IS 

36 

81 822 

732 

66 

49 341 

1980 

96 

3 

3 

36 

81 090 

737 

66 

i 47 361 

2070 




37 

80 353 

742 

67 

45 291 

2158 




38 

79 611 

749 

68 

43 133 

2243 




39 

78 862 

756 

69 

40 890 

2321 









CHAPTER XIV 
DETERMINANTS 


116. Definitions- The symbol 
a b 
c d 


is called a determinant of the second order and is defined 
as follows: 


Thus 


a 

c 


b 

d 


= ad—bc. 


= 8 • 4-2 • 3 = 32-6 = 26, 

= 7 • 4-(-2) • 3 = 28+6=34, 


The numbers a, 5, c, and d are called the elements of the 
determinant. 

The elements a and d (which lie along the diagonal through 
the upper left-hand corner of the determinant) form the 
principal diagonal. The letters h and c (which lie along the 
diagonal through the upper right-hand corner) form the 

minor diagonal. 

From these definitions, we have the following rule. 

To evaluate any determinant of the second order, subtract 
the product of the elements in the minor diagonal from the 
product of the elements in the principal diagonal. 


EXERCISES 


Evaluate each of the following determinants. 


1 . 

2 . 


8 2 
3 1 

5 -1 
7 3 



2a 3b 
4a 5b 
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6- I- 
6. f 


3a 0 
6b 1 

a^+b^ 4 
a^-b^ 4 
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116. Solution of Two Linear Equations. Let us consider 
a systc'in of two lin<‘:ir (‘(fuaiions Ix'twecMi two unknown 
X and y. Any su(*li systcan is of Uu^ form 

(1) ei:r+/;i7/ = Ci, 

(2) Oo:r+/;27/==o>, 

wh(‘r(‘ nj, hi, ci, (‘tc., r(‘])r(‘S(ait known n\nuh(‘rs (coofficicaits). 

This system may lx* solvxxl for x and y by (elimination, as 
in § 5. Thus, innlti])lyinK (1) by and (2) by hi, siilMrant¬ 
ing th(‘ nsultin^i;' (x(nations from (xich oth(‘r, and solving* for 
X, W(e find 

CO 

(llf)2—’(tjh 


Lik(‘W’is(% W(‘ may (‘liminat(‘ x by mulii])lying (1) b}^ (to 
and (2) by oi. Subt ra.e( iu|:»; th(‘ r(‘sultinf>; (xjuations from each 
oth(‘r and solving for y, \vr find 

(.1) y- 

It is now (*h‘ar, l>y § 115, that tlu' mmun'iit.ors and denomi¬ 
nators in (2>) and (1) aix^ all d(‘t(‘rminants ofthce s(X‘ond order; 
a.nd by th(‘ d(‘finition of § 115, (2) and (-I) may Ix^, wriUnn 
n‘sj)(‘ctiv(‘ly in th(‘ forms 


C| 


\ 

Cl 



h 


(to 

C-2 

Cl 

ih 

Cl 

"/V' 

(to 

Ih 


C2 

Ih 


Th(‘S(e forms an^ (xisily ixancanbenxk ()l)S(a'V(^ that: 

1, Tlue d(‘t(‘rminant for tlKe: dcaiominator is the sam(‘ for 
both X and y. 

2. Th(e d(‘ti‘nnina,nt. for th(‘ numerator of th(^ :r-valu(^ is the 
same as that for tlu* (hmomhnitor (‘xece])!, t.hat, th(‘ numlHas 
(*1 and Oi r(‘pla.e(* th(‘ (ii and whicT (xaair in Jlrd column 
of the denominator deicummant. 
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C()LLi«:r;io ai/u^hua 
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3. Tho (l(‘i(‘nninant for thr niinit‘rat(H* of Iht* //-valiu‘ is 
th{‘. same as tlait for t!u‘ (loiiomiiiator (‘xeopt that liu* mnii- 
bars Cl aiul rt'placi* tla^ />i and /o wliirh oonir in tiu* ,sivund 
column of th(‘ ([(‘nominator d<‘torminaiit. 

Tlu‘ ust‘fuln(‘ss of th<‘ forms to) iit‘s in tlu* fact tliat th(‘y 
cxprt'ss tlH‘ solution of a systom of t\V(i linear (‘({nations in 
con(l(*ns(‘d form, (‘tiablint:; us to write down tht* desir(*d valu(‘H 
of :r and y iiinncdiutvUj, without tin* usual process of t‘limina- 
tion. This will now b(‘ ilhistratt‘d. 

lOxAMCLK. SoKt* i>y (IctcnuinMUts ihr r Vrfj-m 

((>) 2.r \ is, 

(7J .f 7'/ 

Solution. I’stiw'; the forms (To. \\r ha\e at uace 


IS 

a 






7 

IS . t 7 j 

1 ■■ S ! 

a 

12ti ‘ 21 - IU2 

2 

I 

— 7 

2i-'7i 

1 • a 


11 a 17 

2 

IS 





I 

-s 

2 • 

* ts 

tr, 

-IS ■. ai 

' > 

2 

a 

2(X7;-1 

• a 

-. It 

a 17 

1 

-7 






Th(5 solution (I(*HinMi is tli(‘n*rore t.r U, // 2S. 

(hiKCK. Suhstitutinji: (> for .r<in<I 2 for // in and |7) giv(‘H 12 | G 
= 18 and {)““M • —S, which an* true results. 

EXERCISES 

SoIv(‘ (‘ach of th(‘ followinjc i>airs of (‘({uutions hy d<‘tenuinants, 


checking your answiu’H for 

ear 

h of 1h(* fir.st thre(*. 




1. 

yj.x--.ur 10, 

4 

f t In 

n, 

•7 

. 



+-.'/■ ('• 


1 

21. 

I. 

\bx { ir • p. 


2. 

/r).r + //='22, 

5 

a- 

a//, 

8. 


'(i, 


ij + r)// = M. 


ia-ax 

•Kn- //. 


h.r — a// — • 

-2(i6. 

3. 


6. 



0, 

f liax “fain/ = 

s- a6, 


1 

II 

1 

n 


{bx>-ay- 



1 

alK 
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117. Determinants of the Third Order. The symbol 


ai 

61 

Cl 

Cfo 


C2 

as 

63 

C 3 


is called a determinant of the third order. 

Its value is defined as follows: 

(2) + hic^az +Cia2?>3— a^hCi —— czci,f)i. 

This expression, as we shall see presently, is important in 
the study of equations. 

The expression ( 2 ) is called the expanded form of the deter- 
minant ( 1 ). It is important to observe that this expanded 
form may be written down at once as follows. 

Write the determinant with the first two columns re¬ 
peated at the right and first note the three diagonals which 
then run down from left to right 
(marked +). The product of the 
elements in the first of these diag¬ 
onals is ai&oCij, and this is seen to 
be the first term of the expanded 
form (2). Similarly, the product of 
the elements in the second of these 
diagonals is 6 iC 2 a 3 , which forms the second term of ( 2 ); and 
likewise the third diagonal furnishes at once the third term 
of ( 2 ). 

Next consider the three diagonals which run up from left 
to right (marked with dotted lines). The product of the 
elements in the first of these is < 2362 ^ 1 , and this is the fourth 
term of ( 2 ), provided it be taken negatively, that is, preceded 
by the sign —. Similarly, the other two dotted diagonals of 

( 3 ) furnish the last two terms of ( 2 ), provided tliey be taken 
negatively. 

Note. Every determinant of the third order when exi>anded con¬ 
tains a total of terms. 


+ + + 




2()S 


('(H.i.Kc!!; ai.i:!:iu:a 


l>;iv, J 117 


lOxAMPLK. Kxj)aml :m<l fiinl fin* wilti** «»i’ flu* «lr!rrm!iiaii! 


SoiaiTiow I\’(*iH*nffin* :uni :r‘rninl niluinns af flip right. 

W(‘ hav'p 

7 7 

2 I \ ; 2 I 

i; ;; 2 hi 

2'h(‘ diagonals running d» n Iru !.» rigin gi\ r I hr f hr«*r jinMiurln 

■ 1 • 2. 7 • 1 • fi. 2 • 2 • 

which form flu* first thror frrm nl’ flu* rNjtan- ion, 

Th(‘ diagonals running up t'n»ni h i! f«. right gnr fhc products 

<i • I ' 2. a • f • a. 2 • 2 • 7, 

whi(‘h, wiuai lakcn n<*ga(i\cly. form tin* flircr rcmamiui,^^ terms of tlu^ 
d(d(‘nninanl. 

The {■omplcjc cxpamlcd form «tf o'i is, tlirichur, 

3 • 1 • 2 ■■{ T • • (i i ‘f. 2 •- «i • I • a a • i . a. ■. 2 • 2 • 7, 

wh‘'’li reduces to 

(i} ifis j ai- at at; 2s lia. das. 


KXKRCISKS 

Expand and fin<! Ihc value oi each o| fh«* toflowing defermmantH. 



1 2 7 

!■'■ T sj 

l. 

2 2 6 

e. in :( I ! 


3 2 --.I 

1 1 1 


-7 4 2 

2 , a 2 ti . 

8 -8 ~a 

8 2 a 

3, 3 0 -2 • 

3 0 7 

0 9 H 

4, 10 11 12 • 

14 15 16 


u h 2 

e. -2 (i :i . 

2 1 (} 

n h c 

7. d c / . 

.r If z 

I 0 0 

8. 0 .r*"-// 0 ■ 

0 (.r ^+ 1 /, 
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118. Solution of Three Linear Equations. Let us con¬ 
sider a system of three linear equations between three un¬ 
known letters, such as x, y, and ;s. Any such system is of 
the form 

( aix+hy+ciz^di, 
a2X+h2y+C2Z = d2y 
asx+hsy+csz^dsy 

where ai, hi, Ci, di, 02 , & 2 , etc., represent known numbers 
(coefficients). 

This system may be solved for x, y, and z by elimination, 
as in § 5, but the process is long. We shall here state merely 
the results, which are as follows (compare with (3) and (4) 
of §116): 

dib2Cz dd)zCi “f" dzhiC2 — dd^20i — dibzC2 — ddi>iCz 

X = - y 

0 'lb 2 Cz ~f" 4 “ U361C2 — 0^362^1 — CtibzC 2 — 

, , aid2Cz + a2dzCi + azdiC2 azd2Ci — aidzC2 — a2diCz 

( 2 ) \y= -^ 

aih2Cz+a2hzCi+azhiC2 ~ azh2Ci—aihzC2—a2hiCz 
cii b2dz + a2bzdi+azbid2 — azb2di—aibzd2 — a2bidz 

2 ; —---- 

^ Ojd^2Cz 4“ o^^hzCi 4~ U 361 C 2 — dzb^Ci — (XibzC2 — cid^iCz 


It is clear by § 117 that in these values for x, y, and z, each 
numerator and denominator is the expanded form of a deter¬ 
minant of the third order. In fact, it appears from the defi¬ 
nition in § 117, that we may now express these values of 
X, y, and z in the following condensed (determinant) forms: 


(3) a: 


di 

d2 

dz 

ai 

a2 

az 


h 

Cl 


ai 

d. 

Cl 


Oi 

hi 

di 

62 

C 2 


CL2 

(^2 

C 2 


02 

62 

dz 

h 

Cz 


az 

dz 

Cz 

- j Z = — 

Oz 

hz 

dz 

h 

Cl 


ai 

hi 

Cl 


Oi 

hi 

Cl 

h 

C 2 


02 

62 

C 2 


02 

hz 

C 2 

h 

Cz 


Oz 

hz 

Cz 


Oz 

hz 

Cz 


Note. The importance of these expressions for x, y, and z lies in 
the fact that they give at once the solution of any system such as (1) 
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in very rompiict and easily renieinben‘(l forms. Here we that: 

1. Th<‘ (haiominator (hderiiiinant is the same in all eases. 

(Compare' stateammt. 1 of § Uth) 

2. The dei(‘rminant. for tlu‘ numerator t»f tlu* .r-valu(‘ is tlie same' 
as that for tlu^ deuominate)r de*t(Tminant e'xei'pt lliat tlu' numlu'rs 
dh dii re^phme the' a\. no, ua which occur in the* first (‘olumn of the 
denominator dete'rminant.. 

3. Similarly, the' nume'rator e)f the //-value' is fornu'd from that of 
the denominator ele'te'rminant hy re'placin^ the' stnttid {'olunm hy the' 
elements d\, do, d.-p whiles the^ nume'rator of tlie' ;'-val\a* is formt'ii from 
that of the^ elene)minHte)r ele'te'rminanl hy re'placinji; the' third column hy 
the ele'inents di, do, (Compare' state'ine'nts 2 ami 3 of § I Kh) 

The readinc'SH with which (3) may he' use'tl in pnictice' te> solve' a 
Rysie'in of threw, liiu'ar eepiations is illustrate*<l Ix'hiw. 

ExAMimK. Solve the' syste'iu 

2 .r —//4.'C' 3o, 

.r {'3//—la —2.% 

3.r-h'l// I. 

Solution. Arranging the' e'epiations as in (1) of § IIS, the' given 
Bysiem is 

2.r-// h3.r 33, 

.r t 3// { 2^' 15, 

3.rd 4// 4 (h 1. 

Therefore, using (3) of § US, we' have* at once' 

35 -1 3 

15 3 2 

1 4 0 

2 -1 3” 

13 2 

3 4 0 

35 3 

15 2 

1 0 0+34-210 ~135-4-0 74 ^ 

-37 -37 ..■ ' 

2 '-1 35 

1 3 15 

3 4 1_^6 + 140- 45-3 15-12 0X1 -333 

-37 " ‘”'^- 37 ' ------ 


2 

1 

3 




z = 
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The desired solution is, therefore, (x = 3, ?/= — 2, 2 = 9). Ans. 

Check. With a: = 3, y~ —2, 2 = 9, it is readily seen that the three 
given equations are satisfied. 


EXERCISES 

Solve each of the following systems by determinants. 


r. a:+22/+32 = 14, 

1. J 2a;+ 2/4-22 = 10, 
C 3a; 4-42/ —32 = 2. 

r 2a;~ 2/4-22 = 12, 

2. 4 a;4-32/4- 2 = 41, 
(^2x4“ 2/“!“'^^ ”22. 

f X— 2/+2: = 30, 

3. •< 32/—a;— 2 = 12, 

( 72~'2/4-2a; = 141. 

r a;4-32/4-42 = 83, 

4. ■< a; 4- y-h 2 = 29, 
(Ca; 4-82/4-32 = 150. 


r3a;—2'2/4- 2 = 2, 

6. 4 2:r 4-52/4-22 = 27, 

( a;4-32/4-32 = 25. 

r a;-f2/ = 9, 

6. 4 2/4-2 = 7, 

(^ 24 - 0 ; = 5. 

f a;-h2/—25 = 0, 

7. \ x--y =26, 

(.a; 4-2 =3a4-5. 

C ax4-6?/4-c2 = 3, 

8. -j a 6 a; 4 -^ 62 / =«4-6, 

(.6c2/4-6c2 =64-c. 


119. Determinants of Higher Order. The determinants 
thus far studied have been of either the second or third 
orders, the former containing 2^, or 4 elements, and the latter 
3^, or 9 elements. In general, a determinant of the nth order 
is a square array of n- elements such as is typified by the 
expression 



ai 

bi 

Cl 

di •• 

■h 


a2 

h 

C2 

(^2 •• 

* h 

D= 

^3 

63 

C3 

ds •• 

■ k 



K 

Cn 

dfi - 

-In 


The method for obtaining the expanded form of any 
such determinant (compare (2), § 117) will be explained in 
detail in § 121. 
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120. Inversions of Order Consider the positive integers 

1, 2, 3, 4. As here appearing, these are in their natural order, 
each number being less than all those which follow it. If 
the same numbers be arranged as follows: 4, 2, 3, 1, there 
are five departures from the natural order; namely, 4 before 

2, 4 before 3, 4 before 1, 2 before 1 and 3 before 1. Each of 
these is called an inversion of order, Briefly stated, we 
say that 4, 2, 3, 1 contains five inversions. 

Similarly, any given arrangement of two or more positive 
integers contains a certain number of inversions, this number 
being 0 only in case the numbers occur in their natural order. 

Thus, in 3, 4,1, 2, there are 4 inversions; namely, 3 before 1, 3 before 
2, 4 before 1 and 4 before 2. Similarly, in 1, 3, 4, 5, 2 there are 3 inver¬ 
sions; in 1, 3, 2 there is 1 inversion, etc. 

121. The Expanded Form of Any Determinant. An 

examination of the expanded form of the typical determinant 
of the third order, as given in (2) of § 117, shows that it may 
be written in the form 

ai&2C3+ ai)iC2+ai)zCi —~ adoiCz- 

It is now to be observed that each of the six terms here 
appearing contains three factors, of which the first is an a, 
the second a h and the third a c, and the subscripts of these 
letters in any one term are all different, as for example in the 
third term af)zCi. Moreover, in the case of the three terms 
which are preceded by the sign +, the number of inversions 
in the subscripts is even, while in the case of the three terms 
preceded by the sign the number of inversions in the 
subscripts is odd. 

Thus, in the term there are two inversions in the sub¬ 

scripts, this number being even, while in the term —ajb^ci there are 
three such inversions, this being odd. Similarly, the term +a 2 b 3 Ci, is 
seen to be accompanied with an even number of inversions, while 
—a^hicz has an odd number of them. 
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Taking now the type determinant of the fourth order, 


namely 

ai 

h 

Cl 

di 

(1) 

02 

h 

C2 

d^ 

as 

2>3 

C3 

dz 


a,i 

b. 

Cl 

d.i 


the observations made above suggest that its expanded form 
consists of all the terms that can be made, each consisting 
of four factors of which the first is an a, the second a 5, the 
third a c and the fourth a d and in which no two subscripts 
are alike, and with the further understanding that the sign 
to be prefixed to any one term as thus formed is to be + 
or — according as the number of inversions in its subscripts 
is even or odd. This, in fact, is what the meaning of (1) is 
taken to be, and we shall so understand hereafter. 

For cxami)le, are three particular 

terms in the expansion of (1). 

It may lie observed that the total numl-ier of terms as thus 
described belonging to the expanded form of (1) is 24, or 4!, 
since the a to be used in forming a term may first be chosen 
in any one of 4 ways, then the h may be chosen in any one 
of 3 ways (its subscript being necessarily different from that 
of the a chosen), then the c may be chosen in any one of 2 
ways (its subscript licang neither of those already used), and 
finally the d may be chosen in ])ut 1 way and therefore, by 
§ 101, the four elements for any one term may be selected in 
4 • 3 • 2 • 1 = 24 = 4! ways. The student is advised to write 
out all of the 24 terms, prefixing the proper sign to each. 

Similarly, the expanded form for the typical fifth order 
determinant may now be supplied. In this case there are 
51 = 120 terms each of the form a,, Ci , where no two of 
the subscripts r, s, t, u, v are alike and where ilie sign of any 
one term is taken + or -- according as tlie numlier of inver¬ 
sions among these subscripts is even or odd. 
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Likewise, for any given value of ??., tlie determinant D of 
§119 may be expanded, this expansion containing in all nl 
terms, each the product of 7i elements ])roi)erly choscai. 

Rote. For convenience, t.he (l(‘l.(‘nninanl. of the third order, 

namely (1) of § 117, is frequently written in t lu' c.onchmsed form |aif) 2 e'j|. 
Likewise, the typical fourth ord(‘.r determinant may represented by 
\o>ih 2 Cid^\, and similarly for determinants of higher orders. 

EXERCISES 

1. Write, with their proper signs, all the terms of the determinant 

that contain both ai and 64 ; also all t.he terms that contain 
both bg and e^. 

2. By expanding the following det.erminant., vshow that its value 
is 19. 

3 2 2 0 

5 3 1 0 

() G -1 0 
0 2 11 

[Hint. Note that in the notation of § 119, the first column contains 
the a’s, the second column the />’s etc., so that we here have ai-3, 
02 - 5 , (13 = 6, = hi = 2, = 

3. Find, by expanding, tlie value of the determinant 

0 R 2 2 

1 3 2 1 

0 -5 -1 1 ’ 

0 9 0 1 

122. Useful Properties of Determinants. The following 
theorems are useful in the study of dcd;ermina,nts. 

Theorem I. Two determinants are equal in case the 
elements of the first column of the one are equal respectively to 
the elements of the first row of the other, the eleynents of the second 
column of the one are equal respectively to the elements of the 
second row of the otherj and so on. 


1 -1 2 


1 2 3 

2 3 0 

= 

-13 1 

S 13 


2 0 3 


Thus 
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Peoof. Let us consider the theorem first for deter¬ 
minants of the third order. What we are then to prove is that 

Cl di 0,2 Clz 

(1) 0i2 62 C2 == 62 

dz C 3 Cl C 2 C 3 

The determinant on the left side of (1) when expanded 
by the method of § 121 , is equal to 

(2) aiboCz +a2&3Ci+ a3biC2 — aib3C2 —a2&iC3 — a3&2Ci. 

As to the determinant on the right side of (1), if we place 
Ai = ai, ^2 = ^1, A3 = Ci, Bi — a 2 , Bo — boj ^3 = ^ 2 , Ci = a3, C 2 = 63, 
Cz = 6 * 3 , it becomes 

Ai Bi Cl 
A 2 B 2 C 2 
Az Bz Cz 

and this, when expanded by the method of § 121 , becomes 

(3) A ii 52 C 3 -|--A 2 B 3 Ci -- 1 ” A 3 JS 1 C 2 — A 1 B 3 C 2 — A 2 B 1 CZ — A 3 B 2 C 1 

If we replace Ai, A 2 , A 3 , Bi •••by their values as defined 
above, (3) becomes 

(4) aib2C3 +61 C2a3+ Cia 2 bz —aiC263—?>ia2C3— 0162^^3 

which is seen to be the same in value as ( 1 ), thus proving 
the theorem. Similarly, the proof may be given for deter¬ 
minants of any order. 

Theorem II. If two rows (or columns) of a determinant 
are interchanged, the value of the new determinant thus obtained 
is the same as the original except that its sign is changed. 


Thus 2 

3 

1 3 

0 

2 

-1 

2 

1 -1 

2 

1 

3 

0 

2 2 

3 

1 


Here the first and last rows of the original determinant have been 
interchanged in obtaining the new determinant. 

Proof. Consider first that we merely interchange two 
adjacent rows of any determinant. This will merely inte»’- 
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change two adjacent subscripts in each term of its expansion. 
This will change the sign of every term in the expansion, by 
§ 121, and hence will change the sign of the whole deter¬ 
minant. 

If, more generally, the two rows to be interchanged are 
separated by m intermediate rows, we first note that the 
lower row may be brought just below the upper one by m 
successive interchanges of adjacent rows. To bring the 
upper row into the original position of the lower one then 
requires m+1 further successive interchanges. It follows 
that interchanging the two rows in question is equivalent 
to introducing 

m+ (m+1) = 2m +1 

interchanges of adjacent rows and therefore, from what is 
said above, is equivalent to multiplying the original deter¬ 
minant 2m+l times by —1; that is, by (—l)-’^"''h But 
2m+l is necessarily an odd number whatever the (positive, 
integral) value of m. Hence is equal in all cases 

to —1, so that the theorem becomes proved for the case of 
the interchange of any two rows. To prove it also for the 
case of the interchange of any two columns, it suffices to 
write the original determinant, as we may do by Theorem 
I, in a form where its successive rows and columns become 
interchanged and then apply to the result the reasoning 
already given concerning the interchange of two rows. 

Theorem III. If a determinant D has two of its rows {or 
cohmns) identical, its value is zero. 

For example, without expanding the determinant, we may write 
at once 

1-13 4 
2 5 3 1 
1-13 4 
5 6 8 7 

the first ?.nd third rows being here identical. 


= 0 , 
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Proof. By interchanging the two identical rows we 
obtain, by Theorem II, the value —B. But, interchanging 
two identical rows does not alter the form of the original 
determinant. Hence, we have D = —D, or 2i) = 0, or Z) = 0. 
Similarly, the proof for the case of the interchange of two 
identical columns follows directly from Theorem II. 

Theorem IV. If every element of a row (or column) of a 
determinant is multiplied hy any given number m, the deter- 
minant is multiplied hy m. 



2 3 4 


2 3 4 

Thus 

-112 
2*3 2-2 2*4 

= 2 

-112 

3 2 4 


tiere the elements of the last row, regarded as 3, 2, 4, are each 
multiplied by 2. 

Proof. The theorem is an immediate consequence of 
the fact that one and only one of the elements that have 
been multiplied by m enters into each term of the expansion, 
thus multiplying the whole expansion by m. 

Theorem V. If each of the elements in a row (or column) 
is expressed as the sum of two numbers^ the determinant may 
be expressed as the sum of two determinants. That is, (in the 
case of the third order determinant) 


ai+af 

h 

Cl 


ai 

bi 

Cl 


af 

61 

Cl 

a2+a2 

^2 

C2 

= 

a2 

^2 

C2 

+ 

a2 

62 

02 

as-{-a/ 

bs 

Cz 


az 

bz 

Cz 


az' 

bz 

Cz 


Proof. Consider any term of the expansion of the given 
determinant, as (ai+ai 0 ^ 2 C 3 . This may be written 0 - 162 ^ 3 + 
ai'b^cs. Likewise, every term in the expanded form of the 
first determinant consists of the sum of a term of the second 
determinant and a term of the third determinant. Hence, 
the first determinant is the sum of the other two determinants. 

Similarly, the proof can be supplied whatever the order 
of the given determinant. 
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Theoeem VI. The value of a determinant is not changed 
if the elements in any row {or column) are multiplied hy any 
number m, and added to, or subtracted from, the corresponding 
elements in any other row (or column). Thus, for example, 


ai’-jrmbi 

bt 

Cl 


ai 

h 

Cl 

a2‘'\~mb2 

&2 

C2 

= 

02 

62 

C2 

az~\~mbz 

bz 

Cz 


az 

63 

Cz 


Proof. By Theorem V, the first determinant here ap¬ 
pearing may be expressed as follows: 


ai 


Cl 


mbi 

h 

Cl 

02 

62 

C2 

+ 

mb 2 

62 

C2 

az 

63 

Cz 


mbz 

63 

Cz 


But, the last determinant, by Theorem IV, may be written 


as 

( 2 ) 


m 


bi bi Cl 

?>2 b2 C2 * 

bz bz Cz 


and, applying Theorem III, this has the value m • 0 = 0, 
with which the proof is complete for the third order deter¬ 
minant above considered. 

Similarly, the proof may be supplied in all other cases. 


123. The Simplification of Determinants. The theorems 
of § 122, especially Theorem VI, are of great value in reducing 
given determinants to simpler forms. The manner in which 
this is done will be clear from an examination of the following 
examples. 

Example 1. 


17 

19 

23 


17 

2 

6 


17 

1 

2 

13 

15 

16 

= 

13 

2 

3 

= 2-3 

13 

1 

1 

11 

13 

17 

i 

11 

2 

6 


11 

1 

2 


= 6 

6 12 

2 11 

= 6-2 

3 12 
111 

= 12 

3 1 

1 1 

0 

-1 


0 12 


0 12 


0 1 

0 


= 12-3 = 36. 
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Explanation. First we subtracted the first column from the 
second and third columns. This is equivalent to making two appli¬ 
cations of Theorem VI, using m = — 1 in each. Next, we have taken 
the factor 2 out of the second column of the resulting determinant, 
and the factor 3 out of its third column (Theorem IV). Next, we have 
subtracted 11 times the second column from the first column, and then 
taken out a factor 2 from the first column. Finally, we have subtracted 
2 times the second column from the third. Note that the last deter¬ 
minant obtained has three zero elements, thus making its expansion 
relatively easy to calculate, giving 3. In general, the theorems of § 122 
are to be thus employed to obtain one or more zero elements and corre¬ 
spondingly reduce the labor incident to the final expansion of a deter¬ 
minant. It is not to be expected, of course, that all the elements can 
be reduced to zero, or even all those in any one row or column, for this 
would imply that the determinant had the value zero, which in general 
would not be the case. 

Example 2. 


1 

a 

6+c 


1 

a 

h+c+a, 

1 

h 

c+a 


1 

h 


1 

c 

<2-j-6 


1 

c 

tt-J-6 “he 

1 .. 


1 a 1 
== (a-b&d'c) 16 1 
1 c 1 

Note the application of Theorem III in the last step. 


= (tt-{-6-bc) * 0 = 0. 


EXERCISES 

Evaluate the following determinants, employing as may be desired 
the theorems of § 122. 


1 . 

8 

2 

4 6 
-2 4 

2 . 

20 15 25 
17 12 22 

3 . 

5 2 7 5 

6 3 14 


2 

3 4 


19 20 16 


4 2 13 

6 3 2 5 


124. Minors. If one row and one column of a determinant 
be erased, a new determinant of order one lower than the 
given determinant is obtained. This determinant is called 
a first minor of the given determinant. Similarly, by 
erasing two rows and two columns, we obtain a second 
minor; and so on. 
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Thus, in the determinant 

(i\ hi C\ 

( 1 ) (h h2 oi 

«3 ^3 ^3 

by erasing the second row and third column, we obtain the first minor 

«i hi 

This minor is said to correspond to the clement C 2 , since the row and 
column erased both contain this element. We may represent it, there¬ 
fore, by Dca- 

In general, to each element of (1) corresponds a first 
minor obtained by erasing the row and column in which 
that element stands. The minor of ai is represented by 
Da^, the minor of a 2 by etc. 

Similar remarks evidently apply to a determinant of 
any order. 

125. Development According to Minors. An examination 
of the expanded form of the typical determinant of the 
third order (see (2) of § 117), shows that it may be written 
if desired in the form 

ai (62C3 — &3C2) — a 2 (&iC 3 —&3C1) + as (61C2—62C1), 

or 


h 

C2 

h 

Cl 

, 61 

Cl 



•—02 7 


+ 03 7 


^3 

cz 

O3 

Cz 

&2 

C2 


which, by § 124, may be written in the form 

aiDaj^—a2Da2+a3Da^. 

Thus, we have the relation 

ai 61 Cl 

(1) 02 62 C2 =(liDai'^(hDa^+azDa^, 

0 $ ^3 C 3 

As thus written, the determinant is said to be developed 
according to the minors of its first column. 
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In a similar way, we may show that the same determinant 
may l)e (l('velo|)ed according- to the minors of any given row 
or (‘olumn, provided only that in forming the various products 
tlms (^all(H.l for of elements into their minors, the following 
gcaua'al rule be observed: 

1{,ULK. The product of the elemeiit lying in the rth colunin 
and dh row niuliipUcd by its minor is to he taken positively 
or ncgativciy according as (r+.s‘) is even or odd. 

‘'Fhus, ilic^ (l(‘i,(^nriina.nt. (1), wlion developed a,(;eordiiig to the ele¬ 
ments of its seeond (column, becomes 

- — kdhy 

()(li(a' illustrative forms of develoi)ment for the same determinant 

Passing now to {.h(^ ty])i(*.al d(d.erminant of the fourth 
order (sc't^ (1), § 121) it will be found, u])on examining the 
t(‘rms of its ('X])ansion, that- it may developed according 
to 1h(‘ minors of any oiu^ of its rows or columns in tlie manner 
just d(‘scril)(‘d, and in fa(*.t a like statement may be verified 
for a, d(‘t(*rminant of any ordcvr wliatever. For brcwity, the 
d(‘ttuLs of the ])roof will be omitted. 

Thus, the determinant (1) of § 121, when developed by minors 
acc^ording to the ekmumts of its first column, becomes 
aJ>a^ - (hiXu - aj:>a^. 

Here, of course', t^ach of the minors, T>a^, is a determinant 

of th(i third order. 

Other illustrative forms of dcwelojmiont for the same determinant are 
afl)a2 + ho/ — C^2Pc2 "b (hPd^ ) 

CiDci - <^2 Dc-o -f-Oi A-3 - 

It is frequently advantageous to develop a determinant 
according to its minors, especially in case several of the 
elements in some column (or row) are equal to zero. 
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Example. Find the value of the determinant 

4 2 12 

2 3 2 5 

3 2 12 * 

5 6 4 9 

Solution. First subtract the third row from the first (Theorem 
VI, § 122), thus obtaining as an equivalent determinant, and one 
having a number of zeros in its first row,the following 

10 0 0 

2 3 2 5 

3 2 12* 

5 6 4 9 


Now develop by minors according to the elements of the first row. 


3 2 5 


2 2 5 


2 3 5 


2 3 2 

2 12 

6 4 9 

-0 • 

3 12 

5 4 9 

+0 • 

3 2 2 

5 6 9 

-0 • 

3 2 1 

5 6 4 


Of these four terms the last three vanish because of the factor 0 in 
each, so the result reduces to the determinant appearing in the first 
term. We may evaluate this third order determinant, as follows: 

Multiplying the second column by 2 and subtracting it from both 
the first and last columns, this determinant takes the form 

-1 2 1 
0 10 - 
-2 4 1 

Developing this according to the elements of the second row, we have 


2 1 

4 1 

+1 • 

-1 1 

-2 1 

-0* 

--1 2 
-2 4 


-1 1 

-2 1 


Thus the value of the original determinant is 1. 


EXERCISES 

Evaluate each of the following determinants by using the method 
of development by minors. 


1 

0 

0 

0 


2 

1 

3 7 


5 

2 

7 

5 

2 

3 

7 

9 

2 . 

1 

2 

4 6 

3 . 

6 

3 

1 

4 

1 

2 

1 

4 

1 

0 

2 0 

4 

2 

1 

3 

5 

6 

3 

2 


2 

3 

5-4 


6 

3 

2 

5 
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126. Cofactors. If the minor of an element of a deter¬ 
minant 1)0 taken with its proper sign, as determined by the 
Rule of § 125, the result is called the cofactor of that element. 
Tims, in 


oi h Cl 

^>2 Cn 
G>Z ^3 C 3 


the cofactor of 61 is 


C2 . 


03 

Oz '• 

tliat of 62 is 

+ 

az 

Cz 


It is customary to represent the cofactor of ax by Ax, the 
cofactor of by that of by .4 3 , that of bx by Ri, etc. 
By use of these cofactors the development of any given 
determinant is readily expressible in various forms, in 
accordance with the results of § 125. 

Thus 

ax hi Cl 
<I2 ^2 C2 

az hz C 3 

may be expressed in any of the following forms. 

bxBx-\rh2B2-\-hzBzj 

0242+^^24”<>2(72, ciCiAo^C^'^czCz, etc. 

In connection with cofactors, the following theorem is 
important. 

Theorem. If the elements in any column be multiplied 
respectively by the cofactors of the corresponding elements in 
another column, the sum of the products is equal to zero. 

Thus, in the typical determinant of the third order (see above) 
we have 

%^i+<f2R24-n3R3=0, 5 iAi4"&242+&343 = 0, 
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Pkoof. Consider the third order determinant (see above). 
For this we may write, as shown above, 


ai 

h 

Cl 

a2 

h 

02 — 61 ^ 1 + b2B2'\-hzBz, 

dz 

h 

Cz 


Now, no one of the cofactors 5i, Bz contains any of 
the elements fei, 62 , Hence, these cofactors are unaffected 
if in ( 1 ) we change 61 , 62 , h to ai, a 2 , as. This gives 

ai ai Cl 

ciiBi-jrC(,2B2^CsB3= CI 2 ci2 Oi 
dz as Cs 

But this determinant is equal to zero by Theorem III, 
§ 122 , thus establishing as desired that aijBi+a 252 +a 3 B 3 = 0 . 

The proof may evidently be extended to cover any case 
in any determinant. 

127. Simultaneous Equations. It was shown in § 116 
that a system of two simultaneous equations of the first 
degree between two unknown letters x, y can be readily 
solved by means of determinants, and in § 118 a like fact 
was shown regarding the value of the three unknown letters 
X, y, z pertaining to a similar system of three equations. The 
general forniulas for such solutions are to be seen in ( 5 ) of 
§ 116 and (3) of § 118, which should now be examined. We 
proceed to show that similar formulas exist also for the four 
values X, y, z, w pertaining to a system of four equations 
of the first degree between these unknowns, and similarly 
for a system of five equations, etc. Suppose, then, that the 
system is one of four unknowns, namely, 

aix + hiy + CiZ+diW = h, 
a2X-^b2y+C 2 Z + d2W — ^ 2 , 
azX+bzy+CzZ+dzw = fcs, 
a^x+b^y+c^z+d^w = 
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Consider the detenuinant 

(li h Cl di 
O'J. ?>2 Co do 
h Ci dii 
ch hi Cl d.i 

and let Au Ao, • • •, Bi, Bo, • - etc., he. its cofactors. 

Multiplying;’ l,hc‘ fii’st (‘ciuation l)y Ai, the second by Ao, 
t.lie third I)y A^ and 11 k^ fourtli ])y A i and adding, we have 

{ci\A 1 2 “l“U.v 1 :{--t-( 7 .iA.i).'r-l- 

f 1) 1A1+/ ;oyl 2+ IhA;{+hiA ,i) y + 

(ciA 1+ coAo 4 “C;jA;{+ c.iA,i);s+ 

(d lA I+r/oA.2“hd;{A;{~|~rZ.iA.i)'ie = fciA.iH-/voA2+ fc.'jA;jd- /c.iA.i. 

th(^ (UKdrumaits of ?/, and iv each vanish by the 
t h{M)r(‘in of § 12(), so that (1) reduces to 

( 2 ) (a 1A1 +(hA o + a-A a+a.i A i) :i- = hiA. i +koA 2 +kA a +kA 4. 

The (undluacait of x in (2) is D; the right sid(^ is wliat D 
b(MU)iu(‘s wluai tii(^ (T'uunits uj, Oo, ua, a.i are respectively re- 
])la,(‘ed by hi, h„ k,. living ( 2 ) for x, wo thus have 


In Iik{^ manner, by multiplying the first of the given 
ecfuatlons by i|i, Uie sc'c.ond by 7^2, etc., and adding and apply¬ 
ing the theorem of § 12(), we obtain 

ai ki Cl di 
Oo ko C2 do 
(Is ks C 3 (h 
n.f k.\ Cl d\ 



ki hi Cl di 

ko ho Co do 

ks hs Ca ds 

kj hi Cl di 

D 
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Likewise, the values of z and w are each expressible as 
the quotient of two determinants, the denominator in each 
instance being D and the numerators being the determinants 
obtained from D by replacing the elements of its third column 
and fourth column respectively by fci, fe, fcs, ^4. 

Using for brevity the condensed form of notation ex¬ 
plained in the Note at the close of § 121, the formulas for 
X, y, Zj w thus become respectively 

'ki)2Czd^\ ^ \af)2hdi\ ^ |ai&2C3fc4| 

af)2Czd^^ ^ lai62C3d4l^ |ai62C3d4j’ \ciih2Czdi\ 

These four formulas are seen to be analogous in formation 
to the three formulas obtained in § 118 where only three 
equations were under consideration. 

Similar statements and results evidently apply to any set 
of simultaneous equations of the first degree containing as 
many unknown letters as equations. 

Note. It is to be observed that in case the determinant D which 
appears above has the value zero, the formulas (3), (4), etc. can no 
longer be used, since division by zero is not a permissible operation in 
mathematics. Such cases require special investigation and are con¬ 
sidered in detail in higher algebra. 

Similar remarks apply in general, and in particular to the systems 
already considered in §§ 116, 118. 

128. Elimination. In all the systems of simultaneous 
equations thus far considered it was essential that the num¬ 
ber of equations be the same as the number of unknown let¬ 
ters present. When this condition is not fulfilled, various 
possibihties may arise and, while space does not permit of 
their detailed study here, the single case in which the number 
of equations is one greater than the number of unknowns is 
particularly important and will therefore be briefly considered 
below. 

Suppose, then, that three unknowns, Xj z are present 
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and that these are to satisfyequations of the first degree, 
which we shall write in the form 

aix+biy+ciz = di, 

/.X a2X+h2^j+C2Z = d2, 

^ azx+hs'ij+csz^ds, 

a^x + h^y + c.iZ — di. 

Moreover, let us suppose that a certain three of these equa¬ 
tions, say the first tlirce, when treated as in § 127, may be 
solved for x, y, z. We have left to determine when these 
values of a:, y, z will satisfy also the fourth equation. 

Now, noting the form of the solutions for x, y, z in the first 
three equations (see (3), § 118) and placing them in the 
fourth equation, then clearing the latter of fractions it be¬ 
comes (using the condensed notation explained in the Note 
at the close of § 121 ) 

1 dib2Cz 1 + 6.1 1 aidoCs ] +Ci ] ai62d3 [ = di ] ai62C3 ]. 

Transposing all terms to the left side and noting that, by 
Theorem II, § 122 , we may write |ci^i 62 C 3 | = | 6 iC 2 d}|, \ aid 2 Cz\ = 
“laiC 2 ri 3 |, the last relation becomes (after multiplying 
through by — 1 ) 

— ct^i I biC2ds I+6.11 ciiC2ds I— Ci\ ci^b^dz |+] ciib^Cz | = 0. 

But this relation is the same as 

ai hi Cl di 
.ty. Cl2 62 C 2 d2 

^ ^ az hz cz dz 

cti 64 C-i di 

as appears by expanding this determinant by minors ac¬ 
cording to the elements of its last row. 

Theokem. In order that the system (1) may have a set of 
values X, y, z that will satisfy it, it is necessary that condition 
(2), which relates only to the sixteen coefficients of the system, 
shall be satisfied. 
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The determinant appearing in (2) is called the eliminant 
of the system (1). Thus, the theorem above may be stated 
briefly as follows. In order that the system (1) may have a 
solution 2/) ^ necessary that the eliminant of the system 
shall be equal to zero, 

A similar theorem may now be supplied for any system of 
linear equations containing one more equation than unknown 
quantities. The student is advised to do this for such a 
system of jive equations. 


EXERCISES 

Solve by determinants each of the following systems of equations. 


2aj+3y— z+ w = 
x+ y+ z—2w = 4i, 
^x-[-2y—Zz-\- 1 , 

x— y— z-\-Zw^ — 1 . 


2 . 


2x-\-Zy—^z-{- w — Z, 
X— y-\r z— w=—2, 
lx-{-2y—Zz-]- w = 
iSx-\-Sy — lOz-{-Z'W = 3. 


Form the eliminant for each of the following systems of equations 
and use it to tell (by the theorem of § 128) whether the system may 
have a solution. In cases where there may be a solution, proceed to 
determine it (if possible) by the methods of § 127. 

Zx+2y+Sz==17, 
2x-\- ?/+2s = 10, 
5x-\-5y+ z-29, 
x+ y+ 2 = 7. 

6. Find the value (or values) of k for which the following system 
may have a solution. 

! /ca;-f-32/ = 18, 
x-7y= -8, 

X'-ky- 2 . 

7. Eliminate m from the system 

(1) maj^ = l, 

(2) mH-2rr=2. 

Solution. First Method. Solve (2) for m, giving m-2-2x, and 
place this value of m in (1), giving as the desired result 

(2— 2x)^x — (2— 2x)x^ = 1, 


(2.r+3y = 9, 
3. hx- y = S, 
( 2 / = 6 . 


4. 


[ y=4, 

(2x- y=5, 
(3x-2y==7. 
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whic'li u})(:)n reduciiifi; ]>ocoine.s 

This (Mjuiiiion in x jilonn is, then, tho result of eliminating w from 
(1) and (2). It is an eciuat iou whose roots satisfy (1) and (2) whatever 
the value af ui. 

Second Method. Multiply (2) through by m , giving 

(8) vir-\-2tnx~2nL 

Now, arrange (1), (2) and (3) in the forms 

(1) :r-///.“~.ir*//i = l, 

(2) Oo/r-f l-m-(2-2.r), 

(3) l-//r+ (2.r~-2}/M = 0. 

Regarding this sysiem as on(‘. of thn^e limuir equations between the 
two (juaiibti(‘s vv' and ///, and a.p|>lying the results of § 128, we obtain 
as the d(‘sired e({uation 

X 1 

0 1 (2-~2.r) -0. 

1 (2.C-2) 0 

IJl)on (expanding this delcuaninant it reaxlily reduces to 

and this is S(^cn to be tlio same result as ol)tained above by the first 
method. 

In (!ont,rasting two methods, it will be seen that the second does 
not de|)end ii])ou solving either of thci given equations for m, as did the 
first met hod. For this reason, tlie second method has a much wider 
ninge of appli(^al)ility, as will bci illustrated in the examples which 
follow. The second method illustrates what is known as Sylvester^s 
method of dimiriatuyn'\. 

8. Eliininatc^ ni from the followung system, using both the methods 
illustrated in Ex. 7 and noting that tho result for cither method is the 
same. 

— 2mx“ -h 1=0, 

3?aa:~0. 

t For details, see for example Burnside and Panton’s Theory of 
Equations (Longmans, Green and Co.), Cliapter on Elimination. 
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9 . Write as a determinant the result of eliminating k from the system 

kx-lrx^-j-k ~ 1, 

2A:V-fA:;r-yo-2. 

[Hint. Multiply each eciuation Ihroiigh by h and consider the 
resulting equations combined with the original ones.] 

10. Find the condition (in the form of a det.erininant) that, the two 
equations 

= 0 , 

a2-c“H-?>2-T^H“C2™0, 

may have a common root. 

[Hint, The result of climina.ting x, where x is regarded as t.hc com¬ 
mon root, will express the desired condition.] 

11 . Find the condition (in the form of a determinant) that the two 
equations 

may have a common root. 

12. Determine the value (or values) of k for which the following 
two equations may have a common root. 

2x2-7a;+3=0, 

a?+kx+15=-0. 



CHAPTER XV 


COMPLEX NUMBERS 

129. Introduction. In § 10 it was pointed out that every 
complex number is of the type form a+bij where a and h 
are real numbers and where i represents the quantity V —1. 
If in particular 6 = 0, the complex number reduces to an ordi¬ 
nary real number, a, while if a = 0 (6 being different from 0), 
the complex number takes the form 6^, which is known as a 
pure imaginary. Complex numbers commonly enter into 
the roots of qiiadratic equations and other equations of 
higher degree than the first, as shown in earlier chapters. 
They have also many other important applications. For this 
reason we shall now consider their properties in somewhat 
further detail. 

130. Complex Numbers Considered Graphically. For 

convenience, let us for the moment represent the typical 
complex number by where x and y are any real 

numbers and where i = V —1. If, then, the values of x and 
y are given, they may be regarded respectively as the abscissa 
and the ordinate of a certain point P m the manner described 
in § 6, in which case P may be taken as the geometrical 
representation of the comi)l^x number x+yi. Conversely, 
to every point P in the plane there evidently corresponds a 
definite complex number x+yi. 
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Whenever complex numbers 
are thus represented, the axis 
X'X is known as the axis of 
reals, while the axis Y'Y is 
called the axis of pure imagi- 
naries, the appropriateness of 
these names being at once ap¬ 
parent. The axis Y'Y is thus 
regarded as a line along which 
all pure imaginary numbers 
may be represented, the units 
along this axis being therefore taken as i, 2'i, 3i, 4i, etc. as in 
Fig. 58- The X'X axis, on the other hand, furnishes a 
representation of all real numbers. 

It may be remarked also that the plane determined by the 
axis of reals and the axis of pure imaginaries is frequently re¬ 
ferred to in higher mathematics as the complex plane. As 
thus defined, the complex plane evidently presents a geo¬ 
metric picture of all the numbers that enter into algebra. 

131. Definitions. Two complex numbers a+hi and c+di 
are said to be equal if, and only if, a — c and b= d; that is, 
if the real parts a and c are equal to each other, and the 
imaginary parts, h and d, are likewise equal to each other. 

Two complex numbers which differ only in the signs of 
their imaginary parts are called conjugate complex numbers. 

Thus, 2+3^ 2 are conjugate numbers; likewise J 

It will be observed that the type form of every pair of 
conjugate numbers is a-\-hi, a—hi and that two such num¬ 
bers, when interpreted geometrically by the method of § 130, 
give rise to two points Pi and P 2 , which are symmetrically 
situated with respect to the axis of reals; that is, the one lies 
above this axis the same distance that the other lies below it, 
while the line joining the two is perpendicular to this same axis. 
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132. Addition and Subtraction of Two Complex Numbers. 

Two complex numbers a+bi and c+di are added or sub¬ 
tracted in accordance with following formulas : 

(a+ bi) + (c+di) = (a+c) + (b+d)i, 

(a-f- bi) — (cd-dz) = (a—c) -T (b —d)z’. 

These formulas, when expressed in words, may be stated as 
follows: 

To add (or subtract) two complex numbers, add (or subtract) 
the real parts separately and likewise add (or subtract) the 
imiujinary parts separately. The resulting complex number 
is the sum (or difference) desired. 

It is now to be observed that any two complex numbers 
may be readily added graphically. 

Tlius, in Fig. 59 let the two num¬ 
bers, which wc will call a+bi and 
c+di, be represented respectively 
l)y the points Pi and P 2 . Connect 
Pi and P 2 each with the origin 0 
and then complete the parallelo¬ 
gram which has OPi and OP 2 as 
two of its adjacent sides. The 
vertex P thus determined repre¬ 
sents the sum of the given numbers a+bi and c+di, for we 
may evidently write 

OC =OP+P(7 = OB+OA = a+c, 

CP =Ci)+jDP = PPi+AP2 = 5+d, 

so that P corresponds to the complex number (a+c) + 
(6+d)?;, and this, by the formulas above, is the sum of a+bi 
and c+ciLf 

t It should be noted that this figure is the same as that used to rep¬ 
resent the composition of forces in physics. 
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To subtract one complex number from another graphically, 
as c+di from we have but to represent the points 

corresponding to the numbers —c—dij a+hi and proceed 
as in addition. 

Note. The processes discussed in this section illustrate what is 
known in mathematics as the addition and subtraction of vectors, 
a vector being defined as any magnitude which depends for its meaning 
upon its direction as well as its length, as is the case with OPi or OP 2 
in Fig. 59. The general study of vectors and the operations that can 
be performed upon them is known as vector analysis. The subject is 
of especial importance in the general applications of mathematics to 
physics and electrical engineering. 

EXERCISES 

Represent by a drawing on coordinate paper each of the following 
numbers. 

1. l+3i 6. 9. 

2. -2+2i. 6. -4+Oi. 10. V2+|i. 

3. 1-i. 7. 11. 

4. 5. 8. -.7-1.3i. 12. I.S-Vk. 

State which of the following are pairs of conjugate numbers. 

\4r—2i. \ --3^. \ —f^. 

By use of the definition of equal complex numbers, find what must 
be the value of x and y in each of the following equations. 

17. — = 19. x^'\-y^-\-{x—Zy)i-\-2yi=2-\-2i. 

18. Zx-\‘^y-\-{2x—y)i—2 — Zi. 20. 2x~2y—2xi-\~y-\-xi-\-xyi = ^—U, 

Perform the following operations both algebraically and geometri¬ 
cally. 

21. (2+^)+(3-2f). 26. (3+2i)-(2-f3i). 

22. (3+2i)+(~2+3i). 26. (-~4+5^) ™(3-^). 

23. (-5-i) + (-2+4f). 27. (5+^) ~(3-5f). 

24. (l+2t)-l-(-2-t) + (3~4t). 28. (3-~4i)+(2+t)-(5-6i:). 
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133. Complex Numbers in Polar Form. Let the point 
P corresponding to the complex number x+yi be joined to 
the origin 0 by the line OP. Then the 
limgth of OP, which is generally denoted 
by r, is culled the absolute value, or the 
modulus, of the compk^x number x-\-yi; 
also, the angki made by OP with the 
positive din^ction of the X-axis is called 
the angle, or the argument, of the 
compl(‘x luimber x+yi, and is com¬ 
monly re[)resen t(‘d by the letter 6. 

Moreover, by elementary trigonometry, wc evidently have 

(1) x = rcos0, ?/=rsin0. 

Hence we may write 

x+yi-=x+iy=r cos Q+ir sin d, 
or 

x4-yf=r(cos 0 - 1-1 sin 0). 

As thus written, th<‘ complex number x+yi is said to be 
expressed in polar form. Moreover, the line-segment OP, 
when r<‘garded both as to its length and its direction, may be 
tak(m as tli(' geometric representation of the same number, 
namely, of the numlier x+yi. Wc shall make frequent use of 
these concei)tions in what follows. 

Note. It is to be observed that fks different complex numbers x+yi 
are sekujted in the planer, thci corresponding values of the rnodidus r will 
rang(s from 0 to ind(^finit(^ly large values, while the values of the argu¬ 
ment 0 will range from 0® to 360° (or 0 to 27r radians). 

By means of relations (1) the value of r and of Q belonging 
to any given complex number x+yi may be readily deter¬ 
mined, as illustrated in the following example. 
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Example. Determine the absolute value and the angle of the com¬ 
plex number 2 — 2L 

Solution. From equations (1) we have 

a; 2 -[- 2/2 = r2 cos^ sin^ (sin^ cos^ 6) =r2. 

Hence, in the present instance 


Therefore, 


22+(-2)2=r2 

r = V22 4-(~-2)2 = Vs =2 V2. 


Using this value of r in (1), we now obtain 


and 


cos 6=-- 


2 

2V2 


sine = a=^ = 
r 2 V 2 


1 

V 2 

1 

V 2 


Therefore, by elementary trigonometry, 0 = 315°. 

The desired values of the absolute value and of the angle of 2—2i^ are 
therefore 

r=2V2, 0=315°. 


The student should now represent this number graphically. 


134. The Multiplication of Complex Numbers. Any two 

complex numbers a^-6^ and c+di may be multiplied together, 
giving another complex number as the product. Thus, by 
ordinary multiplication we have 

{a-\-hi) {c+di) — ac+ihc+iad+i'^hd. 

But 1 * 2 =: (V —1)2= — 1, so that this equation becomes 
(a+bi) {c+di) = {ac—bd) + {bc+ad)i. 

Thus the product is the complex number whose real part is 
{ac—bd) and whose pure imaginary part is {bc+ad)i. 

It is important to note the nature of the product of two 
complex numbers when each is given in polar form. Thus, 
if the two given numbers are 7’i(cos di+i sin ^ 1 ) and 
r 2 (cos 62 +i sin ^ 2 ), we obtain by ordinary multipHcation, 
after recalling that = — 1, 
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ri(cos ^l+^ sin ^i) • r2(cos 62+1 sin $2) 

= rir2[cos 0i cos (92-“sin Oi sin 02+i(sin 61 cos 02+cos di sin ^2)]. 

But by familiar formulas in elementary trigonometry we 
have 

cos di cos ^2““Sin 61 sin 62 = 008(61+62) 

and 

sin 61 cos 02+cos ^1 sin 62 = 8111(61+62). 

"Phus, the r(\sult at. the top of this page may be written 
in the form 

ri(cos 01+f sin 01.) • 5^2(008 02+i sin 02) 

” ^^i^^2[cos(0i- 1“02)“|“Z sin (0i“f'02)]* 

Ex[)r(‘ss(al in words, this formula may be summarized as 
follows: 

The ahsolute value of the 'product of 
two complex mimhers is equal to the 
'product of their ahsohite values and the 
an.gle is equal to the sum of their angles. 

This result hnids at once to the fol¬ 
lowing g(a)metric uu^thod for multi¬ 
plying any two complex numbers. 

Draw through the origin 0 the straight 
line which makes the angle 61+62 
with the positive direction of the real 
axis, and lay off on this line from 0 
a s(‘gm(mt of Icmgth rir2. The directed line-segment OP 
thus d(itermined corresponds to the product desired. 

Por example, 

5(cos 10° 4-'^* sin 10°) * 3(cos 20°sin 20°) 

= 15[cos (10°+20°)+'isin (10°+20°)] 

= ir)[oos 30°sin 30°] = 15r^+i^'l=i/<v'3+i). 
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135 . The Division of Complex Numbers. Any complex 
number a+bi may be divided by any other complex number 
c+di (it being assumed that not both c and d are equal to 
zero), the quotient being another complex number. Thus, 
we may write (by multiplying both numerator and denom¬ 
inator by c-di and simplifying the result) 

a+bi _ a+hi ^ c—di _ (ac+bd) —i{ad—hc) 
c+di c+di c—di c^+d^ 

_ ac+bd , bc—ad ^ 
c^+d^'^ c^+d^ ‘ 


The quotient is therefore the complex number whose real part 
is (ac+bd)/{c^+d^) and whose pure imaginary part is 
i{bc — ad)/{c^+d-). 

It is important to note the nature of the quotient of two 
complex numbers when each is given in polar form. Thus, if 
the two numbers are ri(cos 6i+i sin di) and r2(cos 62+i sin ^2), 
we may write 

ri(cQS di + sin 61) _ rir2(cos 6i+i sin ^i)(cos B2+i sin 62) 
r2(008 92+i sin 62) r2^(cos 92+i sin ^2) (cos 62—i sin 62) 

_ rir2[oos(6i — d2)+i sin (^1 — ^2)] 
r2^(cos2 02+sin2 ^ 2 ) ' 

as appears by first multiplying both numerator and denomi¬ 
nator by r2(cos 02—i sin ^2) and then simplifying the result 
by means of the familiar trigonometric formulas 

sin(^i-^2) =sin 0i cos ^2-cos sin 62, 

008(61-62)=008 61 cos 02+sin 61 sin 62, 

Thus we arrive at the formula 


-r![co»(e.- ».)+,• *.(9.- e,)]. 

r2(cos 02+z sui 62) n 
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l^iXpr(\s.s{‘d in words, this formula may be summarized as 
follows: 


The ahsohdc value of the quoiicnt of two complex numbers is 
i'fiual lo the quotient of their ahsolute values and the angle is 
equal to the d iff ere nee of their angles. 


ddiis n'sult. h^ads a,t oihu^ to tbe 
folltmanii: ^<M)m(‘iri{‘ m<‘ihod for di- 
vidin<i: on(‘ (‘()inj)l(‘x numixa*, a,s 
rpCos Oi + i mi Oi) })y a,ny other, as 
O^ffi Oo). Draw tlirou^li 
th(‘ origin () tlu* straight liiu^ wliieh 
inak<‘S th(‘ a.ngi(‘ O—Oi — O-y with the 
positive dinxdion of th<‘ r(‘a,] axis, 
and lay ofT on this lin(‘ frotn 0 a seg¬ 
ment of hmgtli r = ri/r 2 . The di- 
n*(‘t(‘d lin(‘-s(‘gm(‘nt. OP tJms d(d.er- 



Fio. 62 


miiHxl (‘orn'sponds to t h(‘ (piotient desired. 


For (‘xurnphs 

U) (COH ■ 4 r." + / Hi" ■! •'■>") (.i 5 "_;{ 0 »)+t sin ( 45 '’- 30 °)] 

2 (ooH :«)'' +i sin ;«)”) 

= r>[c.()s in^+i sin 15°]. 


EXERCISES 

In (UK'h of th(* following exercisers determine the indicated product 
both analytically and graphi(]ally. 

1 . 

SoiarnoN. Considered analytically, the product is found by direct 
multiplication as follows: 

(I (_ 14-2'i) = — 1 +2i2 = — 3 

To work the problem graphically, we use the result stated in § 134. 
Thus, w(‘ first draw the line-segments OPi, OPt corresponding respec¬ 
tively to the numbers l+i, -l+2i. We then draw a line through 
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0 making an angle with the positive real axis which is equal to the sum 
of the angles ZOPi, XQF%. Upon this line we lay off a distance OP 



equal to the product of the two lengths OPi, OPs.f The directed line-" 
segment OP thus obtained represents the product desired. 


2 . ( 3 +^)( 2 -^). 

3. (l+2t)(l-3f). 

4. 

6. (4-~2^)(f+3t). 

6 . 


7. (2+3^)2. 

8. (0^-2^)(l-3^). 

9. (0+20(0-2i). 

10. (l+i)(l+20(l+3i). 

11. (3+2^)(2-2t)(l+3^). 


In each of the following exercises determine the indicated quotient 
both analytically and graphically. 

12 . (- 1+30 ^( 1 + 0 . 

Solution. Considered analytically, the quotient is found by multi¬ 
plying both the numerator and the denominator of the given fraction 
by 1 — Thus 

-l+3i _ (^l+30(l-~i) _ -l+^+3^+3 _2+4^_. , Q. 

1+1 (l+i)(l-i) 1+1 


t The manner in which a line-segment OP may be obtained by con¬ 
struction whose length shall be equal to the product of two given line- 
segments is shown in elementary geometry, and should be here em¬ 
ployed. See, for example, Ford and Ammerman^s Plane and Solid 
Geometry, Revised Edition (Macmillan), Example 21, page 176; also 
Problem 2, page 154, 
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To solve the prohh'rn ^»;nip}iieall 5 ", wo use 
the result stat«‘d in § Ido. First draw OPi, 
ft/h <’orrt‘spnn(iin^ resp(‘etiv(dy to — 14 di 
anti 1 1 I. Tht‘11 draw U/Vso that the angle 
\()P sliall he <*{jual to th(‘ iingle XOPi minus 
the ungl(‘ A7i/h, and lay olT OP e(jual to the 
qu«»tienf of th<‘ length of OPi divided by 
the lengtii of Th(‘ n^sulting dir<*eted 

line-segmiait Ol^ represtmts the quot,i(ait 
liesired. 

13. (2~:h) : (l~-20. 

14. CM/) V (2-^0. 

16. (•»« 2 i :i0 v(:M2i:) 

15. M-- 2 /i-: 4 | 4 :b'). 

17, iP\2i) : 

In <‘ueh of the following quotient a dcdermint'. first the value of the 
intinerator and denominator aeparahdy, doing the work both analyti- 
eallv and graphienlly, tlam d(*t<Tmin(' both analyticjilly ancl gra.phically 
the value of tlie ({uotieut itwdf. 

td~U{ 2 |/) ’ (;M'i)( 2 +'ij(l-fU 

136. De Moivre’s Theorem. I.K'tting r(cos 0+i sin 6) be 
any cninplox mnnlKU’ expn^ssed in polar form, wc have 

[r(<*c)H sin 0)]^ 7 0+i sin oy 

==r-[(eoH*'* f?—sin^ 6)+i 2 cos 6 sin $]. 


18. (l-|-2i)-~(l.~.2i). 

19. (0+20-(l-3f). 

20 . ( 0 + 20 -( 0 - 20 . 
21 . (-.i+ 0 -v-( 2 - 00 . 
22 (2 + ^)(3 +'0 ^ 

1 + 2 / 



But by trigononu'try W(‘ have cos^ f?-"Sin2 0 = cos26, and also 
2 ttos 0 sin ^ = 8in 26, Hence we may write 

[r(coH d+i sin 0)p = r^(cos 26+i sin 2$), 


t For th(‘ nadhod of geometric division by construction, sec for cx- 
ampli» Ford and Ammc‘rman's Plano and Solid Geometry (Revised 
Edition), Example 11), page 175» 
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If we now multiply each member of this equation by 
r(cos d-\-i sin d), we obtain 

[r(cos d+i sin 

= r^[(cos 2 S cos ^ — sin 26 sin ^)+2;(cos 26 sin 6 +sm 26 cos 0 )] 

and this, by trigonometry, reduces to the form 

[r(cos 6 +i sin 6 )Y — r^(cos 36 +i sin 3 ^). 

Similarly, from this equation we may now derive the relation 

[r(cos 6 +i sin 0 )]^ = r^(cos 46+1 sin 4 /?). 

Proceeding in this manner, we may easily establish by mathe¬ 
matical induction (Chapter IX) the general formula 

[r(cos 0+i sin 0)]^ = r"(cos n0-l-i sin n0), 

n being any positive integer. This formula is known as 
De Moivre^s Theorem. It may be shown that it holds true 
not only when n is a positive integer, but when it is any real 
number whatever. However, for simplicity we shall here 
omit the proof of the theorem for these more complicated 
cases. 

For example, we may write 

[8(cos 30° sin 30°)]t=8t(cos | • 30° sin f • 30°) 

=4(cos 20°'l-'i sin 20°). 

137. The Roots of Complex Numbers. By trigonometry 
we may write 

r(cos 6 +i sin 6 ) =r{cos(^+m 360 "^)+^ sin( 0 +m 360 °)}, 

where m is any positive integer. If we raise each member of 
this equation to the power 1/n, where n is any positive integer, 
and subsequently rewrite the second member of the result 
in the form furnished for it by De Moiyre’s theorem^ we 
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ohlain the fiillowiiif!; foriinila for obtaining the nth root of any 
('oin])l(‘x nuinlH'r; 

[r(cos e-fisin 6) A cos sin ^± g - ^^0° ~|, 

L n n j 

•rn lirin^, as statc^d Ixdon', any positive integer (0 included). 
If in this formula \v<^ allow to take on in succession the 
values 0, 1, 2, 2, -1, •••, /i — 1, we thereby obtain n distinct 
numb«*rs each Ixang an nth root of tlie given complex number 
rfeos//-j-/ sin ft)- If n/, proe{‘<Hls to take still larger values, 
ho\v(‘Vt‘r, iKJ iHuv roots are obtained, since the complex num- 
liers thus H'sulting naidily nsluce trigonometry to those 
alnaidy obtaiiuHi. W(' may then state th(^ following result: 

Any niufihvr (rval or complex) hm n distmct nth rootsj and 
no more, 

EXERCISES 

Hy means of Di* Moivrf^’s t ln'orcati, find (‘ach of the following indicated 
powers anti eliec*k your result by actnal multiplication. 

1. (2-20". 

Honi‘TioN. Writing (2—2i)" in polar form (see example in § 133), 
wi» Imve 

2-2i: '-T.2V‘2(coH 315®-h't sin 315°). 


lienee, apjilying De Moivr(‘’s th(‘or(‘m, 


(2-2i)" ^-=C2V2)«(eo8 3 • 315°H-i sin 3 - 315°) 

= 10\/2(eoH 045°sin 945°) 

«10V2(eoH 225°+t sin 225°) 

^ 4—/A =-iG(i+i). 

V V2 V 2 J 

Check. 

(2 - 21)" = (2 -2i)2(2 -2i) = (-8i) (2 -2i) = - 16i -16 = -16(1 +r). 


2 . ( 2 - 2 t)a. 6 . (-■J—iVsi)®. 

3. (2-2i)« 7. (3+V3i)^. 

4. (Z+'^i)^. 8- (2+2i)« 

6, (3+V3i)». 9- (1+i)^®- 
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By means of the formula of § 137, find the values pertaining to each 
d 1 the following indicated roots. Show also the geometric significance 
dI' your results. 

10. ^2-2l 


Solution. Using the polar form for 2 —as given in Ex. 1, the for¬ 
mula of § 137 becomes in the present instance 

(2-2i)U (2V2)i[cos sin 315°360° J. 

By allowing m to take in succession the values 0,1, 2 we thus obtain the 
following three roots: 


(2V2)i| 

(2V'2)i| 

(2\/2)Jj^( 


cos^°+isin3^° 

3 3 

675° 675°'' 

cos —— sm —— 

3 3 

1035° . 1035°*^ 

cos —-— ]r% sin — 


= V2(cos 105° sin 105°), 
= V2(cos 225° sin 225°), 
= V^(cos 345°+i sin 345°). 


It is to be observed that these three roots, considered geometrically, 
jive rise to three points Pi, P 2 , Ps, which lie at equal distances apart 
upon a circle of radius V2 whose center is at the origin. A similar 
symmetric property is characteristic of the location of the n distinct 
•^th roots of any given number. 


11 . 

12 . 

13. 

14. 

19. 

20 . 


^2-2i, 

^2-\-2i, 

[Hint. 

21 . 


16. V 64 (cos 120°sin 120°). 

16. -^8(003 60°+i sin 60°). 

17. -^64(008 100°+isin 100°). 

18. 

Write in the form -^O+i.] 

Vie. 22 . Vi. 23. Vi. 24 . Viei. 


Find all the roots of each of the following equations and represent 
;hem graphically. 

26. a;»-l=0. 


[Hint. The given equation is equivalent to a: = Vl +0 • i.\ 

26. a:S+l=0. 28. a:»-32=0, 30. a:<+l=0. 

27. xi-16=0. 28. a:6-l=0. 31. a:6+l=0. 


eli^:mi^:ntar,y exercises 


A LIST OF EXERCISES FOR REVIEW OF HIGH 
SCHOOL ALGEBRA 

1. Addition and Subtraction 

1. Add 7n '^1)6 and 4a -7/>+46-. 

2. Ad<l 2x 4”%“" 2 j 7/, 7.n/-"4x~0?/, and 7x“-5x?/~4?/. 

3. A< Id X — 8 — 7x~ +1 r <x'\ 4 d" 14x'* — 1 lx—x-,and —9 -f" lOx --12. 

4. Add 4{md'fi) ~-'d(q — r) and 4(m-l-n)d-()(f;“r). 

5. Atid KHa }dO~lU/)+r), :Ka-F/>)-~r)(cd-ri), and 3(6+c) ~4(c-hd). 

6 . Add 2w.r —4^/x, ;/xd“2^/x — n/, and j)y—qz-\-^w. 

7. Subtract dx—2if~\-z from 5x-~7/-l~2. 

8. Subtract 4x«-'S^ b'ix’^ f ir)x from Gx2+19x8-4+12x. 

9. Kia-|-r)6~-4c Hubtracl 8ad-964~10c. 

10. From 2a-b3c+d Hubtra.<‘t a-bd-'C. 

11. lo'orn -bit) .subtract —x'-^—x—6. 

12. Subtract 1 — from I—a-\ 

IS. l‘Vom th(‘ sum of x'-^—4x7/d-?/^ and t)x2--2x?/d-3?/2 subtract 
3x". bxt/ \ 7 1 /^. Do it all in one operation if you can- 

14. I‘Voin 11 m‘ sum of 2,s d"8/. —Ira and 3.s-~(Ud-2'w; take the sum of 
H.’{ f 9/ i the and 4s"""7^ —4?c. 

Kcruovc flu* par(‘nth<‘S(‘H and combine terms in each of the following 
exprcH.siou.H. 

15. a~(2ad-4)~(5a-fl()). 

16. Gx + (5x~J2x+l}). 

[Hint. Ecanove the innermost group sign first.] 

17. x-»{x-(x-3x)}. 

18. 202 -»• [(22 d-7ia) - (32 -+-5^?) 1- 
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II. Multiplication 

19. Multiply by 2-\-x. 

[Hint. First arrange the polynomials in ascending powers of x.] 
Carry out each of the following indicated multiplications, first re¬ 
arranging where desirable. 

20. (3a2-2a —l)(a—1). 24. {2-\-Zx^—x+x^){x^—2x+4:). 

21 . (a;-34-a;2)(2+a;). 26. ix‘^+2xy+y^){x+y). 

22. (3a2+2a-4)(5-a). 26. ia^-ab+h-)ia+h). 

23. (5n—4-|-6n2)(8+n2—4n). 27. (m^—mn+n‘^)(m^+mn+n^), 

28. (8r2-2s2-l-4rs)(2rs+3s2-f4r2). 

29. {A^i-B^-2AB)(A^+B‘^-\-2AB). 

30. W+a;2/+l)(l-a;?/+a;2^2). 

III. Division 

Perform each of the following divisions, and check your answer: 

31. a6-^a2. 32. (3^)9-f-(3^)2. 33. (3a6)8^(3ab)4. 

34. (^p2g)7^(|p2g)8. 37. |7rr8-^27rr. 

36. 38. 3ab(a-l-b)2-^-[-2(a+&)]. 

36. 40^62^8 ^ 20a262c. 39. -f- ISmnSp) 3mn. 

40. {^x^z + VZxy^z—2ixyz^) ( —Zxyz ). 

In each of the following divisions, find the quotient, also the remainder 
if there is one. Check your answer for each. 

41. (3a;2-2.'c-l)^(a;-l). 42. (15x2-l-x-2) ^(3a;-l). 

43. (42/8+22/2-1)-v-( 22/-1). 44. (6a:3-7a;2+i) (2a;_i). 

46. (x8+a;2-a;+2)-^(x2-a;+l). 46. (2x2+3a;+l)-^(a;+2). 

47. (a;4-3a:8+x2+2a;-l)^(x2-a;-2). 

48. (a^—2a^b+2ab^—h^)^ia—'b). 49. (x^—y'^)-i-ix+y). 

IV. Factoeing 

Factor each of the following expressions: 

60. (a) a;2+2x. (jb) x^y+xyK (c) 8a2+24a. (d) ah‘^+h^-h^c. 

(e) 25c2d:c8+35c8d2x4-55e2d2x6. (/) m(3a;-l)-7i(3x-l). 

(g) m{a+b—c)-\-n{a+b—c)—q{a+h—c), 

(h) vq—px— rq -\-tx. 

{i) y^—4:y-\-xy—4:X. (j) Zx^—Wx-]rl0y—2x^y, 
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61. 

(a) 81—x2. 

(c) 952-(a-a) 2 . 


(b) a“~h'^c\ 

(/) 49a2-(5a-45)2. 


(e) 144.7:2-4. 

ig) (2x+5)2-(5x-3)2. 


id) ^^x-y-^-Zi). 

(5) (s+x2)2-(2a;+2)2. 

62. 

(a) x24-Gx4"8. 

(e) x2-f-x?/—567/2. 


(b) x2—6x+8. 

(/) 124-7a+a2. 


(c) 7/H/y-42. 

(f/) 7/2—3n7/—28n2. 


(d) x2-13x-4:S. 

(//.) a2x24~ax —12. 

63. 

T(‘Ht ea,(‘h of Hie following expressions to see whether it is 

trinomial .s(piar(‘, and if ho 

1 , factor it. 


(«) .r^—Sj + Ki. 

(f) 167/2-2477+9. 


(h) X-—12j+li(>. 

(< 7 ) 4.c2?/2— 20xy +25. 


(«) ■l.i-'-i+Ci.c + l. 

(A) x2+2x(x-7/)+(x-7y)2 


id) + 

(i) 16-24(a-6)+9(a-6)2. 


W «l-72r + l{i;-2. 

(i) (7I'+6)2—2(a+6)(6+c)+ (6+c)' 


Fiu^tor romplvtdi/ t-lio following expressions: 


64. .r»-.r‘^’-.r4“L 

[Hint. Writ(‘ in the form 

66 . 2.i:®— Hx^y + Hxi/^. 

[Hint. Wrih^ in the form 
2a!(x*—'1.r//4” 4//-).[ 

66 . x^+llax — Za—x, 

67. aH2a2"-4a-8. 

68 . 

69. 

60. 

61. 

[Hint. 1 

62. —4mn+4 n'-^ — 16. 

63. 2xy-x^-y^+l, 

64. l+OcHBc. 

66. (x‘^~l)24.(2x+3)(a:-l)2. 

66 . 


67. 1 -'a^)^—x^y^-i‘2ahxy. 

68. (a:2-7y2)2_(^2_<^2/)2. 

69. :c^+2/^+x‘-—7/2. 

70. (x+l)8-~a;0. 

71. (,l~2x)2-a:l 

72. ()a:2H-7a:"~3. 

73. 20x2-6a;-2. 

74. 8x2-18X7/-57/2. 

76. x4-16. 

76. llx2+34x+3. 

77. 25s4-25^2^2+4^4 

78. 9x4-30x2a+25a2. 

79. a2 4_52^_c2-2a6+2ac-2>;c. 

80. (a-x2)2-(6-7/)2. 

81. X^+T/^ + X+T/. 

82. x2—9?/2+x4-37/. 

83. a8-2a26+4ab2-86». 

84. 16x^—7/2—6x2?/. 

36, x^-47x22/2+902/^. 
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V. Fractions 


Reduce to lowest terms: 
2a--15 


86 . 

87. 


(i2_[_2a—35 
4x^-9 


88 

x^-Sx^^+mx 

89. 

cs+cy ~ks—ky 


4x2-12rc+9 
a(a4-2h)Ha^-i-2a^hi-ah‘^) , 

6(a2-452)2(a6_2a3524-a54) 

Reduce each of the following expressions to a single fraction: 


91. fl-j“ 


a^—ah 


92. X --— 

d 


93. l+m+- 




a d ' ' l-j-m 

Perform the indicated additions and subtractions in the following 


exercises: 


94. 


96. 


10 


4x4-24 6x4-36 

y I_L_. 

x{x+y) x-y 


96. 


a — h 


a‘^-\-ay — 


97. 


2a 


2ab 


b a—b (a—6)2 


4a 


98 ^ I ^__ 

d — 1 a4"l —2a 4“ 1 

99 ^^4~3 I g—4 3a2—8a—27 ^ 

a-|-3*^a—5 a2—2a —15 

101. —1+—• 

1—X ~14-^ 


102 . 




a 4-6 a2 —62 a2 4-62 


103. -i_--i-+ — 

a4"6 a — b ^ b 


a - 

a 


Perform the multiplication indicated in each of the following exercises. 


104. 


(-»(■+!)• 




106. . c2 

x4ry a4-6 x—y 

107 a;2-5 x-24 ^ x2-2x-8 . x2-9x4-14 
x2-5x 4-6 x2-4x-21 ' x^-^x-lQ 

r^—s^ 


108. 


r—s 


r2 


(r— 5)2 r 24 -rs r^-{-s^ 
109. . xjx+y) 


x^-^2xy-\~y^ x^—2xy-\-y^ 
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llO' (i‘^ I tu/ ! <’>)( f/“ {-7f/ f-12) 

P^j,f(>rn)i f iu” t)|HTat ions in (‘iicii of the following exercises. 


111. 

M . ti- 

\ h\ 

ill) 

114. 

\n +/> / \ ) 

112. 


)■ 

116. 

J .2 — 13.r ~f-22 .r‘“ -5x4-6 

x’-!-i).r+S ■ a^2-6a:-16' 

113. 

.xt 


116. 


117. 

(. »■' . i : 

1 ,v. 

If i t 


119. S . 

\l //* t /// 

// i 1 





VI. Hadkvals 

Combine the following rndicnls. 

122. Vh-I-Vis I (‘heck yonr answer ])y use of the table; 

at iH, hIiow that v s { v'is | V':i2, as <toniput(‘(l hy the table, has the 
me valu<* ns y<»ur answer, similarly (tonipuUHl, 

123. v /1 OH 4« V 75. C1h‘( 4< your answer as in Ex. 122. 

124. '^l28 + *\y to- Cheek as in Exs. 122 and 123. 

126. V72 + V:i2 -” 128. V;y^^~V8a2_j-.Vl8^. 

126. V-^bVn fV'X 129. 

127. -sJ^21 + v^Kl f 130. V'iSjtt-VSa + VlSa. 

131. V‘J(X ~//)“ I- V,S(x -j/TH 

132. V'2(.r-;/) |-+ VlSCx-'j/T. 

133. \/l2i -|-V^” fVl^. 134. 2V3-lVl2+3-\/^. 
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Find the following products, simplifying results as far as possible. 


136. Vi • V 27 . 

136. Vi . VI 2 . 

137. Ve • Vi. 

138. V 7 • Vg. 

139. Vio • Vi ■ 

140. Vf • V# 

147. (3Vi+2V5)(V3-3V5). 

148. (V2+V3 + V6)(V2-Vi). 

149. Vffi.VaS. 

150. Vib . Vi^. 

161. Vx2j^ - Vx2/. 


141 . V 7 • vr 

142. Vj . Vi)i. 

143. (Vi-V2)(Vi + V2). 

144. (2 Vi - Vi) (2 Vi+Vi). 

145. (V6-V3)2. 

146. (V7-l)2. 


162. (Vx+Vy)(Vx-Vy). 

163. (Vi-\//;)2. 

164. (Vii+Vg//)^. 


Express each of the following quotients as a fraction under one 
radical sign, and reduce your answer to simplest form. 


155, 


Vl5 

V 3 


Solution. 


Vis 

Vs 


^ = V 5 . Ans, 

o 


156. 

158. 

163. 

164. 

165. 

166. 
167. 


V3Q 

V 5 * 


V 2 

Ve* 


159. 


Vd 

Vs 


160. 


V 

V 


157. 


V3 

Vi2 


161. 


Vg^-b^ 

Va+h 


V x'^-{-x—20-^V a;+5. 

V8H-9a2+a4 4 - Vg^-Sa^. 


V x^—y^ -^V x^ 

Vx^-{-2x^—2x'^-\-2x^ — \-^Vx-{'\. 

V r2« -|_ 1 30 -j- Vr«+6o 


162. 

Vl2{x-\-yY 



ANSWERS 


Page 1. 1 . .r — //"I-’. 2 . 3. 2—a—5. 4. m—n4-2a. 

^ 7. ,rv : 1//-: —/.*. 8. Tim—2//. 9. 5a-64~6“C~-4a2c2--g^]f252>j-3a2c. 

10, ■ •■''■ 11. 1,,/,. 12. 13 . 2ab-2ac. 

a ■> V 2.vti~~ I/" 


Pnvx 3. 1. 2. 3. 4. 6. 6. 

21 r2.> .12 2()//« (.x-l)2 9--a2 


7. ' 

■ 8. 

h\ 

9. f'I- 

10. 

n.‘;'pi- 12 . 


• 13. 

a a 

a 


iuiniy:: 


ym 

aH-6 

14. 

#1 if 

16. 

tlh I,’’ 

iG. 

. 17. 

a(fi-\-2h)^ 


n « if 



3 


6(a-26)2 

19. 

1 

o' 

cs 

21." 





1 ^ ,/'■ 


1 n 

in 





5. 

. 1. 

20 r 

20 

2.V 0)1 

r>o * ’ 

4. -“L. E 

(tc a — X 

2(fi g ?)— a 
' a — b * ah 

7. 

lal'^ _ 

8. 

2^P ^ 

9. !■ 

•T -I - 2 

10. 11. 

.r— 

•air+^re—a5 


M',' /p'* 


?/ .r 

.r~.1 

21 


a.;2 

12, 

I Pi'- * 

Vftn 

01 

13. • 

14. 

16. 

«2-|-4a6+62 


.'U ^ ;'5 ( 

>1 .» 

ti f •*} 

// * in 

a- — -I 


a2 — 62 

16. 

hi4. ^ 
Ip It* 

17. 

1 ! 

J' ! ./ '* 






Pagt* 6. 1. 

r ?/ 


I# ^ 
7. ' 8 . 


c -■ 

i/' 

I 

I .r 


1^'// 

9. 


2 . 


14. 

ao. 

as. 


film ^ rynb 
<\iui/ ' 3.r// 
.r-‘ I 1/ I 1 

./'• i .).r i i in 

.r I // 


15. HM. 16. 


- \ If- 


21 . 


/ i // 


22 . 


V) 


2//* ■ a‘-““6- ' 4a; 

“• -if' “■ S' “' S' 

^±'’. 18. A. 19.1. 

;r —3 xy 0 “ 

h 


17. 




23. 24. 


re—2/ 


26. .r-1. 27. .r-h//. 


Pi«* S. 1. a. 2. f). 3. 2, 4. —7. 6. 7. 6. 1. 7. 14 and 24. 
8 :*2 Hltd II. 9. $7) in thn lir.st Imnk, lif-tO in the se(;orid. 10 . 10 miles. 
11. la uiiil 21 inih‘H. 12. 0 hours. 13. 12 liours. 14. 7hours. 
16. 120 imirs par Imur. 16. 3 Kallons. 17. 10]i! pounds. 18. 12M miles. 
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Page 11. 1. a; = 10, 2 /= 6. 2. x = 6 , 2 /=- 2 . S.x = 2,y=8. 

i.x = -2,y = Z. 5. 2 / = 4. 6 . x = 9 , 2 / = 6 . 7. a: = 12, 2 / = 14. 

8 . x = 16, 2 / = 12. 9. a; = 18, 2 /= 6 . 10. a: = 3, 2 /=2. 11. * = 4, 2 /= 5. 

12. .'t:=| 2 /=^- 13. a;=^. ^=| 14. x=5, y = l. 16. 40 and35. 

16. 18 and 12. 17. Father’s 60, son’s 40. 18. $1600 at 6 %; $900 at 5%. 
19. A, 18 days; B, 36 days. 20. 26 $1 bills, 12 $2 bills. 21 . 16?^ pounds 
of the 26-cent grade, 3334 pounds of the 35 -cent grade. 22. 15 gallons 
from first cask, 6 gallons from second. 23. Automobile, 20 miles per 
hour, bicycle 14 miles per hour. 24. Length 5 feet, breadth 3 feet. 


^Page 19. 1. = 


6. 

c 
ac 


6 . = 


6±1 

a 

2h- 


• 2 . rr = 

3c-12 


3. :r= —2b. 4. x = 


10.-^- 11. a; = 

a — b 

dm—bn 

13. — 5 — 7 — » y 


1—b—c 
6 a 4-205 

-w-’y- 

an—cm 


(i-\-b 

7. a5+7. 8 . a+35. 9. 


-ab. 


4a-125 


19 


1 

a-l~5 

2d-\Sb 3a—2c 

12 . 2 / = 


35 


ad—be 
y — a-\-b. 16. One'part — 


ad —be 
am 


14. x^-r^ 2/ = 


. other part — 

l+m ^ l+m 
vt 


ad-{-be ad+5c 
16. .'r=-(a+5), 

18. 20 feet. 

a+5 

miles per hour. 22 . 4 feet. 


?£ 

5* 

' 17. 


19. 3.74 inches. 20. 11 minutes. 21. 

23. 160 (approximately). 24. (a) 1139.02 feet per second; (5) 58.3°‘‘'. 
26. (a) N= —y, (b) N=10m+2ln+^q; (c) lOOc+106+a. 

TTOt ji iU 

26. (a) 2 pounds, 13 ounces; (5) 12 pounds, 13 ounces; (c) 8 ft. per sec. 


64 


8 9 

81 


16. 17. 

x21c71 


1. 3. ~ 4. a;i 2 . 6 . 6 . gSr 7 . s. 

729 


Page 23. 1. 256. 2. 

10. 11. 2:2 12 . 64. 13. 64, 

18. (a+5)8(c+d)i2. 

26. - 


14. a;24. 


19. 


U 


(Zkm 






-1 26. \ 

2 dJ 


16. 

20. i 

27. 


28. ab^H-a^ 6 . 29. xK 30. ar^. 31. ^ 3 : 3 . 33 . 2. 34. 3. 36. -2. 

36. 9. 37. 27. 38. 2. 39. a:2. 40. y*. 41. 42. 

44. (a) 4, ( 6 ) 9, (e) -32, (d) (e) - 8 , (f) 46. 2a^ -a+9. 

47. 6a:2—7*^ —19a:^+5a:+9a:^—2®^ 48. 2—4a“la;l+2o~ta:^. 

49. 5j:^-3x^+ 1. 60. a:-J- 2 x-i+ 3 a;-i-l. 

61. x'4“'~3x^ 2/“4+2—4x'~it/a. 
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Page 25. 

1. 

2. 

2v0. 

3. 4. 

5V5. 

6. svn 

6, 


7. 

3X^2. 

8. M 

\ II. 

9. 2\^2. 10. 

(>V2 

2 #^3 

11. ,.l 








r,Vi 

3 V^'5 

12. 


rJK 

13. '.Ih/' 

V 

in ft. 

14, 2ut-\ h)^a- 

■H. 16 

i. Sxy^XZ-. 

IS. 

1/ /I* 


IT, 

2/1-7,• 

18. 

(,( 1 li}r 

20. 1 

V7 + V^ 


\ if 


■■ \ 

/ 


2 \’a---//- 

14 

21. 

:’\ II 

\ 

■’ 22. '' 


23. 

iut } \'‘(ih ■-V2h 

.. 

. ,,1 rr+x/J+I-5 


■ I 



7 




2§. 

tt»:! » tl 

i 


\ 'Jjl'' tt 


26. 

\4//» j sj(lb 




1 111 



b 




l'ag«- 27. 3. !. 4. I 6. ^6. l~lVzEl. 

* 11 7 

7 '■■■••'''''v ' I, 10. N.,. 

tl ■■■ 

PiiK*' 3;t. 1. -i I \ 'i. 2. 2, -S. 3. -2, 10. 4. 1, 6. 2, -7 

t> o 

6 7 .- V!- 8. 9 .'.(r,;i;Vw)- 10 . 7(3±v^, 

u. 12. :t, 13. -I. 14. 1. 16. 2, -5, 

.i t» ,1 ' i) 

Ifi. ’ ! \ -7). 17. 'aT I v'-llj. 18. -1, -3. 19. ±v^ 

20 , . 1, 


PttK(“ 3S. 1. 2(r, -Ik. 2. 36, -76. 


- 3rt 2a 
3. --- 


4. 36, -76. 


6, .;i.v6 6. -'*• 7. w(-l 1 v''3) 8. -w:fc\/wi2+»'- 9- «, 1- 

a a a 

10 . 1 , • 11. r/, - 12. I, 13. a+1, 


14. 


18^ 


;! h I 


it « r 

r ! 6 

Pitgt 


15. «-t-6, .y 
19. n, -t 


16. a, 6. •^■•at, 2 ’a 2 j 


17. 


20 . (X”\“hj 


a-^h 


ab 


37. 1. -2, -3. 2. !l, -3. 3.1 -| 4. I 


K 3 

6 - 4 ’ 


III I 


3' 2 4 

7. i2, izV -i. 8. 3, ;|(-l±-\/^). 9. ±1, ±2 


1 !. 

13. i, 


10 '. !( 2j\/lS»). 

'V3. 


11 . 


-4- 


12. 1, i(-2±3V'-2) 


14. < 1 , h. 
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Page 39. 1. ±1, ±2. 2. db2, ±\/3. 3. ±1, ±| 

4. 1,|^(-1±V^), |(-1±V^)- 6. 3, -1. 6. d=2, ±V^ 
7. 16, i 8 . 9. 9. 12. 10. 2, -|i(3±v^). 11. 1, i(ld=V^). 

12. 25. 13. 2. 14. 27, 15. 1, 16. |, 17. 

Page 40. 1. -1. 2. 8. 3. -|- 4. 4,5. 2a2. 6. 0. 5 
7. 2, 8. a, 6. 

O 

Page 40. 1. 8, 12. 2. 5, 6. 3, 20 rods by 8 rods. 4. 2 in. 5. 12. 

6. 0.41 in. 7. 30 mi. per hr. 8. 5 mi. per hr. 9. 15. 10. 30 min., 
45 min. 11. 20 in. 12. 5.828 sq. ft. 13. 5 in., 12 in. 14. 108.3 yds., 
51.7 yds. 16. 2.89 hrs. after noon, 2.53 hrs. before noon. 17. 7 sec. 

18. 7 see. 19. About 238 ft. 20. L = i(3s ± -96d2) . 

21 . r=4-(-^^+V'^2A2+2^. 

Ztt 

' Page 43. 2. a=2, 6=—5, c = l. 3. a-3, 6 = 0, c = l. 

4. a = 2, 6 = 2, c = —1. 6. a = 2, 6= — (m+n), c=^- 

7. <2 = 1, 6 = (?*-p, c= —8. a = m2+l, 6 = 26m, c-b^~rK 

9. a = 6=-(8/c2+2Z2), c=4/c2-R 

Page 45. 1. —^and —2. 2. —|and —3. 3. ^and^- 4. |and — 

6. 5 and 6. 7. 8. 

9. 3dz\/ —1. 10. m and —n. 11. —m and n. 12. 2a and 36. 

13. —4mand--3?i. 14. a(l±'\/2)- 16. —|and|* 

16. i(-p±Vp^-43). 

Page 48. 1. Real and unequal, rational. 2. Real and unequal, 
rational. 3. Imaginary. 4. Real and unequal, irrational. 6. Real and 
unequal, rational. 6. Real and unequal, irrational. 7. Real and unequal, 
irrational. 8. Imaginary. 9. Real and equal. 10. Real and unequal, 
rational. 11. Real and unequal, rational. 12. Real and unequal, 
rational. 13. Real and unequal, rational. 14. Real and equal. 

16. (a) 16.(6) -2 and -|- 16.(c) 1. 16.(d) 4 and -|- 

17. iVoW+R 



axs\vi<:r,s 
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PaKe 49. 1. 
0. !■ 7. 

J 4 

10. .1 10, i::. 


J. 2 


» /•? 


\- < ■» . > 

lQ,Uh 


H’ 3. 2, 1. 4. p. ~ 6. -t -7. 

- « o 5 t) 

8. -p, -q. 10.(rt) 4, 3; 10.(6) -1, -1. 

lO.iV) v^,V5. lO.Cf) II 


ir 


\A'> 


PiiKf no. 1 - :i.i'I ■._> 0 . 2. .r-'I ;:.r-i 2 = 0 . 3. :i.i---io.i-+3=o. 

4 I., . . I 0 6, . >, 2 i \ Mu- 1 v'''>= 0- 6. .r'-!--v/if-4 = 0, 

•1 1 : 2 \ .1- i \ ■' 0. 8. l.|■--2(\/S-l).I:-^/^; = 0 

a U !U, o. 10. ..■-■-2«.r I .I'-: I). 11. ./■2-4.)-+2 = 0. 

12 l.;l 0. 13. 4 . 4 : I 12.r i M (). 14. 4.r^+4.i:-l=0. 



Vimv 

62, 

. 1, Ar 

7, II ■ 2j anti if 

— •> 

4 !/ * 

- 7 ). 

2 . 

(x = 2. 

?/= 4 ) 

,f,! H 

1 

1 

: ■' ;;)■ 


3. (./• 

3 , 

//■ I) 

and 

(.; = 

= -2, y 

= - 4 ). 

4 . 

.A 1 


^ t<‘», // 

6. 

if 

— 3 J, 

.V':m 

, //= 

- - 3 ;i,^V 34 ). 

G. 

■A 1, 

¥ 

3.1 aiitl 

/ r»s 

V' 

V. 

:')• 


7. 

(.T-- 

= 3 , 7 /=: 

2) and 

Af 

tHV, fi 

. - 


8 . ! 

2, 

3 / ^" 

1) uiicl 


13 

-¥)■ 




3 l arul 

/ -1 

20\ 







0, 


,?/ 

('■ 2:1 •" 

•2m)- 







io 

(- 


» S) 

anti f/■ 5 , 

// ■ - 

1 ). 







Pigr 

as 

• 1. if 

• 5 , .¥ U; 

Cr- 


'//=^ 

1 ); 

(:r = 

= 3 , ?/ 

= -i); 

i 

¥ 

■ i). ! 

2. {.r 4, // 

I); 

(f 

4, 

-I) 

; ( 

-4, 

.'/= 1); 

1 . •>' 

^ 'h 

,¥ 

u. 

3. 

if- 



1:>5; 

a;- 

" id), V, 

/=±3). 

4 

i .?■ 


¥ 3 f; 

(.r 13, // 



6 . 

(x = 

0, i 

i/ = r)); 

(x = 5, 


tj-; 

•f 

Iri. 

-•Ui; (.r 


7/r-r 

-f)). 


6 . 

(:r. = 7, 

?/=3); 


8 


It 


.. V' -. it 

10 i.r 


, 1 ; i.i' M, V- 7i; (x=—7) y=—Z). .. ... 

■ ~2, // --.•!!; t.r‘~2, (*=-3, ;V=-2). 

n lo —-7, (.c=y\/ 2, (s = 

Am. 9. f.%-==4. ^ = =bl): (.s=-Y’ f=±3V-15). 


.V Mi; (-f 


9. (.%-==4, ^ = =bl); («=- 

2 .-. 2rA , 1 

_ A 

18 IS 


-4 


1 


j-^+YV- 1709, ?y = 
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COLLEGE ALGEBRA 


Page 68. 1. (a; = 4, ?/ = 3); (x = 3, 2/ = 4). 2. (a; = 7, 

(a: = l, ^ = 7); (x=-l, 2/=~7); (a;=-7, 2 /=-l). 3. (x = 5, y=2)] 

(^a;=-4,2/=“!^ 4. 2/=2^; ^aj = L2/ = 3^- 5. (a; = 2,2/ = 3); 

(x=54,2/=g)- 6. (rc=3,2/=l); -3,2/=-!). 7. (a: = 5, 2 /= ±4) ; 

(x=-5, 2 /= ±4). 8 . (ii;= 6 ;«= 8 ); (a:= 8 , 2 /= 6 ); (a:=- 6 , 2 /=- 8 ); 

(x=_ 8 , 2 /=- 6 ). 9. (a=12, 2 /= 3 ); ((a:=-7,2/=-j); (*=|+|^/^. 
2/=|+iV29); (3:=|-|V29, 2 ;=i_|v^). 10 . (x=Vn, 2 /= 0 ); 


(a:=-\/lT, 2/=0); (s = 1,2/=2); (*=-1,2/=-2). 11. (a: = l, 2 /= _i); 

(®=-| 2 /=|)= ^^=- 1 +^’ y=-i+v^): (^=- 5 -^. 

—1--\/3). 12. (x=3, 2 /=2); (a: =2, 2/=-3); (a: = 16, 2/=~24); 

14. (a;=6, 2/=2); (a;=-6, y=-2)] (05=8^/^, 2/=6V^); 

(a;=-8\/^2/=--6V^). 15. ^a;=2a, ?/=-5; x=a+36, ?/==^—^ 

Page 68. 1. 4 and 8. 2. 81 and 1. 3. 12 in. and 16 in. 4. 16 rods 
long, 10 rods wide. 5. 2 ft. and 1 ft. 6. 6 ft. and 1 ft. 7. Altitude= 
25.29 m., Base= 12.64 in. 8. Length=96.883 ft., Width=24 772 ft 
the length by 7.38 ft. and diminish the width by 
dimmish the length by 3.38 ft. and increase the width by 
10.08 ft. 10. 15 days for the one man and 10 days for the other. 
11. Circumference of fore wheel=10 ft.; circumference of rear wheel= 
12 ft 12. Principal=$125, rate=6%. 13. Time = 3 hours, rate= 
10 miles per hour. 


Page 73. 1. 36. 2. -36. 3. lla;-llv. 4. 165 5 2nR fi S9i 

li fi S6S.90. 9. 2500.’ 10. 72.’ 

20 9n in^VM q^iV 10- 15- 56. 16. 267 in. 

^0. (aj 20 in., (6) 31^ m. 21. a=-13, ^=27. 


Page 78. 1. 512. 2. 32. 3. 


7. 3906. 8. - 


341 

1024* 


9. 


l-qgQ 

l-a2* 


1 

128* 


4. aiirrii. 


10. 765. 11 


14. (a) 128, (5) 1024. 15. 13333331-bu. 


255 

16' 


75 


18. 4 sec. 19. 256. 26. 12.7279. 


5. ^V2. 6. 510. 
16 

12. 2046. 13. 3279. 
16. 1364. 17. 

128 



ANSWERS 


Page 82. 1. 3. 2. 'i- 3. 4. 4;;. 6. 6. i 7. |(VS+l). 

8. '\/rO* 8. — 10. 30 in. 11. 16i\ min. after 3 o^clock. 


Page as. 1. 7,- 2. .!!• 3. 4. ™ 5. 6. 1^,. 7. 3^^. 

Ill /h 3.13 4‘)o 110 

8 . 9 . 10 . 


92. 2. MOO ft. 3. 7^ .stj. yd. 4. S. 5. 0750. 6. $876.56. 

7 I'i.l >iii!!i . 8. r_’ ill. 9. li nii. 10. 302 (!i])proximately). 

13. 2 \ I'(,, .ir.-iiipnixiiiialeKMI.riSrirt. 16. 2. 17. 1 , 12 ft. 18. 33+%. 

20 . 12 , , 


Puge Its. 1. 2:1S21. 2. K.r.7sr,-in. 3. 0.7450. 4. 8.0957-10. 

5. m.s::-. 0. 1.55.211'. 7. 070.33 . 8. 9.S54. 9. 5137.8. 

10. .'.11. 11. :',r):(077000 (apprDxiinali'lyl. 12. 1230 (iipproxiinalely). 

13. 

PiU’f 117. 1.0.3273. 2. l.tSI2. 3. 4.31S7. 4. 8.8859 — 10. 

6 l.'.'.i'i'7'. 6. I■...■i0. 7. .S9„52'. 8. 1.201'. 9.371. 10. 0.50825. 

11. 12. 1.01 M. 13. .7731. 

PiU’i-IIO. 1. 0 11205. 2. 1 . 1820 . 3. 0.4910—10. 4. 0.2500. 

6 i,m', 2'i e. 28 S 1 , 7 . 288.11. 8 . 0.0001041. 9 . 119.59. 

10. I 137 11. 191)09. 


Pugi* no 1 0.2108. 2. 0,1017. 3. 9.5007—10. 

6 17 710 6, 11)28, 7. 1,029. 8. 0.0251. 9. 0.005. 

11 . ') 10 


4. 0.3172. 
10. 14.312. 


PaiM’l'U. 1, 13285 . 2 . 0102,85 . 3 . 22.58. 4. 003 . 6. 4.072. 

6 l.’ii’ill't. 7. 3 88 sip in. 8. 1207.27 ft. 


Page PJ'J 1. 1.00' 2. .r '0,323-'-. 3. 

6 li iiif 6. .I- 2 nr 2.18'. 

8, r t.lliS*,,v 1,3808. 


0.913'. 4. .r=-0.082+. 
7. x=1.709+, y = 3.270+. 


Pape 12(5, 1. S.537.IO. 2. S320.70 . 3. $1014. 

6. 17V..urs. 6. 11.2 years. 7. 5%. 11. 4.83 years. 


4. 1439.50. 
12. $5000. 


Page 12H. 2. .$2200. 3, .$302. 
8, $3,307. 9. $009. 10. $593. 


4. .$.1905. 
11. $955. 


6. $77,200. 7. $370, 

12. $835. 13 . 0.384%. 
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Page 135. 1. x^+Zx^y+Zxy^+ifi. 2. a*+4a?b-{-&a^h^+4ab^+h‘^. 
3. x^ — 3x^y+ixy“—ifi. 4. a^—4a?b+fiO’^b^—4a,b^+b*- 5- 32+80r+ 

80r2+407-3+10r4+r5. 6. a’!+7(fix+21ah:2+Z5aix»+S5a^x*+21a^x^+ 

7axe+x!. 7. s5_i5^+g0j;3_270ff2+405s-243. 8. aio+5aS7C+10a6a;2+ 
10a4a;3+5a2'E4+-'K^- 9- a^—4a^x^4-&^^x4—4a^xfi-\~x^. 10. 16a^+32a2-j- 

24a2+8a+l. 11. a75-l5a'.4!/+90.r3i/2-270.T2(y3+40,5.tJ/i-243:iy5. 

12. 14-6s2+15a;«+20a:6+15j:8+6a;io+xi2. 13. 1 L8.-C+28x2-56x3+ 

70s4-56x5+28x6-8x7+xS. 14. x5-|x-4+|x3-|x2+|cx-~ 

16. 81a8-108a6+54a4-12a2+l. 16. (iio+10a9x+45a8x2+120a7x3+ 

210a6x*+252a6a;5 +210a+.6 + 120a3.i:7+45a2x8+10a.x9+xio. 

17 1 ,7 I 21 35 35 21 7 1 

18. -5^+10--10-+52^-^^- 19. a’^+Za\'a-y^+‘ib\/^iV>> + 

X a o^_ oP 

V^/b. 20. 2^2+4+3^ + ^- 

X^ 


Page 136. 1. 70akrA. 2. -5(yx^y^. 3. 672.r6. 4. -~2002///5//.5). 
5. -252aio5j.o. 6. 42504^19. 7. 462a;. 8. 12870^8. 9. 495 x 1 ^. 
10. ~960V2. 


Page 139. 1. a=^ -{-|a ga — 


2. a ^—2a ^a;+3a ^a:2—4a . 


4. 


'^2 "^8-^ 128-^2 1024*^2 


5:r2 


+- 


15.r8 


|(2.)-%<+j|(2.+W- 


3. l+|.-l..+j|,.-.... 

. 6 . (2a)"+|(2a)"^'6- 

_n 2 —2 1 21 -.-I'l 

6. a '^'+^cr' -i 


128 


■^4- 


4 1 _4 2 _ii 6 -J + 

"■2^+r 2“-^+ll5-2 


1 1 __4 2 —S’ 

8. a^+-a ^x~—a % 

O iijQ 


6 —U 


125 


’a;8 — 


7 

9. 4a “.x3. 


10. ^a^xi. 

27 

.. 143 -lA „ 


11. ^a“^x3. 
16. ^(2o)-^‘&5. 


io 374, 

12. -^xv. 


13. 46a-ux8 
16. 4+.125-.00194+.00006- 


•••=4.12311'^. 17. 5+.2-.004+.00016- — =5.19616+. 

18. 2+.08333-.00347+.000241- —=2.08008+ 19. 2-.0625- 

.00292-.0002136-.0000183 —=1.934338+ 20. 2+.0375-.001406 + 
.0000791-.000005 — =2.036168+. 


Page 142. 12. 5x-l. 


13. x2-2x+l. 
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Page 151. 7. (3,-2). 8. (1,-2). 9. (l, (-4, 

Page 157. 1. 7h 71 2. | 3. h 4. 16 by 8. 6. | 

6. 20 by 40. 7. Depth =^-v/6i breadth = ^ \/3- 

Page 161. 1. 21. 2. -11. 3. 1. 4. 56. 5. ah^+bh+c. 

Page 164. 1. .^2-2x-l; --3. 2. .f2-6a;+15; -31. 

3. 3.r3-322+3.r-2; 3. 4. a-3-.i:2-a:-15; 0. 6. ax+(ah+b): 

(.ah^+hh+c). 

Page 166. 1. 2, -3, -i 2. 4, -1, -1- 3. 5, -2±V3. 

Z 2 

4. 2, -1, -1, -2. 6. 3, 5, g(-3± V^). 6. 2, 3, g(-l±y/S). 

7. aa:24-(nrj'4-5)x+((7-r2+6ri-c)=0. , 

Page 169. 1. a:2-10a:4-9=0. 2.(a) rS-18a:2+9.r-27=0. 

2 .( 6 ) s*-12a;2-8a:4-32 = 0. 2.(c) x3-x2+x-4 = 0. 

2. (d) 2x4-27x2+405=0. 3.(a) x3-2x2+3x-9=0. 3.(6) x4-5xS+ 

6x2-8x-32 = 0. 3.(c) .x3-3x2+72 = 0. 3.(d) x4+9x2-135 = 0. 

3. (e) x3-4x2+4 = 0. 6.(a) .x3-3x2+2x=0. 6.(6) 2.x3-7.x2+7x-2 = 0. 

6.(c) 2x4+16x3+45®2+56x+23 = 0. 6.(d) 2x4-16x3+45x2-48x+7=0. 
6. (e) x4-llx3+15x2+175x-482=0. 5.(f) x6+5x4+10x3+ 

10x2+8x+5 = 0. 


Page 173. 1 . | -l(i±V5). 2 . 1 , -2, | 

.locS. _131 .2 1 

4. 2, 5, 2 ’ 4. 6 . 2 ’ 3 ‘ 6 - 3 ’ 3 ^ 

8 . -i 3±V'^ 9. I - 5 . -r 

Z O O Z 4: 


3. +2, 3, -3, —■ 


i 


1 . 


Page 180. 1. 2.154. 2. 4.134. 3. 0.264. 4. -3.532. 6. 1.733. 

6 . 3.23 and 3.73. 7. 4.6835. 8. 2.511. 9. x=1.618, j/ = 0.618. 

10. 1.25 inches. 11. 1.199 inches. 12. 4.1572 inches. 13. 1.071 feet. 
14. 1.119 feet. 16. 0.63 feet. 


Page 183. 1. 336. 2. 625. 3. 96. 4. 11.880. 6. 24. 6 . 362,880. 
7. 15,120. 8. 1956. 9. 2160. 10. 5871. 'll. 256; 24; 4. 12. 16. 
13. 16. 14. 81. 


Page 186. 1 . 60. 2 . 360. 3. 3,628,800. 4. 36. 6 . 72. 6 . 8,640. 
7. 14,400. 8 . 72. 9 . (6!)7 10. 72. 11. 360. 




2()() 


COIiLEfiK ATXa';HKA 


Page 189. 1. 1,M0. 2. 3. I.'-’NT. 4. iri. 6. '.N. 6. I'.HiO. 

7. i.-iK). 8. 9. lo. •i,7r)i,s;iii,:;7ri. ii. ru-’c. 

Page 192. 1. ;«(). 2. Ki.S-M 3. 720. 4. 10.'.. 6. lO.i. 

7. 20; .S'l; ;i71. 8. ;vl()riO. 9. -120. 10. 1.0. 11. Ot.'.t.OIH). 12. 


li 

i9,<)r)S,ioo. 

14. 

200. 

15. 

255 

. 16. 120. 17. 

ISI. 

18. Iliio. 

19. 

172S. 20.’ 

03. 

21. 315 







Page 195- 

1.0/) 

ill 

4 

13’ 

00 

2. 4 

l.i 2''!. 

3_ 

f 


(/o 

.4- 2 

I 

7.‘> 

^■ir 

7. 

{(/) 

11 , 21117 

• 151 

110)5 2t{s25 

B. 

3 ' 

IS s 


(/>) 11’ (r) 


10 . 


11 . 


12. .‘<t. 


Page 201. 1. 


s 

1 (>">75 


3. 


4. 



6, 


I 


■r* H 7.2.‘>7 

Page 02. 1. r>(),lHM)‘ 


Page 204. 1. 2. 2. 


3. 51. 4. 'Jtih, 5, :Ni 


0. f,l-- 


6 . 


Page 206. 1. 2, 
rwi-l'ifc 

a'" i /)" (}» 1 /A* 


7, 


2. 1,2. 3. 4. ‘Ui 0 n,1 

(Iff 1 N jf hit ^ :ih :‘.i 


ilh \ I tlh \ \ 


8. 




Page 208. 1. IS. 2. -Mi». 3. 5{ 4. U\. 

6 . i)b-"‘A(i- '2S. 7. \ \ nfti /«/. . 8. , 


6 n.r Oil, 


Page 211. 1. 1, 2, :!. 2. 10, lO, ■ 3 il'.i, 21, 12 4 S. ',i. 12 

•7 ]| ■. Ill 


6. 1, Ii, 5. 6. 


7. f/ } 5, ti 5, 2ff. 


8. 


I ! I 
ii h 


Page 214. 3. 70. 

Page 219. 1. 2. 30. 3. 0. 

Page 222. 1, 110. 2. 3. (K 

Page 228- 1. //■■• 2, " ■ 'I, in 1. 2. .r- I, // '2, ■ ll, ir-l. 

4. 1. 6. .r // -1, 6. /r ’’irir - 0. 

8. .5.i''-2j:^-9x2+lk-l =-0. 12. A-- -8 or 
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Pa^c •.>:«. 17. 18. (-1, 1). 19. (1, - 1 ). 20. (2, -1) or 

'• ■' ■ 21. Ti 22. 1 j fi/. 23. -7+3(:. 24. 2-;5i. 26. 1—i 

2C. r P. 27. 2 : Cm. 28. 

Paj’f'JlO. 2. 7-(. 3. 7 i. 4. 13/'. 6. Srj —11);-“/. 6. 2/. 7. —5-)-12i. 
0.1. 10. -10. 11, u; |-2,s/. i3. 14. i-f-i. 

IG. - ,'v^,',/. 17. ■' 18. _.:> + .2./. 

20. 1. 21. - .M-.;/. 22.3-.;;. 23. -.A-(IS 

24 1 . ,V,- , , ' ■ ... — 




t* 7 


2. 

S/. 3, - C,1 

■ 4. c.+Civ;)/. 6. 

2.|V'3i. 6. 1. 

7. 

7 

7 ‘ 

Til \ 

;k'. 

8. 12.S 12S/. 9. 32; 




11, 

\ 

S 1') 


! : / /ill .1 j, uhiTc .1 1.3 

", 135", 207", 

270°, or 3,51°. 


12. 

\ 

7 *'< 

. ,1 

: < .“ill .1 - , will* 

re .1 ir." 

, 135", nr 25." 



13. 

1 

\ 

S r. 

*■ . 

1 i / in .1 , will 

‘IV .1 <)", 

SI", 153", 22 

:.5°, or 297°. 


14, 

\ 

Ill ^ 


i ! / in .1 , when' A {; 

V nr 105". 



15. 

s . 

■u- .' 

i • 

( in A . w Imt(‘ 

A ()0 " nr 

210". 



16, 

1,1 1 


I ! 

i -ill .1 . wIhTI* . 

A 20", MO", nr 260". 



17, 

11 \ 1! ^ 

n.v 

.t i / : in .1). whnv A 20", 02", KVl", 

or 308°. 


18. 

('1 ( 

" ,1 : 

: ^ ' 

in A, whiTi* ,l 

SO ", 200", 

, nr 3,20". 



19, 

1'(t 

'■ ...1 - 

: •' '• 

in A . u luTi* .1 

30". InO" 

, nr 270". 



20. 

<’* I 


> 

in , t, w Ill'll' .1 

!S", 00", 

162", 231", or 306". 


21. 

1 1 


I ‘ 

i in .1 , wIiiTc 

.1 0, nr ISO". 



22, 

ri» 

■ .t “ 

, , 

in .1. w hiTi* .1 

0. 120", or 210". 



23. 

ru 

.1 


in A, whi'i'r .t 

0, 00", ISO", nr 270". 



24, 

li 1 

PM“. . 

t j 

1 ; in A wiii'i'i' 

\ 22'", 

112.\", 202J." 

, or 202}". 


25. 

7. 

I 

• > 

\ 

3. I \ 3. 

/, ' /. 

» <) «> 

26. 

> 2 ‘ n 

1 _ vTf. 


27. 

1!, 

7j , 

• 2/." 





28. 

2. 

, 

I ? 

/ lOn J n whi'n* 

A - 0, 72", 

/ M-r, 216", or 288°. 


29. 

1, 

I ^ 

^ M, 

! 

7 

' .. J i 1 

* -1 ’ <)i ’ 

1, J 

2 2 

3. 1 V3. 

2~’ ‘2 '• 



30. 

\ 

* * 

1 . 

' i', 

N 2 , , . \ 

“1 I --/) 

> 

- 



31. 

cu 

H ..1 ' 

* / ^ 

.in .i, whiTn A 

”36", lOS" 

, ISO", “2,72". 

or 324°. 






I. AoDmoN 

7\.\I> Su 

OTIIACTION 



Page 

Mo. 

1. 

i 111 h 1 r. 

2. fu;- 

11;/. 3, 

. 20.r»-3x2-16. 

4, 

S w. 

1 » 

t 


r). 


6. 13a+55-~17r-~-9d. 

6, 


i » 

7h 


\ {p riff -ijz \ 

3/r. 


7. 2x+y. 

8, 

1 a,f 

n ; 

1‘l.r- 

J--:! 

Lr-l-'i. 9. 

r»ii - 45— 

l-lf. 10. fi-•4“5-f’2c--l“f^. 

11 

. 4/ 

- s 

S j -1 

"HI 

12. a 1/-. 

13. ‘\x‘ 


1 

t 

15 


fki 

L'l 


16. 0.r"-l. 17. -2x. 

18. 21s—2 ii;. 
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II . Multiplication 

19. 20. Sa^ —Sa^+a+l. 

21. x^i-Sx^-x-Q, 22. -3a8+13aHl4a--20. 

23. 6?z4-19ri3+24w2-l-56w-32. 24. a;5+:c4-3:r8+16:c2_g^^g^ 

26. x^^Sx^y-\-Zxy^-\-y^- 26. 27. 

28. 32r4+327’% +24?%2+Srs3 - GsA 29. A - - 2A 252 + 54 . 

30. +^^ 2 ^ 2 + 1 ^ 

III. Division 

31. aA 32. (3^7)7. 33. {Zaby. 34. 36,. -4.t2/^, 36. 

37. |-r 2 _ 38 . —^ab{a-j-b). 39. 37n2p+67i2p. 40 . —2a: — 4 ?y+ 82 . 

41. 3a:+l. 42. 5a:+2. 43. 2?/2+2?/+l. 44. 3a:2-2.'r-l. 46. a:+2. 

46. 2X-1 + -+-. 47. x2-2x+l--^^+. 48. a^-ab+b^. 

rc +2 a : 2 — .^‘—2 

49. x^ — x^y+xy^—yK 


IV. Factoring 


60. (a) x(x+2). 

(b) xy(x+y). 

(c) 8a(a+3). 

(d) 62(a+5~6’). 

(e) 5c2da:3(5+7c(ia: —llfia:2). 
Cf) (3a:-l)(7?2-w). 

(g) (a-{-b~c)(m+n-q). 

(h) (q-x)(p-7'). 

(^) (y~4:){y-i-x). 

O') (x2-5)(3a:-22/). 

62. (a) (a:+4)(a:+2). 

(b) (x-4){x-2). 

(c) (2/4-7) (?y-6). 

(d) (a: —16) (a:+3). 

(e) {x+S7j){x-7y). 

if) (4+a)(3+6i). 

ig) (y-7n){y+4.7i). 

(h) (aa:+4)(aa:—3). 


61. (a) (9-a:)(9+a:). 

(b) (a—bc)(a-\-bc). 

(c) (12a:-2)(12x+4). 

(d) (-|-.'r2/-0)(-Lny+6). 

(e) (36—a+a:)(36+a—a:). 
(/) (2a+46)(12a-46). 

(^) (7a;+2)(-3a:+8). 

(h) (a:2-a:-2)(x2+3a;+2). 


63. (a) (a:—4)2. 

(6) (a:-6)2. 

(c) Not a square. 

(d) (9a;+l)2. 

(e) (9-4r)2. 

(/) (42/-3)2. 

(fir) (2.a:7y-5)2. 

(A) (2a;- 2 /) 2. 

(t:) (4-3a+36)2. 
(i) (a-0)2. 
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65. 66. (.r+3rt)(a;-l). 

• 68. (.r-:5)0c+3)(:i--2)(a;+2). 

■ : i ."■• GO. (.r-l}(.f-l)(.!-i!+2a:-l). 

* ^ ■ G2. {in.~'2n-\-4)(ni~2n —4). 

' I : .'( ■ G4. (1 f.V)-. 66. (x-l)2(;r+2)2. 

' ' ' ' " • 67. (\—ith—x'i/)(\4rah-\-xy). 

' ' ■’ .'<■ 69. j/). 

• ■ ' • •: i I '• 71. (I 

I 2 ,. . :: 73. 2<:<.v \ Ii(2.r-D. 74. (2.i:-rj/y)(4:i: + //). 

' ■ 76. ill.r I l;(.r I 3). 77. (5.s'-4«)(5,S'-0. 

• .i..' .It/ . 79. (a — h-{~c)(a--b-\-c). 

b >! .1- t b //-’i. 81. 

t > \ k 83. (// '2b]{,t-\ {b'^. 84. (2.r2~-vy)(S:i;«+y). 

i:.r -r*. 


V. I^'liA<TH)\S 


86. ' 

" ’ 'V 87. ■ 

88. 

89. '■ 

■■ b 

c^Q fif((+26)2 


'/ / l!.r 

;; 

s I 

r 

1: 

6(«-26)2(a-6)'t 

91, 2^ 

b. 92. ' 

ii ’ t 

d 


93. ' 

12/// 

1 94. 





1 1 

///. X +1) 

96 

■ .N / -r' 

9G. 

ttb 1 j/// / 


97. 

2a‘i^,\ah~^2fd-^2(dl> 


' ^ 


i/( »/•• id 

,1 


hid-by 

98, 

. 99, 

n. 100. •' 

101.' 

i 

102. . 


■ 1 .! 1 


1 

1 

./•“ 

(//- — //•)(//■'^-1-5*'^) 

103 

104.,/- " 

105, 

n 

. ndr- 

dd 

106. 

r-(„-6). 107. ?A:i, 

».< ' 

1,,; 



//)“ 


x-',i 

108 . 1. 

109. .. 

.1 “ .‘r 

110. 

fa } 2i" 
If/ } 1 Ilf/ 1 


111. 

n(a+h). 112. 

113. ■; 

'. 114. ■*" 

. 115. 

(r 1 2t{.r 

11V 

116. 

1 117 3;v2+2?y 

' (f 


<.r :;<i.r 

■ 1) ’ 


1-;/ ■ (1-2/)“ 

118. 

^ . 119. , 

,/ , ■> i 

(1 

,'Z fi'Z 

120. 

•r { I 

.f * 

. 121. 

a — b 


VI. Hadicai.s 

122 ‘K 2. 123. 4\ a. 124. 126. ry\/2. 126. i-|V3. 

127, 'tv’:; 128. r„/\ 2, 129. '«(/.v''2. 130. r,V2a. 131. (\(x-y)V2. 
132 I.'. :; / '/■. 133. U 2. 134. I0V3, 136.9. 136. 4 

137 2\ti 138. :iv7. 139. 2\ 16. 140.-;f\/2. 141. 1. 142. .OlVlO. 


64. „■ 
67. >• 
60. 

(U 1 
63 1 

66 . , ' 

68 . 

70 

72 

76 

78 

80 : • 
82 

B5. ■ 
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COLLEGE ALGEBRA 


143. 1. 144^10. W6. 9-6V2. 146. 8-2V7. 147._-7V'l5-21. 

148. -l + v^lO-VlS. 149. aK 160^. a^bK 161. xyVx. 162. x-y. 
153. a-2Vab+h. _164. 2x+6V2xj/+9?/. 156. V 5. 156. V6. 
167. 4. 158. ^-1-. 159. Vi 160. x. 161. Va-b. 

162. -X ^ SZy. 163. VJLi. 164. V9+3a+a2. 166. Vafi-yK 

2(.x +?/) __ 

166. — — 167. Vj-’‘+5. 
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TABLE OF POWERS AND ROOTS 
Explanation 

1. Square Roots. The way to find square roots from the 
Table is best unde rstoo d from an example. Thus, suppose 
we wish to find Vl.48. To do this we first locate 1.48 in 
the column headed by the letter n. We find it near the 
bottom of this column (next to the last number). Now 
we go across on that level until we get into the column 
headed by Vn. We find at that p lace the number 1.21655. 
This is our answer. That is, Vl.48 = 1.21655 (approxi¬ 
mately) . 

If we had wanted a/ 14.8 instead of Vl.48 the work would 
have been the same except that we would have gone over 
into the column headed VlO n (because 14.8 = 10X1.48). 
The number thus located is se en t o be 3.84708, which is, 
therefore, the desired value of Vl4.8. 

Again, if we had wished to find V148 the work would take 
us back again to the column headed Vn, but now instead 
of the answer being 1.21655 it would be 12.1655. In other 
words, the order of the digits in Vl48 is the same as for 
Vl.48, but the decimal point in the answer is one place 
farther to the right. 

Similarly, if we desired Vl480 the work would be the same 
as before except that we must now use the column headed 
V10 n and move the decimal point there occurring one place 
farther to the right. This is seen to give 38.4708. 

Thus we see how to get the square root of 1.48 or any 

power of 10 times that number. 

265 



266 


APPENDIX 


In the same way, if we wish to find V. 148, or V.0148, or 
V.00148, or the square root of any number obtained by 
dividing L48 by any power _of 10, we c an get the answers 
from the column headed Vn or VlO 72 by merely placin g 
the decimal point properly. Thus, we find that V.148 = 
.384708, Vm^ = .121655, ^."^48 = .0384708, etc. 

What we have seen in regard to the square root of 1.48 
or of that number multiplied or divided by any power of 
10 holds true in a similar way for any number that occurs 
in the column headed 72, so that the tables thus give us 
the square roots of a great many numbers. 

2. Cube Roots. Cube roots are located in the tables 
in much the same way as that just described for square 
roots, but we have here three columns_to select fr om in stead 
of two, namely the columns headed ^ n, ^ 10 n, ^ 100 72. 

Illustration, 

V 1.48 occurs in the column headed an d is seen to be 1.13960. 

Vl4.8 occurs in the column headed V10 n and is seen to be 2.4552. 

vl48 occm's in the column headed ViOOn and is seen to be 
5.28957. 

To get ^.148 we observe that .148= ~ ^148*. 

Thus, we look up ^ 148 and divide it by 10- The result is instantly 
seen to b e .52 8957. _Similarly, to get V.0148 we observe that 

V.0148= Thus, we look up ^ 14.8 and 

divide it by 10, giving the result .24552. _ 

To get '^.00148 we observe that '^.00148== iVl.48, so 
that we must divide Vl.48 by 10. This gives .11396. 

Similarly the cube root of any number occurring in the 
column headed n may be found, as well as the cube root of 
any number obtained by multiplying or dividing such a 
number by any power of 10. 
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3. Squares and Cubes. To find the square of 1.48 we 
naturally look at the proper level in the column headed n^. 
Here we find 2.1904, which is the answer. If we wished the 
square of 14.8 the result would be the same except that 
the decimal point must be moved two places to the righty 
giving 219.04 as the answer. Similarly the value of (148)^ 
is 21904.0 etc. 

On the other hand, the value of (.148)- is found by moving 
the decimal point two places to the left, thus giving .021904. 
Similarly, (.0148)^ = .00021904, etc. 

To find (1.48)''^ we look at the proper level in the column 
headed where we find 3.24179. The value of (14.8)^ is 
the same except that we must move the decimal point three 
places to the righty giving 3241.79. Similarly, in finding 
(.148)^^ we must move the decimal point three places to the 
lefty giving .00324179. 


EXERCISES 

Read off from the tables the values of each of the following ex¬ 
pressions. 

1. VH 4. V(y^ 7. 10. V.OOl^ 

2. 5. 8 . 11. V.000143 

3. -^67 6. VjOie 9. V.00154 12. i^.000143 
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Table I — Powers and Roots 


[I 


n 


Vn 

VIOm. 


■Vn 

^/Wn 

^100 » 

1.00 

1.0000 

1.00000 

3.16228 

1.00000 

1.00000 

2.15443 

4.64159 

1.01 

1.0201 

1.00499 

3.17805 

1.03030 

1.00332 

2.16159 

4.65701 

1.02 

1.0404 

1.00995 

3.19374 

1.06121 

1.00662 

2.16870 

4.67233 

1.03 

1.0609 

1.01489 

3.20936 

1.09273 

1.00990 

2.17577 

4.68755 

1.04 

1.0816 

1.01980 

3.22490 

1.12486 

1.01316 

2.18279 

4.70267 

1.05 

1.1025 

1.02470 

3.24037 

1.15762 

1.01640 

2.18976 

4.71769 

1.06 

1.1236 

1.02956 

3.25576 

1.19102 

1.01961 

2.19669 

4.73262 

1.07 

1.1449 

1.03441 

3.27109 

1.22504 

1.02281 

2.20358 

4.74746 

1.08 

1.1664 

1.03923 

3.28634 

1.25971 

1.02599 

2.21042 

4.76220 

1.09 

1,1881 

1.04403 

3.30151 

1.29503 

1.02914 

2.21722 

4.77686 

1.10 

1.2100 

1.04881 

3.31662 

1.33100 

1.03228 

2.22398 

4.79142 

1.11 

1.2321 

1.05357 

3.33167 

1.36763 

1.03540 

2.23070 

4.80590 

1.12 

1,2544 

1.05830 

3.34664 

1.40493 

1.03850 

2.23738 

4.82028 

1.13 

1.2769 

1.06301 

3.36155 

1.44290 

1.04158 

2.24402 

4.83459 

1.14 

1.2996 

1.06771 

3.37639 

1.48154 

1.04464 

2.25062 

4.84881 

1.15 

1.3225 

1.07238 

3.39116 

1.52088 

1.04769 

2.25718 

4.86294 

1.16 

1.3456 

1.07703 

3.40588 

1.56090 

1.05072 

2.26370 

4.87700 

1.17 

1.3689 

1.08167 

3.42053 

1.60161 

1.05373 

2.27019 

4.89097 

1.18 

1.3924 

1.08628 

3.43511 

1.64303 

1 . 05 G 72 

2 . 276 G 4 

4.90487 

1.19 

1.4161 

1.09087 

3.44964 

1.68516 

1.05970 

2.28305 

4.91868 

1.20 

1.4400 

1.09545 

346410 

1.72800 

1 . 0 G 2 G 6 

2.28943 

4.93242 

1.21 

1.4641 

1.10000 

3.47851 

1.77156 

1 . 065 G 0 

2.29577 

4.94609 

1.22 

1.4884 

1.10454 

3.49285 

1.81585 

1.06853 

2.30208 

4 . 959 G 8 

1.23 

1.5129 

1.10905 

3.50714 

1.86087 

1.07144 

2.30835 

4.97319 

1.24 

1.5376 

1.11355 

3.52136 

1 . 906 G 2 

1.07434 

2.31459 

4.98603 

1.25 

1.5625 

1.11803 

3.53553 

1.95312 

1.07722 

2.32079 

5.00000 

1.26 

1.5876 

1.12250 

3.54965 

2.00038 

1.08008 

2.32697 

5.01330 

1.27 

1.6129 

1.12694 

3.56371 

2.04838 

1.08293 

2.33311 i 

5.02653 

1.28 

1.6384 

1.13137 

3.57771 

2.09715 

1.08577 

2.33921 

5 . 039 G 8 

1.29 

1.6641 

1.13578 

3.59166 

2.14669 

1.08859 

2.34529 

5.05277 

1.30 

1.6900 

1.14018 

3.60555 

2.19700 

1.09139 

2.35133 

5.06580 

1.31 

1.7161 

1.14455 

3.61939 

2.24809 

1.09418 

2.35735 

5.07875 

1.32 

1.7424 

1.14891 

3.63318 

2.29997 

1.09696 

2.36333 

5.09164 

1.33 

1,7689 

1.15326 

3.64692 

2.35264 

1.09972 

2.36928 

5.10447 

1.34 

1.7956 

1.15758 

3.66060 

2.40610 

1.10247 

2.37521 

5.11723 

1.35 

1.8225 

1.16190 

3.67423 

2.46038 

1.10521 

2.38110 

5.12993 

1.36 

1.8496 

1.16619 

3.68782 

2.51546 

1.10793 

2.38697 

5.14256 

1.37 

1.8769 

1.17047 

3.70135 

2.57135 

1.11064 

2.39280 

5.15514 

1.38 

l . t )044 

1.17473 

3.71484 

2.62807 

1.11334 

2 . 398()1 

5.16765 

1.39 

1.9321 

1.17898 

3.72827 

2.68562 

1.11602 

2 . 4043 <) 

5.18010 

1.40 

1.9600 

1.18322 

3.74166 

2.74400 

1.11869 

2.41014 

5.19249 

1.41 

1.9881 

1.18743 

3.75500 

2.80322 

1.12135 

2.41587 

5.20483 

1.42 

2.0164 

1.19164 

3.76829 

2.86329 

1.12399 

2.42156 

5.21710 

1.43 

2.0449 

1.19583 

3.78153 

2.92421 

1.12662 

2.42724 

5.22932 

1.44 

2.0736 

1.20000 

3.79473 

2.98598 

1.12924 

2.43288 

5.24148 

1.45 

2.1025 

1.20416 

3.80789 

3.04862 

1.13185 

2.43850 

5.25359 

1.46 

2.1316 

1.20830 

3.82099 

3.11214 

1.13445 

2.44409 

5.26564 

1.47 

2.1609 

1.21244 

3.83406 

3.17652 

1.13703 

2.44966 

5.27763 

1.48 

2.1904 

1.21655 i 

3.84708 

3.24179 

1.13960 

2.45520 

5.28957 

1.49 

2.2201 

1.22066 I 

3.86005 

3.30795 

1.14216 

2.46072 

5.30146 
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n 


" y/n 

VlOn 



■v^lO» 

■yioow 

1.50 

2.2500 

1.22474 

3.87298 

3.37500 

1.14471 

2.46621 

5.31329 

1.51 

1.52 

1.53 

1.54: 

1.55 

1.56 

1.57 

1.58 

1.59 

2.2801 

2.3104 

2.3409 

2.3716 

2.4025 

2.4336 

2.4649 

2.4964 

2.5281 

1.22882 

1.23288 

1.23693 

1.24097 

1.24499 

1.24900 

1.25300 

1.25698 

1.26095 

3.88587 

3.89872 

3.91152 

3.92428 

3.93700 

3.94968 

3.96232 

3.97492 

3.98748 

3.44295 

3.51181 

3.58158 

3.65226 

3.72388 

3.79642 

3.86989 

3.94431 

4.01968 

1.14725 

1.14978 

1.15230 

1.15480 

1.15729 

1.15978 

1.16225 

1.16471 

1.16717 

2.47168 

2.47712 

2.48255 

2.48794 

2.49332 

2.49867 

2.50399 

2.50930 

2.51458 

5.32507 

5.33680 

5.34848 

5.36011 

5.37169 

5.38321 

5.39469 

5.40612 

5.41750 

1.60 

2.5600 

1.26491 

4.00000 

4.09600 

1.16961 

2.61984 

5.42884 

1.61 

1.62 

1.63 

1.64 

1.65 

1.66 

1.67 

1. G 8 

1.69 

2.5921 

2.6244 

2.6569 

2.6896 
. 2.7225 
2.7556 

2.7889 

2.8324 

2.8561 

1.26886 

1.27279 

1.27671 

1.28062 

1.28452 

1.28841 

1,29228 

1.29 G 15 

1.30000 

4.01248 

4.02492 

4.03733 

4.04969 

4.06202 

4.07431 

4.08656 

4.09878 

4.11090 

4.17328 

4.25153 

4.33075 

4.41094 

4.49212 

4.57430 

4.65746 

4.74163 

4.82081 

1.17204 

1.17446 

1.17687 

1.17927 

1.18167 

1.18405 

1.18642 

1.18878 

1.19114 

2.52508 

2.53030 

2.53549 

2.54067 

2.54582 

2.55095 

2.55607 

2.56116 

2.56623 

5.44012 

5.45136 

5.46256 

5.47370 

5.48481 

5.49586 

5.50688 

5.51785 

5.52877 

1.70 

2.8900 

1.30384 

4.12311 

4.91300 

1.19348 

2.57128 

5.53966 

1.71 

1.72 

1.73 

1.74 

1.75 

1.76 

1.77 

1.78 

1.79 

2.9241 

2.9584 

2.9929 

3.0376 1 

3.0025 

3.0976 

3.1339 

3.1684 

3.2041 

1.307 C 7 

1.31149 

1.31529 

1.31909 
1.32288 
1.32665 1 

1.33041 

1.33417 

1.33791 

4.13521 

4.14729 

4.15933 

4.17133 

4.18330 

4.19524 

4.20714 
4.21900 
4.23084 * 

5.00021 

5.08845 

5.17772 

5.26802 

5.35938 

5.45178 

5.54523 

5.63975 

5.73534 

1.19582 

1.19815 

1.2004 G 

1.20277 

1.20507 

1.20736 

1.20964 

1.21192 

1.21418 

2.57631 

2.58133 

2.58632 

2.59129 

2.59625 

2.60118 

2.60610 

2.61100 

2.61588 

5,55050 

5.56130 

5.57205 

5.58277 

5.59344 

5.60408 

5.61467 

5.62523 

5. G 3574 

1.80 

3.2400 

1.341 G 4 

4.24264 

5.83200 

1.21644 

2.62074 

5.64622 

1.81 

1.82 

1.83 

1.84 

1.85 

1.86 

1.87 

1.88 
1.89 

3.2761 

3.3124 

3.3489 

3.3856 

3.4225 

3.4596 

3.4969 

3.5344 

3.5721 

1.34536 

1.34907 

1.35277 

1.35647 

1.36015 

1.36382 

1.36748 

1.37113 

1.37477 

4.25441 

4.2661,5 

4.27785 

4.28952 

4.30110 

4.31277 

4.32435 

4.33590 

4.34741 

5.92974 

6.02857 

6.12849 

6.22950 

6.33162 

6.43486 

6.53920 

6.04467 

6.75127 

1.21869 

1.22093 

1.22316 

1.22539 

1.22760 

1.22981 

1.23201 

1.23420 

1.23 G 39 

2.62559 

2.63041 

2.63522 

2.64001 

2.64479 

2.64954 

2.65428 

2.65901 

2.66371 

5.65665 

5.66705 

5.67741 

5.68773 

5.69802 

5.70827 

5.71848 

5.72865 

5.73879 

1.90 

3.6100 

1.37840 

4.35890 

6.85900 

1.23856 

2.66840 

5.74890 

1.91 

1.92 

1.93 

1.94 

1.95 

1.96 

1.97 

1.98 

1.99 

3.6481 

3.6864 

3.7249 

3.7636 

3.8025 

3.8416 

3.8809 

3.9204 

3.9601 

1,38203 

1.38564 

1.38924 

1.39284 

1.39642 

1.40000 

1.40357 

1.40712 

1.41067 

4.37035 

4.38178 

4.39318 

4.40454 

4.41588 

4.42719 

4.43847 

4.44972 

4.46094 

0.96787 

7.07789 

7.18906 

7.30138 

7.41488 

7.52954 

7.64537 

7.76239 

7.88060 

1.24073 

1.24289 

1.24505 

1.24719 

1.24933 

1.25146 

1.25359 

1.25571 

1.25782 

2.67307 

2.67773 

2.6823 T 

2.68700 

2.69161 

2.69620 

2.70078 

2.70534 

2.70989 

5.75897 

5.76900 

5.77900 

5.78896 

5.79889 

5.80879 

5.81865 

5.82848 

5.83827 
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Powers and Soots 


[I 


n 


’\/n 

VlOai 

71^ 


-^/Wn 

^100 w 

2.00 

4.0000 

1.41421 

4.47214 

8.00000 

1.25992 

2.71442 

5.84804 

2.01 

2.02 

2.03 

4.0401 

4.0804 

4.1209 

1.41774 

1.42127 

1.42478 

4 48330 
4.49444 
4.50555 

8.12060 

8.24241 

8.36543 

1.26202 

1.26411 

1.26619 

2.71893 

2.72344 

2.72792 

5.85777 

5.86746 

6.87713 

2.04 

2.05 

2.06 

4.1616 

4.2025 

4.2436 

1.42829 

1.43178 

1.43527 

4.51664 

4.52769 

4.53872 

8.48966 

8.61512 

8.74182 

1.26827 

1.27033 

1.27240 

2.73239 

2.73685 

2.74129 

5.88677 

5.89637 

5.90594 

2.07 

2.08 

2.09 

4.2849 

4.3264 

4.3681 

1.43875 

1.44222 

1.44568 

4.54973 

4.56070 

4.57165 

8.86974 

8.99891 

9.12933 

1.27445 

1.27650 

1.27854 

2.74572 

2.75014 

2.75454 

5.91548 

5.92499 

5.93447 

2.10 

4.4100 

1.44914 

4.58258 

9.26100 

1.28058 

2.75892 

5.94392 

2.11 

2.12 

2‘.13 

4.4521 

4.4944 

4.5369 

1.45258 

1.45602 

1.45945 

4.59347 

4.60435 

4.61519 

9.39393 

9.52813 

9.66360 

1.28261 

1.28463 

1.28665 

2.76330 

2.76766 

2.77200 

5 . 9.5334 

5.96273 

5.97209 

2.14 

2.15 

2.16 

4.5796 

4.6225 

4.6656 

1.46287 

1.46629 

1.46969 

4.62601 

4.63681 

4.64758 

9.80034 

9.93838 

10.0777 

1.28866 

1.29066 

1.29266 

2.77633 

2.78065 

2.78495 

5.98142 

5.99073 

6.00000 

2.17 

2.18 
2.19 

4.7089 

4.7524 

4.7961 

1.47309 

1.47648 

1.47986 

4.65833 

4.66905 

4.67974 

10.2183 

10.3602 

10.5035 

1.29465 

1.29664 

1.29862 

2.78924 

2.79352 

2.79779 

6.00925 

6.01846 

6.02765 

2.20 

4.8400 

1.48324 

4.69042 

10.6480 

1.30059 

2.80204 

6.03681 

2.21 

2.22 

2.23 

4.8841 

4.9284 

4.9729 

1.48661 

1.48997 

1.49332 

4.70106 

4.71169 

4.72229 

10.7939 

10.9410 

11.0896 

1.30256 

1.30452 

1 . 30 G 48 

2.80628 

2.81050 

2.81472 

6.04594 

6.05505 

6.06413 

2.24 

2.25 

2.26 

6.0176 

6.0625 

5.1076 

1.49666 

1.50000 

1.50333 

4.73286 

4.74342 

4.75395 

11.2394 
11.3906 
11.5432 1 

1.30843 

1.31037 

1.31231 

2.81892 

2.82311 

2.82728 

6.07318 

6.08220 

6.09120 

2.27 

2.28 
2.29 

5.1529 

5.1984 

5.2441 

1.50665 

1.50997 

1.51327 

4.76445 

4.77493 

4.78539 

11.6971 
11.8524 
12.0090 , 

1.31424 

1.31617 

1.31809 

2.83145 

2.83560 

2.83974 

6.10017 

6.10911 

6.11803 

2.30 

5.2900 

1.51658 

4.79583 

12.1670 

1.32001 

2.84387 

6.12693 

2.31 

2.32 

2.33 

5.3361 

5.3824 

5.4289 

1.51987 

1.52315 

1.52643 

4.80625 

4.81664 

4.82701 

12.3264 

12.4872 

12.6493 

1.32192 

1.32382 

1.32572 

2.84798 

2.85209 

2.85618 

6.13579 

6.14463 

6.15345 

2.34 

2.35 

2.36 

5.4756 

5.5225 

5.5696 

1.52971 

1.53297 

1.53623 

4.83735 

4.84768 

4.85798 

12.8129 

12.9779 

13.1443 

1.32761 

1.32950 

1.33139 

2.86026 

2.86433 

2.86838 

6.16224 

6,17101 

6.17975 

2.37 

2.38 

2.39 

5.6169 

5.6644 

5.7121 

1.53948 

1.54272 

1.54596 

4.86826 

4.87852 

4.88876 

13.3121 

13.4813 

13.6519 

1.33326 

1.33514 

1.33700 

2.87243 

2.87646 

2.88049 

6.18846 

6.19715 

6.20582 

2.40 

5.7600 

1.54919 

4.89898 

13.8240 

1.33887 

2.88450 

6.21447 

2.41 

2.42 
2‘.43 

5.8081 

5.8564 

5.9049 

1.55242 

1.55563 

1.55885 

4.90918 

4.91935 

4.92950 

13.9975 

14.1725 

14.3489 

1.34072 

1.34257 

1.34442 

2.88850 

2.89249 

2.89647 

6.22308 

6.23168 

6.24025 

2.44 

. 2.45 

2.46 

6.9536 

6.0025 

6.0516 

1.56205 

1.56525 

1.56844 

4.93964 

4.94975 

4.95984 

14.5268 

14.7061 

14.8869 

1.34626 

1.34810 

1.34993 

2,00044 

2.90439 

2.90834 

6.24880 

6.25732 

6.26583 

2.47 

2.48 

2.49 

6.1009 1 

6.1504 

6 . 2 fX)l 

1.57162 

1.57480 

1.57797 

4.96991 

4.97996 

4.98999 

15.0692 

15.2530 

15.4382 

1 . 36176 - 

1.35358 

1.35540 

2.91227 

2.91620 

2.92011 

6.27431 

6.28276 

6.29119 
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n 


Vn 

VlOw. 



^10 n ' 

^100 n 


2.50 

6.2500 

1.68114 

5.00000 

15.6250 

1.35721 

2.92402 

6.29961 

2.51 

2.52 

2.53 

2.54 

2.55 

2.56 

2.57 

2.58 

2.59 

6.3001 

6.3504 

6.4009 

6.4516 

6.5025 

6.5536 

6.6049 

6.6564 

6.7081 

1.58430 

1.58745 

1.59060 

1.59374 

1.59687 

1.60000 

1.60312 

1.60624 

1.60935 

5.00999 

5.01996 

5.02991 

5.03984 

5.04975 

5.05964 

5.06952 

5.07937 

5.08920 

15.8133 

16.0030 

16.1943 

16.3871 

16.5814 

16.7772 

16.9746 

17.1735 

17.3740 

1.35'902 

1.36082 

1.36262 

1.36441 

1.36620 

1.36798 

1.36976 

1.37153 

1.37330 

2.92791 

2.93179 

2.93567 

2.93953 

2.94338 

2.94723 

2.95106 

2.95488 

2.95869 

6.30799 

6.31636 

6.32470 

6.33303 

6,34133 

6.34960 

6.35786 

6.36610 

6.37431 

2.60 

6.7600 

1.61245 

5.09902 

17.5760 

1.37507 

2.96250 

6.38250 

2.61 

2.62 

2.63 

2.64 

2.65 

2.66 

2.67 

2.68 
2.69 

6.8121 

6.8644 

6.9169 

6.9696 

7.0225 

7.0756 

7.1289 

7.1824 

7.2361 

1.61555 

1.61864 

1.62173 

1.62481 

1.62788 

1.63095 

1.63401 

1.63707 

1.64012 

5.10882 

5.11859 

5.12835 

5.13809 

5.14782 

5.15752 

5.16720 

5.17687 

5.18652 

17.7796 

17.9847 

18.1914 

18.3997 

18.6096 

18.8211 

19.0342 

19.2488 

19.4651 

1.37683 

1.37859 

1.38034 

1.38208 

1.38383 

1.38557 

1.38730 

1.38903 

1.39076 

2.96629 

2.97007 

2.97385 

2.97761 

2.98137 

2.98511 

2.98885 

2.99257 

2.99629 

6.39068 

6.39883 

6,40696 

6.41507 

6.42316 

6.43123 

6.43928 

6.44731 

6.45531 

2.70 

7.2900 

1.64317 

5.19615 

19.6830 

1.39248 

3.00000 

6.46330 

2.71 
^ 2.72 

2.73 

2.74 

2.75 

2.76 

2.77 

2.78 

2.79 

7.3441 

7.3984 

7.4529 

7.5076 
7.5625 ' 
7.6176 ! 

7.6729 

7.7284 

7.7841 

1.64 G 21 

1.64924 

1.65227 

1.65529 

1.65831 

1.60132 

1.66433 

1.66733 

1.67033 

5.20577 

5.21536 

5.22494 

5.23450 

5.24404 

5.25357 

5.26308 

5.27257 

5.28205 

19.9025 

20.1236 

20.3464 

20.5708 1 

20.7969 

21.0246 

21.2539 

21.4850 

21.7176 

1.39419 

1.39591 

1.39761 

1.39932 

1.40102 

1.40272 

1.40441 

1.40610 

1.40778 

3.00370 

3.00739 

3.01107 

3.01474 

3.01841 

3.02206 

3.02570 

3.02934 

3.03297 

6.47127 

6.47922 

6.48715 

6.49507 
6.5029 <j ! 
6.51083 

6.51868 

6.52652 

6.53434 

2.80 

7.8400 

1.67332 

5.29150 

21.9520 

1.40946 

3.03659 

6.54213 

2.81 

2.82 

2.83 

2.84 

2.85 

2.86 

2.87 

2.88 
2.89 

7.8961 

7.9524 

8.0089 

8.0656 

8.1225 

8.1796 

8.2369 

8.2944 

8.3521 

1.67631 

1.67929 

1.68226 

1.68523 

1.68819 

1.69115 

1.69411 

1.69706 

1.70000 

5.30094 

5.31037 

5.31977 

5.32917 

5.33854 

5.34790 

5.35724 

5.36656 

5.37587 

22.1880 

22.4258 

22.6652 

22.9063 

23.1491 

23.3937 

23.6399 

23.8879 

24.1376 

1.41114 

1.41281 

1.41448 

1.41614 

1.41780 

1.41946 

1.42111 

1.42276 

1.42440 

3.04020 

3.04380 

3.04740 

3.05098 

3.05456 

3.05813 

3.06169 

3.06524 

3.06878 

6.54991 

6.55767 

6.56541 

6.57314 

6.58084 

6.58853 

6.59620 

6.60385 

6.61149 

2.90 

8.4100 

1.70294 

5.38516 

24.3890 

1.42604 

3.07232 

6.61911 


2.91 

2.92 

2.93 

2.94 

2.95 

2.96 

2.97 

2.98 

2.99 

8.4681 

8.5264 

8.5849 

8.6436 

8.7025 

8.7616 

8.8209 

8.8804 

8.9401 

1.70587 

1.70880 

1.71172 

1.71464 

1.71756 

1.72047 

1.72337 

1.72627 

1.72916 

5.39444 

5.40370 

5.41295 

6.42218 

5.43139 

5.44059 

5.44977 

5.458 J )4 

5.46809 

24.6422 

24.8971 

25.1538 

25.4122 

25.6724 

25.9343 

26.1981 

26.4636 

26,7309 

1.42768 

1.42931 

1.43094 

1.43257 

1.43419 

1.43581 

1.43743 

1.43904 

1.44065 

3.07584 

3.07936 

3.08287 

3.08638 

3.08987 

3.09336 

3.09684 

3.10031 

3.10378 

6.62671 

6.63429 

6.64185 

6.64940 

6.65693 

6.66444 

6.67194 
6.67942 
. '6.68688 

j 
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Vn 

_ 


Vn 

■^/Wn 


n 

71^ 

VlOw- 


■yiOOw 

3.00 

9.0000 

1.73205 

5.47723 

27.0000 

1.44225 

3.10723 

6.69433 

3.01 

3.02 

3.03 

9.0601 

9.1204 

9.1809 

1 . 7.3494 

1.73781 

1.74069 

5 . 486.35 

5.49545 

5.50454 

27.2709 

27.5436 

27.8181 

1.44385 

1.44545 

1.44704 

3.11068 

3.11412 

3.11756 

6.70176 

6.70917 

6.71657 

3.04 

3.05 

3.06 

9.2416 

9.3025 

9.3636 

1.74356 

1.74642 

1.74929 

5.51362 

5 . 522(58 

5.53173 

28.0945 

28.3726 

28.6526 

1.44863 

1.45022 

1.45180 

3.12098 

3.12440 

3.12781 

6.72395 

6.73132 

6.73866 

3.07 

3.08 

3.09 

9.4249 

9.4864 

9.5481 

1.75214 

1.75499 

1.75784 

5.54076 

5.54977 

5.55878 

28,9344 

29.2181 

29.5036 

1.45338 

1.45496 

1.45653 

3.13121 

3 . 134 G 1 

3 . 13 S 00 

6 . 74 GOO 

6.75331 

6.76061 

3.10 

9.6100 

1.76068 

5.56776 

29.7910 

1.45810 

3.14138 

6.76790 

3.11 

3.12 

3.13 

9.6721 

9.7344 

9.7969 

1.76352 
1 . 7(5635 
1.76918 

5.57674 

5.58570 

5.59464 

30.0802 

30.3713 

30.6643 

1.45967 

1.46123 

1.46279 

3.14475 

3.14812 

3.15148 

6.77517 

6.78242 

6.78966 

3.14 

3.15 

3.16 

9.8596 

9.9225 

9.9856 

1.77200 

1.77482 

1.77764 

5.60357 

5.61249 

5.62139 

30.9591 

31.2559 

31.5545 

1.46434 

1.46590 

1.46745 

3.15483 

3.15818 

3 . 1 G 152 

6.79688 

6.80409 

6.81128 

3.17 

3.18 

3.19 

10.0489 

10.1124 

10.1761 

1.78045 

1.78326 

1.78606 

5.63028 

5.63915 

5.64801 

31.8550 

32.1574 

32.4618 

1.46899 

1.47054 

1.47208 

3.16485 

3.16817 

3.17149 

6.81846 

6.82562 

6.83277 

3.20 

10.2400 

1.78885 

5.65685 

32.7680 

1.47361 

3.17480 

6.83990 

3.21 

3.22 

3.23 

10.3041 

10.3684 

10.4329 

1.79165 

1.79444 

1.79722 

5.(56569 

5.(57450 

5.68331 

33.0762 

33.3862 

33.6983 

1.47515 

1.47668 

1.47820 

3.17811 

3.18140 

3.18469 

6.84702 

6.85412 

6.86121 

3.24 

3.25 

3.26 

10.4976 

10.5625 

10.6276 

1.80000 

1.80278 

1.80555 

5.69210 

5.70088 

5.70964 

34.0122 

34.3281 

34.6460 

1.47973 

1.48125 

1.48277 

3.18798 

3.19125 

3.19452 

6.86829 

6.87534 

6.88239 

3.27 

3.28 

3.29 

10.6929 
10.7684 
! 10.8241 

1.80831 

1.81108 

1.81384 

5.71839 

5.72713 

5.73585 

34.9658 

35.2876 

35.6113 

1.48428 

1.48579 

1.48730 

3.19778 

3.20104 

3.20429 

6.88942 

6.89643 

6.90344 

3.30 

10.8900 

1.81659 

5.74456 

35.9370 

1.48881 

3.20753 

6.91042 

3.31 

3.32 

3.33 

10.9561 

11.0224 

11.0889 

1.81934 

1.82209 

1.82483 

5.75326 

5.76194 

5.77062 

36.2647 

36.5944 

36.9260 

1.49031 

1.49181 

1.49330 

3.21077 

3.21400 

3.21722 

6.91740 

6.92436 

6.93130 

3.34 

3.35 

3.36 

11.1556 
11.2225 
11.2896 

1.82757 

1.83030 

1.83303 

5.77927 

5.78792 

5.79655 

37.2597 

37.5954 

37.9331 

1.49480 

1.49629 

1.49777 

3.22044 

3.22365 

3.22686 

6.93823 

6.94515 

6.95205 

3.37 

3.38 

3.39 

11.3569 

11.4244 

11.4921 

1.83576 

1.83848 

1.84120 

5.80517 

5.81378 

6.82237 

38.2728 

38.6145 

38.9582 

1.49926 

1.50074 

1.50222 

3 . 2 . TO 6 

3.23325 

3.23643 

6.95894 

6.96582 

6.97268 

3.40 

11.5600 

1.84391 

5.83095 

39,3040 

1.50369 

3 . 239()1 

6.97953 

3.41 

3.42 

3.43 

11.6281 

11.6964 

11.7649 

1.84662 

1.84932 

1.85203 

5.83952 

6.84808 

5.85662 

39.6518 

40.0017 

40.3536 

1.50517 

1.50664 

1.60810 

3.24278 

3.24595 

3.24911 

6.98637 

6.99319 

7.00000 

3.44 

3.45 

3.46 

11.8336 

11.9025 

11.9716 

1.85472 

1.85742 

1.86011 

5.86515 

5.87367 

5.88218 

40.7076 

41.0636 

41.4217 

1.60957 

1.51103 

1.51249 

3.25227 

3.25542 

3.25856 

7.00680 

7.01358 

7.02035 

3.47 

3.48 

3.49 

12.0409 

12.1104 

12.1801 

1.86279 

1.86548 

1.86815 

5.89067 

6.89915 

5.90762 

41.7819 

42.1442 

42.5085 

1.51394 

1.51540 

1.61685 

3.26169 

3.26482 

3 . 2(5795 

7.02711 
7.03385 
7.04058 . 




I] Powers and Roots 273 





VIC?*. 


Vn 



n 


'v^iO n 


3.50 

12.2500 

1.87083 

5.01608 

42.8750 

1.51829 

3.27107 

7.04730 

3.51 

3.52 

3.53 

12.3201 

12.3904 

12.4009 

1.87350 

1.87017 

1.87883 

5.02453 

5.93296 

5.94138 

43.2436 

43.6142 

43.9870 

1.51974 

1.52118 

1 . 522 G 2 

3.27418 

3.27729 

3.28039 

7.05400 

7.06070 

7.06738 

3.54 

3.55 

3.56 

12.5316 

12.6025 

12.6736 

1.88149 

1.88414 

1.88680 

5.94979 

5.95819 

5.96657 

44..3019 

44.7389 

45.1180 

1.52406 

1.52549 

1.52692 

3.28348 

3.28657 

3.28965 

7.07404 

7.08070 

7.08734 

3.57 

3.58 
3.50 

12.7449 

12.8104 

12.8881 

1,88944 

1.89209 

1.89473 

5.97495 

5.98331 

5.99166 

45.4993 

45.8827 

46.2683 

1.52835 

1.52978 

1.53120 

3.29273 

3.29580 

3.29887 

7.09397 

7.10059 

7.10719 

3.60 

12.9600 

1.80737 

6.00000 

46.6560 

1..53262 

3.30193 

7.11379 

3.61 

3.62 

3.63 

13.0321 

13.1044 

13.1769 

1,90000 

1.90263 

1.90526 

6.00833 

6.01664 

6.02495 

47.0459 

47.4379 

47.8321 

1.53404 

1.53545 

1.53686 

3.30498 

3.20803 

3.31107 

7.12037 

7.12694 

7.13349 

3.64 

3.65 

3.66 

13.2406 

13.3225 

13.3956 

1.90788 

1.91050 

1.91311 

6.03324 

6.04152 

6.04979 

48.2285 

48.6271 

49.0279 

1.53827 

1.53968 

1.54109 

3.31411 

3.31714 

3.32017 

7.14004 

7 . 14 G 57 

7.15309 

3.67 

3.68 
3.60 

13.4689 

13.5424 

13.6161 

1.91572 

1.91833 

1.92094 

6.05805 

6.06630 

6.07454 

49.4309 

49.8360 

50.2434 

1.54249 

1.54389 

1.54529 

3.32319 

3.32621 

3.32922 

7.15960 

7.16610 

7.17258 

3.70 

13.6900 

1.92354 

6.08276 

50.6530 

1.54668 

3.33222 

7.17905 

3.71 

3.72 

3.73 

13.7641 

13.8384 

13.9129 

1.92614 

1.92873 

1.93132 

6.00098 

6.09918 

6.10737 

51.0648 

51.4788 

51.8951 

1.54807 

1.54946 

1.55085 

3.33522 

3.33822 

3.34120 

7.18552 

7.19197 

7.19840 

3.74 

3.75 

3.76 

13.9876 

14.0625 

14.1376 

1.93391 

1 . 93()49 

1.93907 

i 6.11555 
6.12372 
6.13188 

52.3136 

52.7344 

53.1574 

1.55223 

1.55362 

1.55500 

3.34419 

8.34716 

3.35014 

7.20483 

7.21125 

7.21765 

3.77 

3.78 
3.70 

14.2129 

14.2884 

14.3641 

1.94165 

1.94422 

1.94679 

6.14003 

6.14817 

6.15630 

53.5826 

54.0102 

54.4399 

1.55637 

1.55775 

1.55912 

3.35310 

3.35607 

3.35902 

7.22405 

7.23043 

7.23680 

3.80 

14.4400 

1.94036 

6.16441 

54.8720 

1.56049 

3.36198 

7.24316 

3.81 

3.82 

3.83 

14.5161 

14.5924 

14.6689 

1.95192 

1.95448 

1.95704 

6.17252 

6.18061 

6.18870 

55.3063 

55.7430 

56.1819 

1.56186 

1.56322 

1.56459 

3.36492 

3.36786 

1 3.37080 

7.24950 

7.25584 

7.26217 

3.84 

3.85 

3.86 

14.7456 

14.8225 

14.8996 

1.95959 

1.96214 

1.96469 

6.19677 

6.20484 

6.21289 

56.6231 

57.0666 

57.5125 

1.56595 

1.56731 

1.56866 

3.37373 

3 . 376 G 6 

3.37958 

7.26848 

7.27479 

7.28108 

3.87 

3.88 

3.89 

14.9769 

15.0544 

15.1321 

1.96723 

1.96977 

1,97231 

6.22093 

6.22896 

6.23699 

57.9606 

58.4111 

68.8639 

; 1.57001 
1.57137 
1.57271 

3.38249 

3.38540 

3.38831 

7.28736 

7.29363 

7.29989 

3.90 

15.2100 

1.97484 

6.24500 

59.8190 

1.57406 

3.39121 

7.30614 

3.91 

3.92 

3.93 

15.2881 

15.3664 

15.4449 

1.97737 

1.97990 

1.98242 

6.25300 

6.26099 

6.26897 

59.7765 

60.2363 

60.6985 

1.57541 

1.57675 

1.57809 

3.39411 

3.39700 

3.39988 

7.31238 

7.31861 

7.32483 

3.94 

3.95 

3.96 

15.5236 

15.6025 

15.6816 

1.98494 

1.98746 

1.98997 

6.27694 

6.28490 

6.29285 

61.1630 

61.6299 

62.0991 

1.67942 

1.58076 

1.58209 

3.40277 

3.40564 

3.40851 

7.33104 

7 33723 
7.34342 

3.97 

3.98 

3.99 

15.7609 

15.8404 

15.9201 

1.99249 
1.99499 
1.99750 . 

6.30079 

6.30872 

6.31664 

62.5708 
63.0448 
63 5212 

1.58342 

1.58475 

1.58608 

3.41138 

3.41424 

3.41710 

7.34960 
7.36576 
. 7.36192 
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n 


Vn 

VlOw. 



•VWn 

^00 w 

4.00 

16.0000 

2.00000 

6.32456 

64.0000 

1.58740 

3.41995 

7.36806 

4.01 

4.02 

4.03 

4.04 

4.05 

4.06 

4.07 

4.08 

4.09 

16.0801 

16.1604 

16.2409 

16.3216 

16.4025 

16.4836 

16.5649 

16.6464 

16.7281 

2.00250 

2.00499 

2.00749 

2.00998 

2.01246 

2.01494 

2.01742 

2.01990 

2.02237 

6.33246 

6.34035 

6.34823 

6.35610 

6.36390 

6.37181 

6.37966 

6.38749 

6.39531 

64.4812 

64.9648 

65.4508 

65.9393 

66.4301 

66.9234 

67.4101 

67.9173 

68.4179 

1.58872 

1.59004 

1.59136 

1.59267 

1.59399 

1.59530 

1.59661 

1.59791 

1.59922 

3.42280 

3.42564 

3.42848 

3.43131 

3.43414 

3.43697 

3.43979 

3.44260 

3.44541 

7.37420 

7.38032 

7.38644 

7.39254 

7.39864 

7.40472 

7.41080 

7.41686 

7.42291 

4.10 

16.8100 

2.02485 

6.40312 

68.9210 

1.60052 

3.44822 

7.42896 

4.11 

4.12 

4.13 

4.14 

4.15 

4.16 

4.17 

4.18 

4.19 

16.8921 

16.9744 

17.0569 

17.1396 

17.2225 

17.3056 

17.3889 

17.4724 

17.5561 

2.02731 

2.02978 

2.03224 

2.03470 

2.03715 

2.03961 

2.04206 

2.04450 

2.04695 

6.41093 

6.41872 

6.42651 

6.43428 

6.44205 

6.44081 

6.45755 

6.46529 

(>.47302 

69.4265 

69.9345 

70.4450 

70.9579 

71.4734 

71.9913 

72.5117 

73.0346 

73.5601 

1.60182 

1.60312 

1.60441 

1.60571 

1.60700 

1.60829 

1.60958 

1.61086 

1.61215 

3.45102 

3.45382 

3.45661 

3.45939 

3.46218 

3.46496 

3.46773 

3.47050 

3.47327 

7.43499 

7.44102 

7.44703 

7.45304 

7.45904 

7.46502 

7.47100 

7.47697 

7.48292 

4.20 

1/.6400 

2.04939 

6 . 4 < S 074 

74.0880 

1.61343 

3.47603 

7.48887 

4.21 

4 22 
4!23 

4.24 

4.25 

4.26 

4.27 

4.28 

4.29 

17.7241 

17.8084 

17.8929 

17.9776 

18.0625 

18.1476 

18.2329 

18.3184 

18.4041 

2.05183 

2.05426 

2.05070 

2.05913 

2.06155 

2.06398 

2.06640 

2 . 0 ( i 882 

2.07123 

6.48845 

6 . 49()15 

6.50384 

6.51153 

6.51920 

6.52687 

6.53452 

6.54217 

6 . 549 S 1 

74.6185 

75.1514 

75.6870 

76.2250 

76.7656 

77.3088 

77.8545 

78.4028 

78.9536 

1.61471 

1 . G 1599 

1.61726 

1.61853 

1.61981 

1.62108 

1.62234 

l .(>2361 

l .(>2487 

3.47878 

3.48154 

3.48428 

3.48703 

3.48977 

3.49250 

3.49523 

3.49796 

3.50068 

7.49481 

7.50074 

7.50666 

7.51257 

7.51847 

7.52437 

7.53025 

7.53612 

7.54199 

4.30 

18.4000 

2.07364 

6 . 557-14 

79.5070 

1.62613 

3.50340 

7.54784 

4.31 

4.32 

4.33 

4.34 

4.35 

4.36 

4.37 

4.38 

4.39 

1 18.5761 
18.6624 
18.7489 

18.8356 

18.9225 

19.0096 

19.0969 

19.1844 

19.2721 

2.07605 

2.07846 

2.08087 

2.08327 

2.08567 

2.08806 

2.09045 

2.09284 

2.09523 

6.56506 

6 . 572 G 7 

6 . 5802 T 

6.58787 

6.59545 

6.60303 

6.61060 

6.61816 

6.62571 

80.0630 

80.6216 

81.1827 

81.7465 

82.3129 

82.8819 

83.4535 

84.0277 

84.6045 

1.62739 

1.62865 

1.62991 

1.63116 

1.63241 

1.63366 

1.63491 

1.63619 

1.63740 

3.50611 

3.50882 

3.51153 

3.51423 

3.51692 

3 . 519 C 2 

3.52231 

3.62499 

3.52767 

7.55369 

7.55953 

7.56535 

7.57117 

7.57698 

7.58279 

7.68858 

7.69436 

7.60014 

4.40 

19.3600 

2.09762 

6.63325 

85.1840 

1.63864 

3.63035 

7.60590 

4.41 

4.42 

4.43 

4.44 

4.45 

4.46 

4.47 

4.48 

4.49 

19.4481 

19.5364 

19.6249 

19.7136 

19.8025 

19.8916 

10.9809 

20.0704 

20.1601 

2.10000 

2.10238 

2.10476 

2.10713 

2.10950 

2.11187 

2.11424 

2.11660 

2 11896 

6.64078 

6.64831 

6.65582 

6.66333 

6.67083 

6.67832 

6.68581 

6.69328 

6.70075 

85.7661 

86.3509 

86.9383 

87.5284 

88.1211 

88.7165 

89.3146 

89.9154 

90.6188 

1.63988 

1.64112 

1.64236 

1.64359 

1.64483 

1.64606 

1.64729 

1.64851 

1.64974 

3.53302 

3.63569 

3.63835 

3.54101 

3.54367 

3.54632 

3.54897 

3.55162 

3.65426 

7.61166 

7.61741 

7.62315 

7.62888 

7,63461 

7.64032 

7.64603 

7.65172 

7.65741 
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r- 

n 



VIO^ 


i/n 

VWn ’ 

Vimn 


4.50 

20.2500 

2.12132 

6.70820 

91.1250 

1.65096 

3.55689 

7.66309 


4.51 

4.52 

4.53 

4.54 

4.55 

4.56 

4.57 

4.58 

4.59 

20.3401 

20.4304 

20.5209 

20.6116 

20.7025 

20.7936 

20.8849 

20.9704 

21.0681 

2.12368 

2 . 12 ( i 03 

2.12838 

2.13073 

2.13307 

2.13542 

2.13776 

2.14009 

2.14243 

6.71565 

6.72309 

6.73053 

6.73795 

6.74537 

6.75278 

6.76018 

6.76757 

6.77495 

91.7339 

93.3454 

92.9597 

93.5767 

94.1964 

94.8188 

95.4440 

96.0719 

96.7026 

1.65219 

1.65341 

1.65402 

1.65584 

1.65706 

1.65827 

1.65948 

1 . 6 G 069 

1 . CC 190 

3.55953 

3.56215 

3.56478 

3.50740 

3.57002 

3.57263 

3.57524 

3.57785 

3.58045 

7.60877 

7.67443 

7.68009 

7.68573 

7.09137 

7.69700 

7.70262 

7.70824 

7.71384 


4.60 

21.1000 

2,14476 

6.78233 

97.3300 

1.60310 

3.58805 

7.71944 


4 . G 1 

4 .( i 2 

4.63 

4.04 

4.05 

4.66 

4.07 

4.08 

4.09 

21.2521 

21.3444 

21.4309 

21.5290 

21,0225 

21.7156 

21.8089 

21.9024 

21.9961 

2.14709 

2.14942 

2.15174 

2.15407 

2.15039 

2.15870 

2.10102 

2.10333 

2 . 1 G 5 G 4 

6.78970 

6.79700 

6.80441 

6.81175 

6.81909 

6.82642 

6.83374 

6.84105 

6.84836 

97.9722 
98 6111 
99.2528 

99.8973 

100.545 

101.195 

101.848 

103.503 

103.163 

1.66431 

1.66551 

1.66671 

1.60791 

1 . 0 G 911 

1.67030 

1,67150 

1 . G 72 G 9 

1 . G 73 SS 

3.58564 

3 . 58 S 23 

3.59082 

3.59340 

3.50598 

3.59856 

3.60113 

3.00370 

3 . G 0026 

7.72503 

7 . 730 G 1 

7.73619 

7.74175 

7.74731 

7.75286 

7.75840 

7 . 7 G 394 

7 . 7 G 940 

4.70 

22.0900 

2 . 1 G 795 

G .&5505 

103.823 

1.67507 

3.60883 

7.77498 

4.71 

4.72 

4.73 

4.74 

4.75 

4.76 

4.77 

4.78 

4.80 

22.1841 

22.2784 

22.3729 

22.4676 

22 . 5()25 

22.6576 

22.7529 

22.8484 

22.9441 

2.17025 

2.17256 

2.17486 

2.17715 
2.17945 1 
2.18174 

2.18403 

2.18032 

2.18801 

6.86294 

6.87023 

6.87750 

6.88477 

6.89202 

6.89928 

6.90652 

6.91375 

6.92098 

104.487 

105.154 

105.824 

106.490 

107.172 

107.850 

108.531 ’ 

109.215 

100.902 

1.67626 

1.67744 

1 . 678 G 3 

1.67981 
1.68099 
1.68217 1 

1.68334 

1.68452 

1 . 6 S 569 

3.61138 

3.01894 

3.61649 

3.61903 

3.02158 

3.02412 

3 . 620 G 5 

3.02919 

3.03172 

7.78049 

7.78599 

7.79149 

7.79697 

7.80245 

7.80793 

7.81339 

7.81885 

7.82429 

23.0400 

2.19089 

6.92820 

110.593 

1 . 6 S 687 

3.63424 

7.82974 

4.81 

4.82 

4.83 

4.84 

4.85 

4.86 

4.87 

4.88 

4.89 

23.1301 

23.2324 

23.3289 

23.4256 

23.5225 

23.6196 

23.7169 

23.8144 

23.9121 

2.19317 

2.19545 

2.19773 

2.20000 

2.20227 

2^20454 

2.20681 

2.20907 

2.21133 

0.93542 

6.94262 

6.94982 

6.95701 

6.90419 

6.97137 

6.97854 

6.98570 

6.99285 

111.285 

111 . 9 S 0 

112.679 

113.380 

114.084 

114.791 

115.501 

110.214 

116.930 

1.68804 

1.68920 

1.69037 

1.69154 

1.69270 

1.69386 

1.69503 

1.69619 

1.69734 

3.63676 

3,63928 

3.64180 

3.64431 

3.64682 

3.64932 

3.65182 

3.65432 

3.65081 

7.83517 

7.84059 

7.84601 

7.85142 

7.85683 

7.86222 

7.86761 

7.87299 

7.87837 

4.90 

24.0100 

2.21359 

7.00000 

117.649 

1.69850 

3.65931 

7.88374 

4.91 

4.92 

4.93 

4.94 

4.95 
. 4.96 

4.97 

4.98 

4.99 

24.1081 

24.2064 

24.3049 

24.4030 

24.5025 

24.6016 

24.7009 

24.8004 

24.9001 

2.21585 

2.21811 

2.22036 

2.22261 

2.22486 

2.23711 

2.22935 

2.23159 

2.23383 

7.00714 

7.01427 

7.02140 

7.02851 

7 . 0:4502 

7.04273 

7.04982 
7.05691 
; 7.06399 

118.371 

119.095 

119.823 

120.554 

121.287 

122.024 

122.763 

123.506 

124.251 

1.69965 

1.70081 

1.70196 

1.70311 

1.70426 

1.70540 

1.70655 

1.70769 

1.70884 

3.06179 

3.60428 

3.66676 

3.66924 

3.67171 

3.67418 

3,67665 

3.67911 

3.68157 

7.88909 

7.89445 

7.89979 

7.90513 

7.91046 

7.91578 

7.92110 

7.92641 

7,93171 
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Vn 

VlOn 


■Vn 



n 




5.00 

25.0000 

2.23607 

7.07107 

125.000 

1.70998 

3.68403 

7.93701 

5.01 

5.02 

5.03 

25.1001 

25.2004 

25.3009 

2.23830 

2.24054 

2.24277 

7.07814 

7.08520 

7.09225 

125.752 

126.506 

127.264 

1.71112 

1.71225 

1.71339 

3.68649 

3.68894 

3.69138 

7.94229 

7.94757 

7.95285 

5.04 

5.05 

5.06 

25.4016 

25.5025 

25.6036 

2.24499 

2.24722 

2*.24944 

7.09930 

7.10634 

7.11337 

128.024 

128.788 

129.554 

1.71452 

1.71566 

1.71679 

3.69383 

3.69627 

3.69871 

7.95811 

7 . 9()337 

7.96863 

5.07 

5.08 

5.09 

25.7049 

25.8064 

25.9081 

2.25167 

2.25389 

2.25610 

7.12039 

7.12741 

7.13442 

130.324 

131.097 

131.872 

1.71792 

1.71905 

1.72017 

3.70114 

3.70357 

3.70600 

7.97387 

7.97911 

7.98434 

5.10 

26.0100 

2.25832 

7.14143 

132.651 

1.72130 

3.70843 

7.98957 

5.11 

5.12 

5.13 

26.1121 

26.2144 

26.3169 

2.26053 

2.26274 

2.26495 

7.14843 

7.15542 

7.16240 

133.433 

134.218 

135.006 

1.72242 

1,72355 

1.72467 

3.71085 

3.71327 

3.71569 

7.99479 

8.00000 

8.00520 

5.14 

5.15 

5.16 

26.4196 

26.5225 

26.6256 

2.26716 

2.26936 

2.27156 

7.16938 

7.17635 

7.18331 

135.797 

13().591 

137.388 

1.72579 

1.72691 

1.72802 

3.71810 

3.72051 

3.72292 

8.01040 

8.01559 

8.02078 

5.17 

5.18 

5.19 

26.7289 

26.8324 

26.9361 

2.27376 

2.27596 

2.27816 

7.19027 

7.19722 

7.20417 

138.188 

138.992 

139.798 

1.72914 

1.73025 

1.73137 

3.72532 

3.72772 

3 . 7;^12 

8.02596 

8.03113 

8.03629 

5.20 

27.0400 

2.28035 

7.21110 

140 . 60 S 

1.73248 

3.73251 

8.04145 

5.21 

5.23 

5.23 

27.1441 

27.2484 

27.3529 

2.28254 

2.28473 

2.28692 

7.21803 

7.22496 

7.23187 

141.421 

142 . 2.37 

143.056 

1.73359 

1.73470 

1.73580 

3.73490 

3.73729 

3.73968 

8.04660 

8.05175 

8.05689 

5.24 

5.25 

5.26 

27.4576 

27.5625 

27.6676 

2.28910 

2.29129 

2.’29347 

7.23878 

7.24569 

7.25259 

143.878 

144.703 

145.532 

1.73691 

1.73801 

1.73912 

3.74206 

3.74443 

3.74681 

8.06202 

8.06714 

8.07226 

5.27 

6.28 
5.29 

27.7729 

27.8784 

27.9841 

2.29565 

2.29783 

2.30000 

7.25948 

7 . 2()()36 

7.27324 

146.363 

147.198 

148 . 03(5 

1.74022 

1.74132 

1.74242 

3.74918 

3.75155 

3.75392 

8.07737 

8.08248 

8.08758 

5.30 

28.0900 

2.30217 

7.28011 
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334.255 

1.00745 

4.10948 

8.85360 

6.95 

48.3025 

2 .( 53()29 

8 . 33 ( 3(57 

335.702 

1.00837 

4.11145 

8.85785 

6.96 

48.4416 

2.03818 

8.34266 

337.154 

1.90028 

4.11342 

8.86210 

6.97 

48.5809 

2.04008 

8.34865 

338.609 

1.01019 

4 . 115.39 

8.86634 

6.98 

48.7204 

2.64197 

8 . 354(34 

340 . 0(38 

1.01111 

4.11736 

8.87058 

6.99 

48.8601 

2.64386 

8.36062 

341.632 

1.91202 

4.11932 

8.87481 
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-S'lOw 

^100 M 

7.00 

49.0000 

2.64575 

8.36660 

343.000 

1.91293 

4.12129 

8 . 87904 ' 

7.01 

7.02 

7.03 

49.1401 

49.2804 

49.4209 

2.64764 

2.64953 

2.65141 

8.37257 

8.37854 

8.38451 

: B 44.472 

345.948 

347.429 

1.91384 

1.91475 

1.91566 

4.12325 

4.12521 

4.12716 

8.88327 

8.88749 

8.89171 

7.04 

7.05 

7.06 

49.5616 

49.7025 

49.8436 

2.65330 

2.65518 

2.65707 

8.39047 

8.39643 

8.40238 

348.914 

350.403 

351.896 

1.91657 

1.91747 

1.91838 

4.12912 

4.13107 

4.13303 

8.89592 

8.90013 

8.90434 

7.07 

7.08 

7.09 

49.9849 

50.1264 

50.2681 

2.65895 

2 . 660 S 3 

2.66271 

8.40833 

8.41427 

8.42021 

353.303 

354.895 

356.401 

1.91929 

1.92019 

1.92109 

4.13498 

4.13693 

4.13887 

8.90854 

8.91274 

8.91693 

7.10 

50.4100 

2 . 664.58 

8.42615 

357.911 

1.92200 

4.14082 

8.92112 

7.11 

7.12 

7.13 

50.5521 

50.6944 

50.8369 

2.66646 

2.66833 

2.67021 

8.43208 

8.43801 

8.44393 

359.425 

360.944 

362.467 

1.92200 

1.92380 

1.92470 

4.14276 

4.14470 

4 . 146(54 

8.92531 

8.92949 

8.93367 

7.14 

7.15 

7.16 

50.9796 

51.1225 

51.2656 

2.67208 

2.67395 

2.67582 

8.44985 

8.45577 

8.46168 

363.994 

365.526 

367.062 

1.92560 

1.92650 

1.92740 

4.14858 

4.15052 

4.15245 

8.93784 

8.94201 

8.94618 

7.17 

7.18 

7.19 

51.4089 

51.5524 

51.6961 

2.67769 

2.67955 

2.68142 

8.46759 

8.47349 

8.47939 

368.602 

370.146 

371.695 

1.92829 

1.92919 

1.93008 

4.15438 

4.15631 

4.15824 

8.95034 

8.95450 

8.95866 

7.20 

51.8400 

2.68328 

8.48528 

373.248 

1.93098 

4.16017 

8.96281 

7.21 

7.22 
7!23 

51.9841 

52.1284 

52.2729 

2.68514 

2.68701 

2.68887 

8.49117 

8.49706 

8.50294 

374.805 
3 i 6.367 
377.933 

1.93187 

1.93277 

1.93366 

4.16209 

4.16402 

4.16594 

8.96696 

8.97110 

8.97524 

7.24 

7.25 

7.26 

52.4176 

52.5625 

52.7076 

2.69072 

2.69258 

2.69444 

8.50882 

8.51469 

8.52056 

379.503 

381.078 

382.657 

1.93455 

1.93544 

1.93633 

4.16786 

4.16978 

4.17169 

8.97938 

8 . 98.351 

8.98764 

7.27 

7.28 

7.29 

52.8529 

52.9984 

53.1441 

2.69629 

2.69815 

2.70000 

8.52643 

8.53229 

8.53815 

384.241 

385.828 

387.420 

1.93722 

1.93810 

1.93899 

4.17361 

4.17552 

4.17743 

8.99176 

8.99588 

9.00000 

7.30 

53.2900 

2.70185 

8.54400 

389.017 

1.93988 

4.17934 

9.00411 

7.31 

7.32 

7.33 

53.4361 

53.5824 

53.7289 

2.70370 

2.70555 

2.70740 

8.54985 

8.55570 

8.56154 

390.618 

392.223 

393.833 

1.94076 

1.94165 

1.94253 

4.18125 

4.18315 

4.18506 

9.00822 

9.01233 

9.01643 

7.34 

7.35 

7.36 

53.8756 

54.0225 

54.1696 

2.70924 

2.71109 

2.71293 

8.56738 

8,57321 

8.57904 

395.447 

397 . 0(55 

398.688 

1.94341 

1.94430 

1.94518 

4.18696 

4.18886 

4.19076 

9.02053 

9.02462 

9.02871 

7.37 

7.38 

7.39 

54.3169 

54.4644 

54.6121 

2.71477 

2.71662 

2.71846 

8.58487 

8.59069 

8.59651 

400.316 

401.947 

403.583 

1.94606 

1 . 94 f )94 

1.94782 

4.19266 

4.19455 

4.19644 

9.03280 

9.03689 

9.04097 

7.40 

54.7600 

2.72029 

8.60233 

405.224 

1.94870 

4.19834 

9.04504 

7.41 

7.42 

7.43 

54.9081 

55.0564 

55.2049 

2.72213 

2.72397 

2.72580 

8.60814 

8.61394 

8.61974 

406.869 

408.518 

410.172 

1.94957 

1.95045 

1.95132 

4.20023 

4.20212 

4.20400 

9.04911 

9.05318 

9.05725 

7.44 

7.45 

7.46 

55.3536 

55.5025 

55.6516 

2.72764 

2.72947 

2.73130 

8.62554 

8 . 631:34 

8.63713 

411.831 

413.494 

415.161 

1.95220 

1.95307 

1 . 95.395 

4.20589 

4.20777 

4.20965 

9.06131 

9.06537 

9.06942 

7.47 

7.48 

7.49 

55.8009 

55.9504 

56.1001 

2.73313 

2.73496 

2.73679 

8.64292 

8.64870 

8.65448 

416.833 

418.509 

420.190 

1.95482 

1.95569 

1.95656 

4.21153 

4.21341 

4.21529 

9.07347 

9.07752 

9.08156 



I] Powers and Roots 281 


n 


-y/n 

VlOn 


•Un 

’e^idw: 

^100 n 

7.50 

56.2500 

2.73861 

8.66025 

421.875 

1.95743 

4.21716 

9.08560 

7.51 

56.4001 

2.74044 

8.66603 

423.565 

1.95830 

4.21904 

9.08964 

7.52 

56.5504 

2.74226 

8.67179 

425.259 

1.95917 

4 22091 

9.09367 

7.53 

56.7009 

2.74408 

8.67756 

426.958 

1.96004 

4.22278 

9.09770 

7.54 

56.8516 

2.74591 

8.68332 

428.661 

1.96091 

4.22465 

9.10173 

7.55 

57.0025 

2.74773 

8.68907 

430.369 

1.96177 

4.22651 

9.10575 

7.56 

57.1536 

2.74955 

8.69483 

432.081 

1.96264 

4.22838 

9.10977 

7.57 

57.3049 

2.75136 

8.70057 

433.798 

1.96350 

4.23024 

9.11378 

7.58 

57.4564 

2.75318 

8.70632 

435.520 

1.96437 

4.23210 

9.11779 

7.59 

57.6081 

2.75500 

8.71206 

437.245 

1.96523 

4.23396 

9.12180 

7.60 

57.7600 

2.75681 

8.71780 

438.976 

1.96610 

4.23582 

9.12581 

7.61 

57.9121 

2.75862 

8.72353 

440.711 

1.96696 

4.23768 

9.12981 

7.62 

58.0644 

2.76043 

8.72926 

442.451 

1.96782 

4.23954 

9.13380 

7.63 

58.2169 

2.76225 

8.73499 

444.195 

1 . 968 G 8 

4.24139 

9.13780 

7.64 

58.3696 

2.76405 

8.74071 

445.944 

1.96954 

4.24324 

9.14179 

7.65 

58.5225 

2.76586 

8.74643 

447.697 

1.97040 

4.24509 

9.14577 

7.66 

58.6756 

2.76767 

8.75214 

449.455 

1.97126 

4.24694 

9.14976 

7.67 

58.8289 

2.76948 

8.75785 

451.218 

1.97211 

4.24879 

9.15374 

7.68 

58.9824 

2.77128 

8.76356 

452.985 

1.97297 

4.25063 

9.15771 

7.69 

59.1361 

2.77308 

8.76926 

454.757 

1.97383 

4.25248 

9.16169 

7.70 

59.2900 

2 . 774 S 9 

8.77496 

456.533 

1.97468 

4.25432 

9.16566 

7.71 

59.4441 

2.77669 

8.78066 

458.314 

1.97554 

4.25616 

9.16962 

7.72 

59.5984 

2.77849 

8.78635 

460.100 

1.97639 

4.25800 

9.17359 

7.73 

59.7529 

2.78029 

8.79204 

461.890 

1.97724 

4.25984 

9.17754 

7.74 

59.9076 

2.78209 

8.79773 

463.685 

1.97809 

4.26167 

9.18150 

7.75 

60.0625 

2.78388 

8.80341 

465.484 

1.97895 

4.26351 

9.18545 

7.76 

60.2176 

2.78568 

8.80909 

467.289 

1.97980 

4.26534 

9.18940 

7.77 

60.3729 

2.78747 

8.81476 

469.097 

1 . 980 G 5 

4.26717 

9.19335 

7.78 

60.5284 

2.78927 

8.82043 

470.911 

1.98150 

4.26900 

9.19729 

7.79 

60.6841 

2.79106 

8.82610 

472.729 

1.98234 

4.27083 

9.20123 

7.80 

60.8400 

2.79285 

8.83176 

474.552 

1.98319 

4 . 272 G 6 

9.20516 

7.81 

60.9961 

2.79464 

8.83742 

476.380 

1.98404 

4.27448 

9.20910 

7.82 

61.1524 

2 . 79 G 43 

8.84308 

478.212 

1.98489 

4.27631 

9.21302 

7.83 

61.3089 

2.79821 

8.84873 

480.049 

1.98573 

4.27813 

9.21695 

7.84 

61.4656 

2.80000 

8.85438 

481.890 

1.98658 

4.27995 

9.22087 

1 7.85 

61.6225 

2.80179 

8.86002 

483.737 

1.98742 

4.28177 

9.22479 

7.86 

1 61.7796 

2.80357 

8.86566 

485.588 

1.98826 

4.28359 

9.22871 

7.87 

61.9369 

2.80535 

8.87130 

487.443 

1.98911 

4.28540 

9.23262 

7.88 

62.0944 

2.80713 

8.87694 

489.304 

1.98995 

4.28722 

9.23653 

7.89 ' 

62.2521 

2.80891 

8.88257 

491.169 

1.99079 

4.28903 

9.24043 

7.90 

62.4100 

2.81069 

8.88819 

493.039 

1 . 991(13 

4.29084 

9.24434 

7.91 

62.5681 

2.81247 

8.89382 

494.914 

1.99247 

4.29265 

9.24823 

7.92 

62.7264 

2.81425 

8.89944 

496.793 

1.99331 

4.29446 

9.25213 

7.93 

62.8849 

2.81603 

8.90505 

498.677 

1.99415 

4.29627 

9.25602 

7.94 

63.0436 

2.81780 

8.91067 

500.566 

1.99499 

4.29807 

9.25991 

7.95 

63.2025 

2.81957 

8.91628 

502.460 

1.99582 

4.29987 

9.26380 

7.96 

63.3616 

2.82135 

8.92188 

504.358 

1.99666 

4.30168 

9.26768 

7.97 

63.5209 

2.82312 

8.92749 

506.262 

1.99750 

4.30348 

9.27156 

7.98 

63,6804 

2.82489 

8.93308 

608.170 

1.99833 

4.30528 

9.27544 

7.99 

63.8401 

2.82666 

8.93868 

610.082 

1.99917 

4.30707 

9.27931 
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^100 w 

8.00 

64.0000 

2.82843 

8.94427 

512.000 

2.00000 

4.30887 

9.28318 

8.01 

8.02 

8.03 

8.04 

8.05 

8.06 

8.07 

8.08 

8.09 

64.1601 

64.3204 

64.4809 

64.6416 

64.8025 

64.9636 

65.1249 

65.2864 

65.4481 

2.83019 

2.83196 

2.83373 

2.83549 

2.83725 

2.83901 

2. m 77 

2.84253 

2.84429 

8.94986 

8.95545 

8.96103 

8.96660 

8.97218 

8.97775 

8.98332 

8.98888 

8.99444 

513.922 

515.850 

517.782 

519.718 

521.660 

523.607 

625.558 

527.514 

529.475 

2.00083 

2.00167 

2.00250 

2.00333 

2.00416 

2.00499 

2.00582 

2.00664 

2.00747 

4.31066 

4.31246 

4.31425 

4.31604 

4.31783 

4.31961 

4.32140 

4.32318 

4.32497 

9.28704 

9.29091 

9.29477 

9.29862 

9.30248 

9.30633 

9.31018 

9.31402 

9.31786 

8.10 

65.6100 

2.84605 

9.00000 

531.441 

2.00830 

4.32675 

9.32170 

8.11 

8.12 

8.13 

8.14 

8.15 

8.16 

8.17 

8.18 
8.19 

65.7721 

65.9344 

66.0969 

66.2596 

66.4225 

66.5856 

66.7489 

66.9124 

67.0761 

2-84781 

2.84956 

2.85132 

2,85307 

2.85482 

2.85657 

2.85832 

2.86007 

2.86182 

9.00555 

9.01110 

9.01665 

9.02219 

9.02774 

9.03327 

9.03881 

9.04434 

9.04986 

533.412 

535.387 

537.368 

539.353 

541.343 

543.338 

545.339 

547.343 

549.353 

2.00912 

2.00995 

2.01078 

2.01160 

2.01242 

2.01325 

2.01407 

2.01489 

2.01571 

4.32853 

4.33031 

4.33208 

4.33386 

4.33563 

4.33741 

4.33918 

4.34095 

4.34271 

9.32553 

9.32936 

9.33319 

9.33702 

9.34084 

9.34466 

9.34847 

9.35229 

9.35610 

8.20 

67.2400 

2.86356 

9.05539 

551.368 

2.01653 

4.34448 

9.35990 

8.21 

8.22 

8.23 

8.24 

8.25 

8.26 

8.27 

8.28 
8.29 

67.4041 

67,5684 

67.7329 

67.8976 

68.0625 

68.2276 

68.3929 

68.5584 

68.7241 

2.86531 

2.86705 

2.86880 

2.87054 

2.87228 

2.87402 

2.87576 

2.87750 

2.87924 

9.06091 

9.06642 

9.07193 

9.07744 

9.08295 

9,08845 

9.09395 

9.09945 

9.10494 

553.388 

555.412 

557.442 

559.476 

561.516 

563.560 

565.609 

567.664 

669.723 

2.01735 

2.01817 

2.01899 

2.01980 

2.02062 

2.02144 

2.02225 

2.02307 

2.02388 

4.34625 

4.34801 

4.34977 

4.35153 

4.35329 

4.35505 

4.35681 

4.35856 

4.36032 

9.36370 

9.36751 

9.37130 

9.37510 

9.37889 

9.38268 

9.38646 

9.39024 

9.39402 

8.30 

68.8900 

2.88097 

9.11043 

571.787 

2.02469 

4.36207 

9.39780 

8.31 

8.32 

8.33 

8.34 

8.35 

8.36 

8.37 

8.38 

8.39 

69.0561 

69.2224 

69.3889 

69.5556 

69.7225 

69.8896 

70.0569 

70.2244 

70.3921 

2.88271 

2.88444 

2.88617 

2.88791 

2.88964 

2.89137 

2.89310 

2.89482 

2.89655 

9.11592 

9.12140 

9.12688 

9.13236 

9.13783 

9.14330 

9.14877 

9.15423 

9,15969 

673.856 

575.930 

578.010 

580.094 

582.183 

584.277 

586.376 

588.480 

590.590 

2.02551 

2.02632 

2.02713 

2.02794 

2.02875 

2.02956 

2.03037 

2.03118 

2.03199 

4.36382 

4.36557 

4.36732 

4.36907 

4.37081 

4.37256 

4.37430 

4.37604 

4.37778 

9.40157 

9.40534 

9.40911 

9.41287 

9.41663 

9.42039 

9.42414 

9.42789 

9.43164 

8.40 

70.5600 

2.89828 

9.16515 

592.704 

2.03279 

4.37952 

9.43539 

8.41 

8.42 

8.43 

8.44 

8.45 

8.46 

8.47 

8.48 

8.49 

70.7281 

70.8964 

71.0649 

71.2336 

71.4025 

71.5716 

71.7409 

71.9104 

72.0801 

2.90000 

2.90172 

2.90345 

2.90517 

2.90689 

2.90861 

2.91033 

2.91204 

2.91376 

9.17061 

9.17606 

9.18150 

9.18695 

9.19239 

9.19783 

9.20326 

9.20869 

9.21412 

594.823 

596.948 

599.077 

601.212 

603.351 

605.496 

607.645 

609.800 

611.960 

2.03360 

2.03440 

2.03521 

2.08601 

2.03682 

2.03762 

2.03842 

2.03923 

2.04003 

4.38126 

4.38299 

4.38473 

4.38646 

4.38819 

4.38992 

4.39165 

4.39338 

4.39510 

9.43913 

9.44287 

9.44661 

9.45034 

9.45407 

9.45780 

9.46152 

9.46525 

9.46897 
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8.50 

72.2500 

2.91548 

9.21954 

614.125 

2.04083 

4.39683 

9.47268 

8.51 

8.52 

8.53 

72.4201 

72.5904 

72.7609 

2.91719 

2.91890 

2.92062 

9.22497 

9.23038 

9.23580 

616.295 

618.470 

620.650 

2 . 041 G 3 

2.04243 

2.04323 

4.39855 

4.40028 

4.40200 

9.47640 

9.48011 

9.48381 

8.64 

8.55 

8.66 

72.9316 

73.1025 

73.2736 

2.92233 

2.92404 

2.92575 

9.24121 

9.24662 

9.25203 

622.836 

625.026 

627.222 

2.04402 

2.04482 

2.04562 

4.40372 

4.40543 

4.40715 

9.48752 

9.49122 

9.49492 

8.57 

8.58 

8.59 

73.4449 

73.6164 

73.7881 

2.92746 

2.92916 

2.93087 

9.25743 

9.26283 

9.26823 

629.423 

631.629 

633.840 

2.04641 

2.04721 

2.04801 

4.40887 

4.41058 

4.41229 

9.49801 

9.50231 

9.50600 

8.60 

73.9600 

2.93258 

9.27362 

636.056 

2.04880 

4.41400 

9.50969 

8.61 

8.62 

8.63 

74.1321 

74.3044 

74.4769 

2.93428 

2.93598 

2,93769 

9.27901 

9.28440 

9.28978 

638.277 

640.504 

642.736 

2.04959 

2.05039 

2.05118 

4.41571 

4.41742 

4.41913 

9.51337 

9.51705 

9.52073 

8.64 

8.65 

8.66 

74.6496 

74.8225 

74.9956 

2.93939 

2.94109 

2.94279 

9.29516 

9.30054 

9.30591 

644.973 

647.215 

649.462 

2.05197 

2.05276 

2.05355 

4.42084 

4.42254 

4.42425 

9.52441 

9.52808 

9.53175 

8.67 

8.68 
8.69 

75.1689 

75.3424 

75.5161 

2.94449 

2.94618 

2.94788 

9.31128 

9.33665 

9.32202 

651.714 

653.972 

656.235 

2.05434 

2.05513 

2.05592 

4.42595 

4.42765 

4.42935 

9.53542 

9.53908 

9.54274 

8.70 

75.6900 

2.94958 

9.32738 

658.503 

2.05671 

4.43105 

9.54640 

8.71 

8.72 

8.73 

75.8641 

76.0384 

76.2129 

2.95127 

2.95296 

2.95466 

9.33274 

9.33809 

9.34345 

660.776 

663.055 

665.339 

2.05750 

2.05828 

2.05907 

4.43274 

4.43444 

4.43613 

9.55006 

9.55371 

9.55736 

8.74 

8.75 

8.76 

76.3876 
76.5625 
76.7376 1 

2.95635 

2.95804 

2.95973 

9.34880 

9.35414 

9.35949 

667.628 

669.922 

672.221 

2.05980 

2.06064 

2.06143 

4.43783 

4.43952 

4.44121 

9.56101 

9.56466 

9.56830 

8.77 

8.78 

8.79 

76.9129 

77.0884 

77.2641 

2.96142 

2.96311 

2.96479 

9.36483 

9.37017 

9.37550 

674.526 

676.836 

679.151 

2.06221 

2.06299 

2.06378 

4.44290 

4.44459 

4.44627 

9.57194 

9.57557 

9.57921 

8.80 

77.4400 

2.96648 

9.38083 

681.472 

2.06456 

4.44796 

9.58284 

8.81 

8.82 

8.83 

77.6161 

77.7924 

77.9689 

2.96816 

2.96985 

2.97153 

9.38616 

9.39149 

9.39681 

683.798 

686,129 

688.465 

2.06534 

2.06612 

2.06690 

4.44964 

4.45133 

4.45301 

9.58647 

9.59009 

9.59372 

8.84 

8.85 

8.86 

78.1456 

78.3225 

78.4996 

2.97321 

2.97489 

2.97658 

9.40213 

9.40744 

9.41276 

690.807 

693.154 

695.506 

2.06768 

2.06846 

2.06924 

4.45469 

4.45637 

4.45805 

9.59734 

9.60095 

9.60457 

8.87 

8.88 
8.89 

78.6769 

78.8544 

79.0321 

2.97825 

2.97993 

2.98161 

9.41807 

9.42338 

9.42868 

697.864 

700.227 

702.595 

2.07002 

2.07080 

2.07157 

4.45972 

4.46140 

4.46307 

9.60818 

9.61179 

9 . 6154 C 

8.90 

79.2100 

2.98329 

9.43398 

704.969 

2.07235 

4.46475 

9.61900 

8.91 

8.92 

8.93 

79.3881 

79.5664 

79.7449 

2.98496 

2.98664 

2.98831 

9.43928 

9.44458 

9.44987 

707.348 

709.732 

712.122 

2.07313 

2.07390 

2.07468 

4-46642 

4.46809 

4.46976 

9.62260 

9.62620 

9.62980 

8.94 

8.95 

8.96 

79.9236 

80.1025 

80.2816 

2.98998 

2.99166 

2.99333 

9.45516 

9.46044 

9.46573 

714.517 

716.917 

719.323 

2.07545 

2.07622 

2.07700 

4.47142 

4.47309 

4.47476 

9.63339 

9.63698 

9.64057 

8.97 

8.98 

8.99 

80.4609 

80.6404 

80.8201 

2.99500 

2.99666 

2.99833 

9.47101 

9.47629 

9.48156 

721.734 

724.151 

726.573 

2.07777 

2.07854 

1 2.07931 

4.47642 

4.47808 

4.47974 

9.64415 

9.64774 

9.65132 
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^Jn 
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^10 n 

^100 

9.00 

81.0000 

3.00000 

9.48683 

729.000 

2.08008 

4.48140 

9.65489 

9.01 

9.02 

9.03 

81.1801 

81.3604 

81.5409 

3 . 001 G 7 

3.00333 

3.00500 

9.49210 

9.49737 

9.50263 

731.433 

733.871 

736.314 

2.08085 

2.08162 

2.08239 

4.48306 

4.48472 

4.48638 

9.65847 

9.66204 

9.66561 

9.01 

9.05 

9.06 

81.7216 

81.9025 

82.0836 

3.00666 

3.00832 

3.00998 

9.50789 

9.51315 

9.51840 

738.763 

741.218 

743.677 

2.08316 

2.08303 

2.08470 

4.48803 

4.48969 

4.49134 

9.66918 

9.67274 

9.67630 

9.07 

9.08 

9.09 

82 . 2 G 49 

82.4464 

82.6281 

3.01164 

3.01330 

3.01496 

9.52365 

9.52890 

9.53415 

746.143 

748.613 

751.080 

2.08546 

2.08623 

2.08690 

4.49299 

4.49464 

4.49629 

9.67986 

9.68343 

9.68697 

9.10 

82.8100 

3.01662 

9.53939 

753.571 

2.08776 

4.49794 

9.69053 

9.11 

9.12 

9.13 

82.9921 

83.1744 

83.3569 

3.01828 

3.01993 

3.02159 

9.54463 

9.54987 

9.55510 

756.058 

758.551 

761.048 

2.08852 

2.08029 

2.09005 

4.49959 

4.50123 

4.50288 

9 . G 9407 

9.69762 

9.70116 

9.14 

9.15 

9.16 

83.5396 

83.7225 

83.9056 

3.02324 

3.02490 

3.02655 

9.56033 

9.56556 

9.57079 

763.552 

766.061 

768.575 

2.09081 

2.00158 

2.09234 

4.50452 

4.50616 

4.50781 

9.70470 

9.70824 

9.71177 

9.17 

g . l8 

9.19 

84.0889 

84.2724 

84.4501 

3.02820 

3.02985 

3.03150 

9.57601 

9.58123 

9.58645 

771.095 

773.621 

776.152 

2.09310 

2.09386 

2.00462 

4.50945 

4.51108 

4.51272 

9.71531 

9.71884 

9.72236 

9.20 

84.6400 

3.03315 

9.50166 

778.688 

2.09538 

4.51436 

9.72589 

9.21 

9.22 

9.23 

84.8241 

85.0084 

85.1929 

3.03480 

3.03645 

3.03809 

9.50687 
9.60208 . 
9.60729 

781.230 

783.777 

786.330 

2.09614 

2 . 09()00 

2.09765 

4.51599 

4.51763 

4.51926 

9.72941 

9.73293 

9.73645 

9.24 

9.25 

9.26 

85.3776 

85.5625 

85.7476 

3.03974 

3.04138 

3.04302 

9.61249 

9.61769 

9.62289 

788.889 

791.453 

794.023 

2.09841 

2.09917 

2.09992 

4.52089 

4.52252 

4.52415 

9.73996 

9 . 74 ri 48 

9.74699 

9.27 

9.28 

9.29 

85.9329 

86.1184 

86.3041 

3.04467 

3.04631 

3.04795 

9.62808 

9.63328 

9.63846 

796.598 

799.179 

801.765 

2.10068 

2.10144 

2.10219 

4.52578 

4.52740 

4.52903 

9.75049 

9.75400 

9.75750 

9.30 

86.4900 

3.01959 

9.64365 

804.357 

2.10294 

4.53065 

9.76100 

9.31 

9.32 

9.33 

86.6761 

86.8624 

87.0489 

3 . 05123 . 
3.03287 = 
3 . 054 o 0 

> 9.64883 

9 : 6 o 401 

9.65919 

806.954 

809.558 

812.166 

2.10370 

2.10445 

2.10520 

4.53228 

4.53390 

4.53552 

9 . 7647 ' 
9 . 767 l >: 
9.77148 

9.34 

9.35 

9.36 

87.2356 

87.4225 

87.6096 

3.05614 

3.05778 

3.05941 

9.66437 

9.66954 

9.67471 

814.781 

817.400 

820.026 

2.10595 

2.10671 

2.10746 

4.53714 

4.53876 

4.54038 

9.77497 

9.77846 

9.78195 

9.37 

9.38 

9.39 

87.7969 

87.9844 

88.1721 

3.06105 

3.06268 

3.06431 

9.67988 

9.68504 

9.69020 

822.657 

825.294 

827.936 

2.10821 

2.10896 

2.10971 

4.54199 

4.54361 

4.54522 

9.78543 

9,78891 

9.79239 

9.40 

88.3600 

3.06594 

9.69536 

830.584 

2.11045 

4.54684 

9.79586 

9.41 

9.42 

9.43 

88.5481 

88.7364 

88.9249 

3 .( X )757 

3.06920 

3.07083 

9.70052 

9.70567 

9.71082 

833.238 

835.897 

838.662 

2.11120 

2.11195 

2.11270 

4.54845 
4.55006 
4.55167 ; 

9.79933 

9.80280 

9.80627 

9.44 

9.45 

9.46 

89.1136 

89.3025 

89.4916 

3.07246 

3.07409 

3.07571 

9.71597 

9.72111 

9.72625 

841.232 

843.909 

846.591 

2.11344 

2.11419 

2.11494 

4.55328 

4.55488 

4.55649 

9.80974 

9.81320 

9.81666 

9.47 

9.48 

9.49 

89.6809 

89.8704 

90.0601 

3 . 077.34 

3.07896 

3.08058 

9.73139 

9.73653 

9.74166 

849.278 

851.971 

854.670 

2.11568 

2.11642 

2.11717 

4.55809 

4.55970 

4.56130 

9.82012 

9.82357 

9.82703 
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•^100 

9.60 

90.2500 

3.08221 

9.74679 

857.375 

2.117111 

4.56290 

9,83048 

9.51 

90.4401 

3,08383 

9.75192 

860.085 

2.11865 

4.56450 

9.83392 

9.52 

90.6304 

3.08545 

9.75705 

862.801 

2.11940 

4.56610 

9.83737 

9.53 

90.8209 

3.08707 

9,76217 

865.523 

2.12014 

4.56770 

9.84081 

9.54 

91.0116 

3.08869 

9.76729 

868.251 

2.12088 

4.56930 

9.84425 

9.55 

91.2025 

3.09031 

9.77241 

870.984 

2.12162 

4.57089 

9.84769 

9 . 5 G 

91.3936 

3.09192 

9.77753 

873.723 

2.12236 

4.57249 

9.85113 

9.57 

91.5849 

3.09354 

9.78264 

876.467 

2.12310 

4.57408 

9.85456 

9.58 

91.7704 

3.09516 

9.78775 

879.218 

2.12384 

4.57567 

9.85799 

9.59 

91.9681 

3.09077 

9.70285 

881.974 

2.12458 

4.57727 

9.80142 

9.60 

92.1600 

3.09839 

9.79796 

884.736 

2.12532 

4.57886 

9 . 8 G 485 

9 . G 1 

92.3521 

3.10000 

9 . 8030 G 

887.504 

2.12605 

4.58045 

9.86827 

9 . G 2 

92.5444 

3 . 101 G 1 

9.80816 

890.277 

2.12670 

4.58204 

9.87169 

9.{)3 

92.7369 

3.10322 

9.81326 

893.056 

2.12753 

4.58362 

9.87511 

9.64 

92.9296 

3.10483 

9.81835 

895,841 

2.12826 

4.58521 

9.87853 

9.()5 

93.1225 

3 . 10(544 

9.82344 

898.632 

2.12900 

4.58679 

9.88195 

9.66 

93.3156 

3.10805 

9.82853 

901.429 

2.12974 

4.58838 

9.88536 

9.(57 

93.5089 

3.10966 

9.83362 

904.231 

2.13047 

4.58996 

9.88877 

9.{)8 

93.7024 

3.11127 

9.83870 

<) 07.039 

2.13120 

4.59154 

9.89217 

9.69 

93.8961 

3.11288 

9.84378 

909.853 

2.13194 

4.59312 

9.89558 

9.70 

94.0900 

3.11448 

9.84886 

912.673 

2.13267 

4.59470 

9.89898 

9.71 

94.2841 

3.11609 

9.85393 

915.499 

2.13340 

4 . 59(>28 

9.90238 

9.72 

94.4784 

3.11769 

0.85901 , 

918.330 

2.13414 

4.59786 

9.90578 

9.73 

94.6729 

3.11929 

9.86408 

921.167 

2.13487 

4.59943 

9.90918 

9.74 

94.8676 

3.12000 

9.86914 

* 924.010 

2.13560 

4.60101 

9.91257 

9.75 

95 . 0(>25 

3.12250 

9.87421 

926.859 

2.13633 

4.()0258 

9.91596 

9.76 

95.2576 

3.12410 

9.87927 

, 929.714 

2.13706 

4.60416 

9.91935 

9.77 

95.4529 

3.12570 

9.88433 

932.575 

2.13779 

4.60573 

9,92274 

9.78 

95.(484 

3.12730 

9.88939 

935.441 

2.13852 

4.60730 

9 . 92(512 

9.79 

95.8441 

3.12890 ' 

9.89444 

938.314 

2.13925 

4.60887 

9.92950 

9.80 ' 

96.0400 

3.13050 

9.89949 

941.192 

2.13997 

4.61044 

9.93288 

6.81 

1 H ). 23()1 

3.13209 

9.90454 

944 076 

2.14070 

4.61200 

9.93626 

9.82 

96 . 4 : i 24 

3 . 13 .' i 69 

9.90959 

946 . ilt ) t > 

2.14143 

4.61357 

9.93964 

9.83 

96.6289 

3.13528 

9.91464 

949.862 

2.14216 

4.61514 

9.94301 

9.84 

( X ).8256 

3.13088 

9.91908 

952.764 

2.14288 

4.61670 

9.94638 

9.85 

97.0225 

3.13847 

9.92472 

955.672 

2.14361 

4.61826 

9.94975 

9.86 

97.2196 

3.14006 

9.92975 

958,585 

2.14433 

4.61983 

9.95311 

9.87 

97.4169 

3.14166 

9.93479 

961.505 

2.14506 

4.62139 

9.95648 

9.88 

97.{)144 

3.14325 

9.93982 

964.430 

2.14578 

4.62295 

9.95984 

9.89 

97.8121 

3.14484 

9.94485 

i )() 7.362 

2.14651 

4.62451 

9.96320 

9.90 

98.0100 

3 . 14(543 

9.94987 

970.299 

2.14723 

4.62607 

9.96655 

9.91 

98.2081 

3,14802 

9.95490 

973.242 

2.14795 

4.62762 

9.96991 

9.92 

98 . 40(4 

3 . 14 ( K 50 

9.95992 

976.191 

2.14867 

4.62918 

9.97326 

9.93 

98.(5049 

3.15119 

9.96494 

979.147 

2.14940 

4.63073 

9.97661 

9.94 

98.8036 

3.15278 

9.96995 

982.108 

2.15012 

4.63229 

9.97996 

9.95 

99.0025 

3.15436 

9.07497 

985.075 

2.15084 

4.63384 

9.98331 

9.96 

99.2016 

3.15595 

9.97998 

988.048 

2.15156 

4.63539 

9.98665 

9.97 

99.4009 

3.15753 

9.98499 

901.027 

2.15228 

4.63694 

9.98999 

9.98 

99.6004 

3.15911 

9 . 98 fH )9 

994.012 

2.15300 

4.63849 

9.99333 

9.99 

99.8001 

3.16070 

9.99500 

997.003 

2.15372 

4.64004 

9.99667 






TABLE II —IMPORTANT NUMBERS 
A» Units of Length 

English Units Metric Units 

12 inches (in.) = 1 foot (ft.) 10 millimeters = 1 centimeter (cm.) 

3 feet = 1 yard (yd.) (mm.) 

yards = 1 rod (rd.) 10 centimeters = 1 decimeter (dm.) 

320rods = 1 mile (mi.) 10 decimeters = 1 meter (m.) 

10 meters = 1 dekameter (Dm.) 
1000 meters = 1 kilometer (Km.) 

English to Metric Metric to English 

1 in. = 2.5400 cm. 1 cm. = 0.3937 in. 

1 ft, = 30.480 cm. 1 m. = 39.37 in. = 3.2808 ft 

1 mi. = 1.6093 Km. 1 Km. = 0.6214 mi. 

B. Units of Area or Surface 

1 square yard = 9 square feet = 1296 square inches 

1 acre (A.) = 160 square rods = 4840 square yards 

1 square mile = 640 acres = 102400 square rods 

C. Units of Measurement of Capacity 

Dry Measure Liquid Measure 

2 pints (pt.) = 1 quart (qt.) 4 gills (gi.) = 1 pint (pt.) 

8 quarts = 1 peck (pk.) 2 pints = 1 quart (qt.) 

4 pecks = 1 bushel (bu.) 4 quarts = 1 gallon (gal.) 

1 gallon = 231 cu. in. 

D, Metric Units to English Units 

1 liter = 1000 cu. cm. = 61.02 cu. in. = 1.0667 liquid quarts 
1 quart = .94636 liter = 946.36 cu. cm. 

1000 grams = 1 kilogram (Kg.) = 2.2046 pounds (lb.) 

1 pound = .453593 kilogram = 453.69 grams 

E. Other Numbers 

nr = ratio of circumference to diameter of a circle 
= 3.14159265 

1 radian = angle subtended by an arc equal to the radius 
= 57° 17' 44".8 = 57°.2957795 = ISO^/tt 
1 degree = 0.01745329 radian, or 7r/180 radians 
Weight of 1 cu. ft. of water = 62.425 lb. 

286 



INDEX 


Abscissa, 13. 

Absolute Value, 235. 

Addition, of fractions, 4. 

Annuity, 127 ; present value of, 127. 
Antilogarithm, 113. 

Arithmetic Mean, 72. 

Arithmetic Progression, 70. 

Axes, coordinate, 13. 

Axis of Pure Imaginaries, 232. 

Axis of Reals, 232. 

Binomial Theorem, 133; general 
teim of, 135 ; proof of, 136. 
Boyle’s Law, 91. 

Characteristic, of a logarithm, 100. 
Cofactor of a determinant, 223. 
Combination, 187. 

Common Difference, 7Gk 
Common Ratio, 75. 

Completing the square, 280. 
Complex Numbers, 26. 

Compound Interest, 125. 

Conjugate Complex Numbers, 232. 
Constant, 88. 

Coordinates of a point, 13. 

Critical points of a function, 154. 

De Moivres Theorem, 241. 
Dependent events, 197. 

Depressed equation, 164. 

Derivative of a function, 147; of a 
polynomial, 152. 

Determinant, defined, 204; ele¬ 
ments of, 204 ; principal diagonal 
of, 204; minor diagonal of, 204; 
useful properties of, 214; minors 
of, 219 ; cofactors of, 223. 
Discriminant, 46. 

Division, of fractions, 6. 

Elimination, 10; by determinants, 
226. 

Ellipse, 57. 


Equation, simple, 8; literal, 16; 
quadratic, 28; literal quadratic, 
34; in quadratic form, 38; radi¬ 
cal, 39; simultaneous quadratic, 
55 ; exponential, 122; depressed, 
164 ; transformations of, 166. 

Expectation, value of, 195. 

Exponents, laws of, 22; fractional, 
22 ; negative, 22 ; zero, 22. 

Factorial number, 185. 

Fractions, addition and subtraction 
of, 4 ; multiplication and division 
of, 6. 

Function, defined, 140; linear, 140 ; 
quadratic, 141; cubic, 142; gen¬ 
eral integral rational, 142; graph 
of, 144; derivative of, 147; max¬ 
ima and minima points of, 154; 
critical points of, 154. 

Geometric Mean, 77. 

Geometric Progression, 75; Infinite, 
80. 

Graph, of an equation, 13. 

Hooke’s Law, 90. 

Homer’s Method, 174. 

Hyperbola, 58. 

Imaginary Number, 26. 

Independent Events, 197. 

Interpolation, 111. 

Inversions of order in a determinant, 

212 . 

Kepler’s third law, 91. 

Least common multiple, 4. 

Limit, 83. 

Logarithm, defined, 98; to any base, 
122; common, 122. 

Mantissa, 100. 

Mathematical Induction, 130. 
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Maxima and minima points, 154. 
Minor of a determinant, 219. 
Modulus, 235. 

Mortality tabic, 203. 

Multiplication, of fractions, 6. 

Number, imaginary, 26 ; pure imag¬ 
inary, 26 ; complex, 26; rational, 
46 ; irrational, 46 ; real, 46. 

Ordinate, 13. 

Origin, 13. 

Permutation, 184. 

Probability, defined, 194. 

Pure Imaginary Number, 26. 

Quadratic equation, 28; literal, 34; 
type form of, 43; general, 44; 
discriminant of, 46 ; having given 


solutions, 50; graphical solution 
of, 51; simultaneous, 55. 

Radicals, simplification of, 24. 

Reduction, algebraic, 1. 

Remainder Theorem, 160. 

Rexieated Trials, theorem on, 200. 

Repeating Decimal, 84. 

Slide Rule, 124. 

Subtraction, of fractions, 4. 

Synthetic Division, 101. 

Tabular difference, 110. 

Variable, 83; 88. 

Variation, direct, 86; inverse, 87; 
joint, 87; geometrically (con¬ 
sidered, 96. 

Vector, 234. 





